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u
c
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T
h
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is
a
collection

of
tests,

exercises,
w
eb

ap
p
lication

s
an

d
sim

u
lation

s
u
sefu

l
for

a
fi
rst

ap
p
roach

to
u
n
d
erstan

d
in
g
Q
C
D

an
d
its
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in

collid
er

p
hysics.

T
h
e
b
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w
h
ere

m
ost

of
th
e
exercises

an
d
exam

p
les

w
ere
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from
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•
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C
D
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d
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ollid

er
P
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by
R
.K
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E
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J.W
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S
tirlin

g,
B
.R
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W
eb
b
er
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b
rid

ge
M
on

ograp
h
s,
1996).

In
ad

d
ition

som
e
of

th
e
exercises

rep
rop

osed
h
ere

are
from
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res

given
at

C
E
R
N

by
B
.R
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W
eb
b
er.

•
“Introd

u
ction

to
Q
C
D
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by
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elan
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L
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t
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c
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h
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~
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c
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•
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p
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by
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.
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.
i
t
/
~
n
a
s
o
n
/
m
i
s
c
/
Q
C
D
-
i
n
t
r
o
.
p
s
.
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p
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b
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d
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m
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b
e.

In
som

e
sen

se
th
ey

are
m
eant

to
b
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b
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b
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b
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√
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e
an

extern
al

glu
on

in
d
ex

w
ith

its
fou

r
m
om

entu
m
,
regard

less
of

th
e
oth

er
glu

on
s,

to
get

zero,
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→
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α
S
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u
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e
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S
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a
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g
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,
th
e
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•
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w
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g.

•
d
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n
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an

ge.

•
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b
u
t
it
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n
ot
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p
roved
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ow
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e
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gau
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w
e
h
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n
th
at

a
th
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d
th
at
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b
e
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n
d
by

on
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u
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g
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sym

m
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an
d

d
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en
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al
an

alysis.

(a)
U
sin

g
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argu

m
ents

sh
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th
at
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e
gg

→
gg

scatterin
g
am

p
litu

d
e
is

n
ot

gau
ge
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an

d
a
fou

r-glu
on

vertex
is
n
eed

ed
an

d
b
u
ild

it.

(b
)
S
h
ow

th
at

th
e
role

of
a
fou

r
glu

on
-vertex

is
equ

ivalent
to

th
e
introd

u
ction

of
an

an
-

tisym
m
etric,

n
ot

p
rop

agatin
g,

color-octet,
ten

sor
p
article

B
µ
ν,

w
h
ich

interacts
w
ith

a
glu

on
th
rou

gh
a
vertex

of
th
e
form

V
B
g
g
=

gf
a
bc/ √

2
(g

µ
ρg

ν
σ
−
g
µ
σg

ν
ρ)

,
(2)

an
d
h
as

a
trivial

“p
rop

agator”:

∆
µ
ν,ρ

σ
a
b

=
−
ig

µ
ρg

ν
σδ

a
b.

(3)

2
.2
.2

G
h
o
st

c
o
n
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u
tio

n

(a)
S
h
ow

th
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→
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e
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m
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n
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n
on
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(H

int:
calcu

-
late

th
e
su
m

over
all

p
olarization

∑

ε
µ ε ∗ν

=
−
g
µ
ν
an

d
th
e
su
m

over
th
e
p
hysical

states
an

d
take

th
e
d
iff
eren

ce):

∑

n
on−

p
h
y
sical |ε

µ1 ε
ν2 M

µ
ν | 2

=

∣∣∣∣ ig
2f

a
bct c

1

2k
1 ·k

2 v̄(q̄)k̂
1 u
(q)

∣∣∣∣ 2

.
(4)

(b
)
S
h
ow

th
at

th
e
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iagram

w
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e
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e
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ove
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u
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.
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d
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b
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e

color
factors

of
th
e
follow

in
g
d
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w
h
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e
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laced

by
a
p
h
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e
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e
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p
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w
h
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th
e
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th
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b
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lin
e
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m
an
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u
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l
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m
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d
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e
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2
.2
.4

R
e
n
o
rm

a
liz

a
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n
sch

e
m
e
s

T
h
e
Q
C
D

scale
p
aram

eter
Λ

is
d
efi
n
ed

by

log
Q

2

Λ
2
=

−
∫

∞

α
S
(Q

)

dx

β
(x
)
,

(5)

w
h
ere

th
e
β
-fu

n
ction

is

β
(α

S )
=

µ
2 ∂

α
S

∂
µ
2
=

−
bα

2S

[1
+
b
′α

S
+
b
′′α

2S
+
O
(α

3S )
]

.
(6)

(a)
C
on

sid
er

th
e
tw

o
ren

orm
alization

sch
em

es
A

an
d
B
,
w
h
ere

th
e
cou

p
lin

gs
are
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by

α
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=

α
AS

[1
+
c
1 α

AS
+
c
2 (α

AS
)
2
+
O
((α

AS
)
3)
]

.
(7)

S
h
ow

th
at

th
e
fi
rst

tw
o
β
-fu

n
ction

coeffi
cients

b
an

d
b
′are

sch
em

e-in
d
ep

en
d
ent,

w
h
ereas

th
e
th
ird

is
related

in
th
e
tw

o
sch

em
es

by

b
′′B
=

b
′′A
+
c
2 −

b
′c
1 −

c
21
.

(8)

(b
)
S
h
ow

th
e
scale

p
aram

eters
of

th
e
tw

o
sch

em
es

are
related
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Λ
B
=

Λ
A
exp

(

c
1

2b

)

.
(9)

H
int:

C
om

b
in
e
th
e
tw

o
form

u
las
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Λ

A
,B

an
d
calcu

late

log
Λ

B

Λ
A
=

12

∫

α
B
(Q

)

α
A
(Q

)

(10)

an
d
th
en

take
th
e
lim

it
Q

→
∞

,
α
A
,B

→
0.

4

i
j

(a)

i
j

k
l

(b)

a
b

(c)

a
b

(d)

a

ij

(e)

F
igu

re
2:

S
am

p
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of
Q
C
D

d
iagram

s.

(c)
T
h
e
Q
C
D

eff
ective

ch
arge

is

α
S
=

α
0 −

g
40 bI

d
+
...

(11)

w
h
ere

g
0
is
th
e
b
are

ch
arge

an
d
I
d
is
th
e
d
im

en
sion
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integral

I
d

=
µ
4−

d

(2π
)
d

∫

d
dk

(k
2
+
m

2)
2

(12)

=
µ
4−

d

(2π
)
d Γ

d

∫

∞

0

k
d−

1
dk

(k
2
+
m

2)
2

(13)

w
h
ere

Γ
d
=

2π
d
/
2

Γ
(d
/2)

is
th
e
th
e
d
−

1
d
im

en
sion

al
su
rface

of
a
d-d

im
en
sion

al
u
n
it

hyp
er-

sp
h
ere.

S
h
ow

th
at

for
d
=

4
−

2ε

I
d
=

1

(4π
)
2

[

1ε
+
log(4π

)−
γ
E
+
log

(

µ
2

m
2

)

+
O
(ε)

]
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(14)
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an
d
fi
n
d
th
e
relation

b
etw
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e
Λ

M
S an

d
Λ

M
S
w
h
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in
th
e
M

S
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e
w
e
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on
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th
e
1/ε

into
th
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ren
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alized

ch
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w
h
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in
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e
M

S
-sch

em
e
w
e
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ab
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th
e
log(4π

)−
γ
E
.
T
h
e
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in
g
form

u
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u
sefu

l:

∫

1

0

u
a−

1(1
−
u
)
b−

1
=

β
(a,b)

=
Γ
(a)Γ

(b)/Γ
(a

+
b)
,

(15)

Γ
(a

+
1)

=
aΓ

(a)
,

Γ
(1)

=
1
,

Γ
( 12

)
=

√
π
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Γ
(ε)

=
1ε
−

γ
E
+
O
(ε)

.
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c
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in
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d
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b
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b
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em

ent
p
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h
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S
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d
u
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it.

2
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ry

M
a
d
G
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p
h

o
u
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L
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G
rap

h
w
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d
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F
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e
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g
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p
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D
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w
h
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W
h
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e
m
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u
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m
b
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h
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to
b
e
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e
+
e
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s
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th
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e
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p
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C
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u
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g
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e
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100

G
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an
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g
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e
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d
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o
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g
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d
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α
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3
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e
st

1.
H
ow

sh
ou

ld
w
e
intep

ret
th
e
lead

in
g
ord

er
calcu

lation
for

σ
(e

+
e
−
→

qq̄)
?

2.
L
ist

th
e
p
rop

erties
th
at

a
fu
n
ction

of
th
e
fou

r
m
om

enta
h
as

to
en
joy

to
b
e
an

“in
frared

-
safe”

qu
antity.

3.
E
xp

lain
w
h
at

is
th
e
p
hysics

lead
in
g
to

th
e
id
ea

of
factorization

.

4.
D
erive

th
e
soft

F
eyn

m
an

ru
les

for
a
qqg

an
d
ggg.

5.
S
h
ow

by
exp

licit
calcu

lation
th
at

th
e
form

of
th
e
virtu

al
correction

s

d
2σ

V
IR

T

dE
d
cos

θ
=

−
σ
L
O
C

F
α
Sπ

∫

√
s/2

0

dE
′

E
′

∫

1

−
1

d
cos

θ
′

1
−
cos

2
θ
′ 2δ(E

′)[δ(1−
cos

θ
′)+

δ(1+
cos

θ
′)]+

...

(17)
can

cels
th
e
soft

an
d
collin

ear
d
ivergen

ces
p
resent

in
σ
(e

+
e
−
→

qq̄g).

6.
P
resent

th
e
p
hysical

exp
lan

ation
of

th
e
an

gu
lar

ord
erin

g.

7.
E
xp

lain
th
e
C
hu

d
akov

eff
ect

by
an

gu
lar

ord
erin

g.

8.
E
xp

lain
p
recon

fi
m
ent.

9.
D
erive

th
e
am

p
litu

d
e
for

soft
glu

on
em

ission
from

a
qq̄g

fi
n
al

state.

10.
S
h
ow

by
exp

licit
calcu

lation
in

th
e
exam

p
le
ab

ove
th
at

interferen
ce

from
d
iff
erent

color
fl
ow

s
is
su
p
p
ressed

1/N
2c .

G
en
eralize

to
any

color
fl
ow

.

11.
W
rite

d
ow

n
th
e
d
efi
n
ition

of
a
tw

o-jet
cross

section
(S
term

an
-W

einb
erg)

an
d
see

in
w
h
ich

con
fi
gu

ration
s
e
+
e
−
→

qq̄gg
w
ou

ld
contrib

u
te

to
it.

3
.2

E
x
e
rc
ise

s

3
.2
.1

e
+
e
−
→

qq̄

(a)
D
erive

th
e
exp

ression
for

th
e
am

p
litu

d
e
squ

ared
e
+
e
−
→

qq̄,in
term

s
of

th
e
invariants,

s,t,u
,
for

m
assless

qu
arks.

In
clu

d
e
on

ly
p
h
oton

exch
an

ge.
E
xp

ress
it

in
term

s
of

th
e

c.m
.s.

variab
les

cos
θ,φ

an
d
w
rite

th
e
d
iff
erential

cross
section

:

dσ

d
cos

θ
=

N
c (
∑

f

Q
2f ) π

α
2

2s
(1

+
cos

θ
2)
.

(18)

W
h
ich

qu
arks

sh
ou

ld
b
e
in
clu

d
ed

in
th
e
su
m

over
fl
avors

f
?

7



(b
)
In
clu

d
e
th
e
d
iagram

w
h
ere

a
Z

is
exch

an
ged

an
d
recall

th
at

th
e
interaction

vertex
qq̄Z

is
given

by:
−
ig

w

2 √
2
γ
µ (V

f
−
A

f γ
5 )
,

(19)

an
d
th
e
axial

an
d
vector

cou
p
lin

gs
of

th
e
ferm

ion
s
to

th
e
Z

are

V
f
=

T
3f
−
2Q

f
sin

2
θ
W
,

A
f
=

T
3f
,

(20)

w
ith

T
3f
=

1/2for
f
=

ν,u
,...

an
d
T

3f
=

−
1/2

for
f
=

e,d,....
W

h
at

h
ap

p
en
s
to

th
e
cos

θ
d
istrib

u
tion

?

3
.2
.2

e
+
e
−
→

qq̄g

(a)
S
h
ow

th
at

th
e
p
h
ase

sp
ace

for
th
e
u
n
p
olarized

d
ecay

into
th
ree

m
assless

ob
jects

can
b
e
w
ritten

as:

dΦ
3
=

1

(2π
)
5

s32
dx

1 dx
2 dα

d(cos
β
)dγ

(21)

w
h
ere

s
is
th
e
c.m

.s.
en
ergy

an
d
x
i
=

2E
i / √

s
are

th
e
fraction

al
en
ergies

for
th
e
qu

ark
an

d
anti-qu

ark.

(b
)
C
alcu

late
th
e
m
atrix

elem
ent

squ
ared

for
e
+
e
−
→

qq̄g.
U
se

th
e
fact

th
at

w
e
interested

on
ly

in
azim

u
th
al

averaged
qu

antities
an

d
th
erefore

w
e
n
eglect

an
gu

lar
correlation

s
b
etw

eeen
th
e
in
itial

state
p
lan

e
an

d
th
e
fi
n
al

state
on

e,
so

w
e
can

w
rite

|M
| 2
=

1s
2 L

µ
νH

µ
ν
→

1s
2 (L

µ
νg

µ
ν )(H

ρ
σg

ρ
σ )

(22)

w
h
ere

L
µ
ν
an

d
H

µ
ν
are

th
e
lep

ton
ic

an
d
h
ad

ron
ic

ten
sors

th
at

com
e
from

th
e
squ

arin
g

of
th
e
th
e
corresp

on
d
in
g
cu
rrents.

T
h
e
resu

lt
to

b
e
b
e
fou

n
d
is:

σ
qq̄g

=
σ
L
O
C

F
α
S

2π

∫

dx
1 dx

2
x
21
+
x
22

(1
−

x
1 )(1

−
x
2 )

(23)

w
h
ere

σ
L
O
=

N
c (
∑

f
Q

2f )4π
α
2/(3s).

(c)
P
erform

th
e
sam

e
calcu

lation
for

a
scalar

glu
on

an
d
verify

th
at

σ
qq̄s

=
σ
L
O

∫

dx
1 dx

2
x
23

2(1
−
x
1 )(1

−
x
2 )

.
(24)

3
.2
.3

T
h
ru

st
d
istrib

u
tio

n

T
h
e
th
ru
st

is
d
efi
n
ed

as:

T
=

m
ax

n

∑

i |p
i ·

n|
∑

i |p
i |

(25)

an
d
in

th
e
case

of
e
+
e
−
→

qq̄g
p
rocess

it
corresp

on
d
s
to

th
e
m
ax{x

i }
,w

h
ere

th
e
x
i
=

2E
i / √

s
are

th
e
en
ergy

fraction
s
of

each
p
arton

.

8

0

1

1

x
2

x
1

2
y

2
y

2
y

y

y

F
igu

re
3:

C
ou

ntou
r
in

th
e
(x

1 ,x
2 )

p
h
ase

sp
ace

p
lan

e
corresp

on
d
in
g
to

th
e
JA

D
E
m
easu

re
for

jet
d
efi
n
ition

.
T
h
e
d
iff
erential

cross
section

h
as

to
b
e
integrated

on
th
e
cou

ntou
r
to

ob
tain

th
e
th
ru
st

T
.
y
=

T
.

(a)
C
alcu

late
th
e
th
ru
st

d
istrib

u
tion

for
a
vector

glu
on

:

dσ

dT
=

∫

dx
1 dx

2
dσ

dx
1 dx

2 δ(T
−

m
ax{x

i })
.

(26)

C
onvin

ce
you

rself
th
at

th
e
ab

ove
resu

lt
is
ob

tain
ed

by
integratin

g
th
e
d
iff
erential

cross
section

over
th
e
(JA

D
E
)
cou

ntou
r
in

th
e
(x

1 ,x
2 )

p
lan

e
sh
ow

n
by

th
e
d
ash

ed
lin

e
in

F
ig.

3.
C
om

p
are

you
r
resu

lt
w
ith

:

1σ

dσ

dT
=

C
F
α
S

2π

[

2(3T
2−

3T
+
2)

T
(1

−
T
)

log

(

2T
−

1

1
−
T

)

−
3(3T

−
2)(2

−
T
)

1
−
T

]

.
(27)

(b
)
C
alcu

late
th
e
th
ru
st

d
istrib

u
tion

for
a
scalar

glu
on

an
d
com

p
are

you
r
resu

lt
w
ith

:

1σ

dσ

dT
=

C
F
α
S

2π

[

9(2
−
T
)T

−
8

2(1
−

T
)

+
log

(

2T
−

1

1
−
T

)
]

.
(28)

(c)
P
lot

th
e
tw

o
d
istrib

u
tion

s
for

2/3
<

T
<

1
in

a
log

scale
an

d
com

p
are

w
ith

th
e
d
ata

of
F
ig.

4.
W

hy
th
e
Q
C
D

p
red

iction
at

ord
er

O
(α

S )
start

to
d
iff
er

from
th
e
d
ata

w
h
en

T
ap

p
roach

es
1?

W
h
at

ab
ou

t
at

2/3?

3
.2
.4

e
+
e
−
→

Q
Q̄
g

(a)
C
om

p
u
te

th
e
d
iff
erentialcross

section
for

th
e
case

ofm
assive

fi
n
alstate

u
sin

g
a
p
rogram

for
sym

b
olic

calcu
lation

s
(su

ch
as

F
O
R
M
or

M
a
t
h
e
m
a
t
i
c
a
+
F
e
y
n
C
a
l
c)

an
d
com

p
are

you
r

9



F
igu

re
4:

T
h
e
th
ru
st

d
istrib

u
tion

m
easu

red
at

L
E
P
,
sh
ow

in
g
d
ata

from
th
e
D
E
L
P
H
I
collab

-
oration

.

resu
lt
w
ith

1

σ
L
O

d
2σ

dx
1 dx

2
=

1β
C

F
α
S

2π

[

2(x
1
+
x
2 −

1
−

ρ/2)

(1
−
x
1 )(1

−
x
2 )

−
ρ2

(

1

(1
−
x
1 )

2
+

1

(1
−

x
2 )

2

)

+
1

1
+
ρ/2

(1
−

x
1 )

2
+
(1

−
x
2 )

2

(1
−

x
1 )(1

−
x
2 )

]

,
(29)

w
h
ere

ρ
=

4m
2

s
≤

1
,

β
=

√

1
−

ρ
(30)

an
d
σ
L
O
is
d
efi
n
ed

as
in

E
q.

(23).

(b
)
V
erify

th
at

th
e
m
assless

lim
it

corresp
on

d
s
to

E
q.

(23).
S
tu
d
y
th
e
soft

an
d
collin

ear
lim

its.
Is
th
e
collin

ear
d
ivergen

ce
stillth

ere?
W
rite

th
e
soft

an
d
collin

ear
ap

p
roxim

ation
of

th
e
am

p
litu

d
e
in

th
e
case

th
e
glu

on
is
close

to
th
e
qu

ark:

1

σ
L
O

d
2σ

dzdθ
2
=

C
F
α
Sπ

1z

θ
2

(θ
2
+
ρ)

2
(31)

w
h
ere

z
=

2E
g / √

s
is

th
e
en
ergy

fraction
of

th
e
glu

on
an

d
θ
th
e
an

gle
b
etw

een
th
e

glu
on

an
d
th
e
qu

ark.
P
lot

th
e
b
eh
aviou

r
of

th
e
m
atrix

elem
ent

in
th
e
m
assless

an
d

m
assive

cases
an

d
com

p
are

w
ith

F
ig.

5.
E
xp

lain
th
is

b
eh
aviou

r
in

term
s
of

an
gu

lar
m
om

entu
m

con
servation

.

10

F
igu

re
5:

D
ead

con
e:

em
ission

of
collin

ear
(soft)

glu
on

s
from

a
m
assive

qu
ark

is
su
p
p
ressed

by
an

gu
lar

m
om

entu
m

con
servation

.

3
.2
.5

J
e
t
ra

te
s
in

th
e
so

ft
lim

it
(∗)

(a)
D
erive

th
e
exp

ression
of

th
e
d
iff
erential

cross
section

for
e
+
e
−
→

qq̄g
in

th
e
soft

lim
it,

in
th
e
term

s
of

th
e
glu

on
en
ergy

E
an

d
th
e
cosin

e
of

an
gle

b
etw

een
th
e
glu

on
an

d
th
e

qu
ark

(or
anti-qu

ark)
cos

θ:

d
2σ

R
E
A
L

dE
d
cos

θ
=

σ
L
O
C

F
2α

S

π

1E

1

1
−

cos
2
θ
.

(32)

(b
)
W

ith
ou

t
calcu

latin
g
th
e
virtu

al
contrib

u
tion

s,
gu

ess
th
eir

fi
n
al

form
in

ord
er

to
can

cel
th
e
soft

an
d
collin

ear
d
ivergen

ces:

d
2σ

V
IR

T

dE
d
cos

θ
=

−
σ
L
O
C

F
2α

S

π

∫

√
s/2

0

dE
′

E
′

∫

1

−
1

d
cos

θ
′

1
−

cos
2
θ
′ 12

δ(E
′)[δ(1−

cos
θ
′)+

δ(1+
cos

θ
′)]+

...

(33)

(c)
D
efi
n
e
th
e
tw

o
an

d
th
ree

jet
rates

u
sin

g
th
e
JA

D
E

m
easu

re,
y
=

M
2/s

an
d
calcu

late
th
e
tw

o-
an

d
th
ree-jet

rates
u
p
to

ord
er

α
S .

F
irst,

id
entify

th
e
region

s
of

th
e
p
h
ase

sp
ace

contrib
u
tin

g
to

th
e
tw

o
jet

rates

R
egion

I
:
E

<
y √

s
an

d
0
<

cos
θ
<

1
,

R
egion

II
:
E

>
y √

s
an

d
1
−

y √
s

E
<

cos
θ
<

1
,

(34)

an
d
th
en

p
erfom

th
e
integration

:

σ
2−

jet

σ
L
O

=
1

σ
L
O

[2

∫

R
1

dσ
R
E
A
L
+
2

∫

R
2

dσ
R
E
A
L
+

∫

dσ
V
IR

T
U
A
L

]

(35)
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C
om

p
are

you
r
resu

lt
w
ith

:σ
2−

jet
=

σ
L
O
[1

−
C

F
α
Sπ
log

2
y
+
...

]

(36)

σ
3−

jet
=

σ
L
O
C

F
α
Sπ
log

2
y
+
...

(37)

an
d
,
ign

orin
g
self-glu

on
interaction

,
exp

on
entiate

th
e
ab

ove
resu

lt
to

fi
n
d
th
e
σ
(n
+
2)−

jet

rate.

(d
)
E
stim

ate
th
e
average

nu
m
b
er

of
th
e
jets,〈n

jet 〉
an

d
h
ow

th
e
average

nu
m
b
er

of
p
articles

in
th
e
fi
n
al

states
(id

entify
each

p
article

w
ith

a
jet

at
sm

all
y)

scales
w
ith

th
e
c.m

.s
en
ergy.

(e)
E
stim

ate
th
e
average

invariant
m
ass

of
th
e
jets

as
a
fu
n
ction

of
th
e
c.m

.s
en
ergy.

(f)
E
stim

ate
th
e
average

th
ru
st.

3
.3

W
e
b

a
n
d

M
C

S
im

u
la
tio

n
s

3
.3
.1

e
+
e
−
c
ro

ss
se
c
tio

n

S
u
rf
onto

th
e
P
article

D
ata

G
rou

p
w
eb
-site

an
d
fi
n
d
th
e
p
lot

of
R
,
th
e
ratio

of
th
e
h
ad

ron
ic

cross
section

over
th
at

of
µ
+
µ
−
in

e
+
e
−
collision

s.
(H

int:
h
t
t
p
:
/
/
p
d
g
.
l
b
l
.
g
o
v
/
2
0
0
6
/
h
a
d
r
o
n
i
c
-
x
s
e
c
t
i
o
n
s
/
h
a
d
r
o
n
.
h
t
m
l).

C
om

p
are

you
r

lead
in
g
ord

er
calcu

lation
for

e
+
e
−

→
qq̄

to
th
e
d
ata.

Is
th
is

a
stron

g
evid

en
ce

th
at

th
e

nu
m
b
er

of
colors

is
th
ree?

E
valu

ate
th
e
step

s
in

R
d
u
e
to

th
e
op

en
in
g
of

cc̄
an

d
bb̄

ch
an

n
els

an
d
com

p
are

w
ith

th
e
exp

erim
ental

d
ata.

3
.3
.2

T
h
ru

st
d
istrib

u
tio

n
s

U
se

M
a
d
G
r
a
p
h
/
M
a
d
E
v
e
n
t
to

ob
tain

th
e
th
ru
st

d
istrib

u
tion

s
in

e
+
e
−
→

3j
for

a
vector

an
d
a

scalar
glu

on
an

d
com

p
are

you
r
resu

lts
w
ith

th
e
an

alytic
on

es
of

F
ig.

4.
F
or

d
etails

on
th
e

th
ru
st

d
efi
n
ition

s
see

E
x.

3.2.3.

3
.3
.3

e
+
e
−
→

Q
Q̄
g

U
se

M
a
d
G
r
a
p
h
/
M
a
d
E
v
e
n
t
an

d
verify

th
at

th
ere

are
n
o
collin

ear
d
ivergen

ces
to

b
e
regu

lated
an

d
th
e
cross

section
is

fi
n
ite

w
ith

ju
st

a
m
in
im

u
m

cu
t
on

th
e
en
ergy

of
th
e
glu

on
.
P
lot

th
e
b
eh
aviou

r
of

th
e
cross

section
s
as

a
fu
n
ction

of
th
e
qu

ark
m
ass

an
d
verify

th
at

it
h
as

a
logarith

m
ic

b
eh
aviou

r.

3
.3
.4

T
h
e
B
Z

a
n
g
le

in
e
+
e
−
→

4
je
ts:

a
b
e
lia

n
v
s
n
o
n
-a
b
e
lia

n

U
se

M
a
d
G
r
a
p
h
/
M
a
d
E
v
e
n
t
to

p
rod

u
ce

tw
o
event

sam
p
les,

on
e
for

stan
d
ard

Q
C
D

an
d
on

e
w
ith

an
ab

elian
Q
C
D

m
od

el
for

e
+
e
−
→

Z
→

4j
.

(38)
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F
igu

re
6:

D
istrib

u
tion

in
th
e
B
en
gtsson

-Z
erw

as
an

gle
at

L
E
P
.
H
ere

th
e
A
b
elian

m
od

el
in
clu

d
es

on
ly

fou
r-qu

ark
fi
n
al

states.

R
u
n
th
e
collision

on
th
e
p
eak

of
th
e
Z

an
d
set

a
m
in
im

u
m

invariant
m
ass

for
th
e
jets

of
m

jj
>

10
G
eV

.
P
lot

th
e
an

gle
b
etw

een
th
e
p
lan

es
id
entifi

ed
by

th
e
tw

o
low

est
an

d
to

h
igh

est
en
ergy

jets:

cos
χ
B
Z
=

(p
1 ×

p
2 )·(p

3 ×
p
4 )

|p
1 ×

p
2 ||p

3 ×
p
4 |

.
(39)

C
om

p
arison

sh
ou

ld
b
e
m
ad

e
w
ith

th
e
p
lots

ofR
ef.

h
t
t
p
:
/
/
a
r
x
i
v
.
o
r
g
/
a
b
s
/
h
e
p
-
p
h
/
9
5
0
3
3
5
4,

w
h
ere

variou
s
im

p
lem

entation
of

th
e
ab

elian
m
od

els
are

d
iscu

ssed
.
O
u
r
w
eb

im
p
lem

entation
in
clu

d
e
th
e
em

ission
of

ab
elian

glu
on

s
as

p
ossib

le
p
arton

s
lead

in
g
to

jets.
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4
E
v
o
lu
tio

n
a
n
d
D
IS

4
.1

T
e
st

1.
D
erive

th
e
form

u
la

for
d
2σ
/dx

dQ
2
in

term
s
of

th
e
stru

ctu
re

fu
n
ction

s.

2.
D
erive

h
ow

a
L
orentz

tran
sform

ation
acts

on
th
e
p
+
an

d
p
−
com

p
on

ent
of

a
fou

r
vector

in
th
e
light-con

e
coord

in
ates.

3.
W

h
at

is
th
e
p
u
rp
ose

of
th
e
B
reit

fram
e?

C
an

you
exp

lain
h
ow

a
D
IS

event
looks

like
in

th
is
fram

e?

4.
W

h
at

h
as

aym
p
totic

freed
om

to
d
o
w
ith

th
e
p
arton

m
od

el?

5.
W

h
at

is
th
e
p
hysical

m
ean

in
g
of

th
e
C
allan

-G
ross

relation
?

W
hy?

(Y
ou

m
ight

w
ant

to
calcu

late
th
e
scatterin

g
am

p
litu

d
e
eq

→
eq

for
scalar

qu
arks).

6.
S
calin

g
is
in
d
eed

violated
.
H
ow

an
d
by

w
h
at?

7.
In

th
e
N
L
O

calcu
lation

for
γ
∗q

→
q
all

d
ivergen

ces
can

cel,
excep

t
for

...?
W

h
at

is
th
e

n
atu

re
of

th
ese

left-over
d
ivergen

ces?
A
re

th
ese

d
ivergen

ces
u
n
iversal?

8.
T
ake

th
e
exp

licit
form

of
th
e
sp
littin

g
fu
n
ction

s
given

b
elow

an
d
ign

ore
δ(1−

x
)
term

s
an

d
th
e
()

+
d
istrib

u
tion

s.
S
et

th
e
color

factors
C

F
,T

R
,C

A
to

on
e.

P
rove

th
ey

satisfy
th
e
S
U
S
Y

relation
p
g
q
+
p
qq

=
p
qg
+
p
g
g

(40)

9.
E
xp

lain
th
e
id
ea

of
factorization

.
H
ow

d
o
w
e
exactly

get
rid

of
th
e
large

logs?
W

h
at

is
th
e
role

of
u
n
iversality?

10.
W

h
at

is
th
e
strategy

to
b
e
follow

ed
to

m
ake

a
p
red

iction
in

Q
C
D
?
W

h
at

is
th
e
p
art

to
b
e
calcu

lated
by

th
eorists

an
d
th
e
on

e
m
easu

red
by

exp
erim

entalists?

4
.2

E
x
e
rc
ise

s

4
.2
.1

S
p
littin

g
fu
n
c
tio

n
s

C
alcu

late
th
e
sp
littin

g
fu
n
ction

s
for

q
→

qg
an

d
g
→

qq̄.
(T

o
b
e
com

p
leted

...)

4
.2
.2

D
G
L
A
P

re
su

m
s
to
w
e
rs

o
f
lo
g
s

S
h
ow

th
at

th
e
D
G
L
A
P
equ

ation
s
resu

m
a
fu
ll
tow

er
of

logarith
m
s
of

Q
2.

4
.2
.3

E
v
o
lu
tio

n

A
s
d
iscu

ssed
in

th
e
lectu

re
th
e
p
arton

d
istrib

u
tion

s
d
o
n
ot

scale
as

in
th
e
n
äıve

p
arton

m
od

el
b
u
t
rath

er
are

exp
ected

to
exh

ib
it

th
e
scalin

g
violation

s
p
red

icted
by

Q
C
D
.
T
h
e
stru

ctu
re

of
th
e
evolu

tion
is

d
eterm

in
ed

by
th
e
D
G
L
A
P

equ
ation

,
w
h
ose

b
asic

in
gred

ients
are

th
e

sp
littin

g
fu
n
ction

s.
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(a)
T
h
e
p
lu
s-p

rescrip
tion

is
d
efi
n
ed

by

∫

1

0

dx
f
(x
)g

+
(x
)≡

∫

1

0

dx
[f
(x
)−

f
(1)]g(x

)
.

(41)

S
h
ow

th
at

(

1
+
z
2

1
−

z

)

+

=
1
+
z
2

(1
−
z)

+
+

32
δ(1

−
z)

(42)

an
d

(

z

1
−

z
+

12
z(1

−
z)

)

+

=
z

(1
−
z)

+
+

12
z(1

−
z)

+
1112

δ(1
−

z)
.

(43)

(b
)
T
h
e
sp
littin

g
fu
n
ction

s
are

P
qq (z)

=
C

F

(

1
+
z
2

1
−
z

)

+

(44)

P
qg (z)

=
T
R

(z
2
+
(1

−
z)

2
)

(45)

P
g
q (z)

=
C

F
1
+
(1

−
z)

2

z
(46)

P
g
g (z)

=
2C

A

[
(

z

1
−
z
+

12
z(1

−
z)

)

+

+
1
−

z

z
+

12
z(1

−
z)

]

−
23
n
f T

R
δ(1

−
z)

.
(47)

T
h
e
an

om
alou

s
d
im

en
sion

s
are

given
by

th
e
m
om

ents
of

th
e
sp
littin

g
fu
n
ction

s,

γ
ij (N

,α
S )

=
∞∑n
=
0

γ
(n

)
ij

(N
)
(

α
S

2π

)

n
+
1
,

(48)

γ
(0)
ij
(N

)
=

∫

1

0

dzz
N
−
1P

ij (z)
.

(49)

S
h
ow

th
at

γ
(0)
qq
(N

)
=

C
F

[−
12
+

1

N
(N

+
1)

−
2

N
∑k
=
2

1k

]

(50)

γ
(0)
qg
(N

)
=

T
R

[

2
+
N

+
N

2

N
(N

+
1)(N

+
2)

]

(51)

γ
(0)
g
q
(N

)
=

C
F

[

2
+
N

+
N

2

N
(N

+
1)(N

−
1)

]

(52)

γ
(0)
g
g
(N

)
=

2C
A

[−
112

+
1

N
(N

−
1)

+
1

(N
+
1)(N

+
2)

−
2

N
∑k
=
2

1k

]

−
23
n
f T

R
.(53)

(c)
N
ow

con
sid

er
th
e
evolu

tion
of

th
e
sin

glet
qu

ark
d
istrib

u
tion

Σ
(x
)
=

∑

i

q
i (x

)
+
q̄
i (x

)
(54)
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w
h
ich

m
ixes

w
ith

th
e
glu

on
d
istrib

u
tion

via
th
e
evolu

tion
equ

ation
s.

In
term

s
of

m
om

ents
w
ith

evolu
tion

variab
le

t
=

log(Q
2/Λ

2)
w
e
h
ave

ddt Σ
(N

)
=

α
S (t)

2π
[γ

qq (N
)Σ

(N
)
+
2n

f γ
qg (N

)g(N
)]

(55)

ddt g(N
)

=
α
S (t)

2π
[γ

g
q (N

)Σ
(N

)
+
γ
g
g (N

)g(N
)]

(56)

V
erify

th
at

for
N

=
2
th
ere

are
tw

o
eigenvalu

es
to

th
e
ab

ove
evolu

tion
equ

ation
an

d
th
e
corresp

on
d
in
g
an

om
alou

s
d
im

en
sion

s
are

λ
±

=
0,−

(16/9
+

n
f /3)

an
d
fi
n
d

th
e

corresp
on

d
in
g
eigen

fu
n
ction

s.

(d
)
U
se

th
e
ab

ove
resu

lt
to

fi
n
d
th
e
m
om

entu
m

fraction
s
carried

by
th
e
qu

arks
an

d
glu

on
s

at
tru

ly
asym

p
totic

valu
es

of
Q

2

Σ
(2)

=
1

1
+
4
C

F
n
f

(57)

f
(2)
g

=
4C

F

1
+
4
C

F
n
f

(58)

4
.3

G
lu
o
n

a
t
sm

a
ll

x

T
h
e
evolu

tion
of

th
e
p
d
f’s

ten
d
s
to

b
u
ild

u
p
th
e
glu

on
d
istrib

u
tion

at
sm

all
x
,
w
h
ich

w
ill

b
e

im
p
ortant

at
th
e
L
H
C
.
In

th
e
lim

it
of

sm
all

x
an

d
very

large
Q

2
th
e
D
G
L
A
P
equ

ation
s
are

d
om

in
ated

by
th
e
sm

all
argu

m
ent

b
eh
aviou

r
of

th
e
sp
littin

g
fu
n
ction

s
P
g
g .

(a)
V
erify

th
at

in
th
is
lim

it
th
e
glu

on
d
istrib

u
tion

G
(x
,t)

=
x
g(x

,t)
satifi

es

dG
(x
,t)

dt
*

3α
S (t)

π

∫

1

x

dyy
G
(y,t)

.
(59)

(b
)
N
ow

u
se

th
e
1-loop

form
for

α
S
an

d
ch
an

ge
variab

les
to

τ
=

log
t
an

d
ξ
=

24/b
0
log(1/x

)
to

sh
ow

th
at

th
e
ap

p
roxim

ate
equ

ation
to

solve
is

d
2G

dξ
2
*

12
G
.

(60)

(c)
V
erify

th
at

at
tru

ly
large

valu
es

of
b
oth

ξ
an

d
τ
a
solu

tion
is

G
(ξ,τ)∼

e
√
2ξτ

.
(61)

or

g(x
,t)∼

1x
exp

√

48b
0
log

(

tt0

)
(

1x

)

×
x
g(x

,t0 )
.

(62)

(d
)
U
se

th
e
follow

in
g
(fi
ctiou

s)
form

of
th
e
glu

on
d
istrib

u
tion

g(x
,Q

0
=

5
G
eV

)
=

420

99

(1
−

x
)
7

x
(63)

to
stu

d
y
th
e
en
h
an

cem
ent

for
Q

=
100

G
eV

at
x
=

0.01
(Λ

=
0.1

G
eV

)
.
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4
.3
.1

Q
2m
in

in
th

e
E
P
A

(∗)

In
th
e
E
qu

ivalent
P
h
oton

A
p
p
roxim

ation
(E

P
A
),

th
e
p
rocess

ep
→

e
+

X
is

ap
p
roxim

ated
by

th
e
collin

ear
em

ission
of

an
alm

ost-on
-sh

ell
p
h
oton

w
h
ich

th
en

scatters
w
ith

th
e
p
roton

,
γ
∗p

→
X
,

dσ
ep

=
σ
γ
p f

(e)
γ

(y)dy
,

(64)

S
h
ow

th
at

th
e
p
h
oton

d
istrib

u
tion

in
th
e
electron

is
given

by

f
(e)
γ

(y)
=

α2π

[

1
+
(1

−
y)

2

y
log

q
2m
in

q
2m
a
x

+
2m

2e y

(

1

q
2m
a
x

−
1

q
2m
a
x

)
]

(65)

w
h
ere

q
2m
a
x

=
−
m

2e y
2

1
−
y

(66)

q
2m
in

=
q
2m
a
x
−
E

2(1
−
y)θ

c
(67)

w
ith

θ
c
th
e
m
axim

u
m

allow
ed

valu
e
for

θ,
w
h
ich

d
ep

en
d
s
on

th
e
geom

etry
of

th
e
d
etector.

4
.3
.2

S
o
ft

c
o
n
e
s
(∗)

A
soft

fu
n
ction

for
a
an

em
itter

qu
ark

i,
a
soft

glu
on

k
,
an

d
a
sp
ectator

anti-qu
ark

j
is

d
efi
n
ed

as

W
(i) ≡

12

[

cos
θ
jk −

cos
θ
ij

(1
−

cos
θ
ik )(1

−
cos

θ
jk )

+
1

1
−

cos
θ
jk

]

.
(68)

P
rove

th
at

by
averagin

g
over

th
e
azim

u
th
al

an
gle,

on
e
ob

tain
s
a
p
ositive

d
efi
n
ite

qu
antity

w
ith

th
e
follow

in
g
p
rop

erties:
∫

dφ
ik

2π
W

(i)
=

1

1
−

cos
θ
ik

if
θ
ik
<

θ
ij

(69)

=
0

oth
erw

ise.
(70)

H
int:

A
n
integral

on
a
cop

lex
contou

r
is

n
eed

ed
.
W
rite

1
−

cos
θ
jk

=
a
−

b
cos

φ
ik ,

w
h
ere

a
=

1−
cos

θ
ij cos

θ
ik
an

d
b
=

sin
θ
ij
sin

θ
ik .

T
h
en

d
efi
n
e
z
=

exp
(iφ

ik )
an

d
rew

rite
th
e
integral

I
(i)≡

∫

2π

0

φ
ik

2π

1

1
−

cos
θ
jk

=

∫

dz

(z
−
z
+
)(z

−
z
−
)
,

(71)

w
h
ere

th
e
integration

is
d
on

e
over

th
e
u
n
it
circle.

O
n
ce

th
e
exp

ression
for

z
±
are

fou
n
d
,
on

e
realizes

th
at

on
ly

on
e
p
ole,

z
=

z
−
can

lie
in
sid

er
th
e
u
n
it
circle,

so

I
(i)

=

√

1

a
2−

b
2
=

1

|cos
θ
ik −

cos
θ
ij |

.
(72)

4
.4

W
e
b

4
.4
.1

P
D
F

p
lo
ts

L
og

onto
th
e
D
u
rh
am

on
-lin

e
calcu

lator
an

d
grap

h
ical

d
isp

lay
for

th
e
p
d
f,

h
t
t
p
:
/
/
d
u
r
p
d
g
.
d
u
r
.
a
c
.
u
k
/
h
e
p
d
a
t
a
/
p
d
f
3
.
h
t
m
l.

P
lot

th
e
p
arton

d
istrib

u
tion

s,
x
f
(x
,µ

2)
for

Q
2
=

10
G
eV

2
an

d
th
e
B
jorken

0.01
<

x
<

1.0.
P
lot

th
e
error

ran
ge

of
th
e
glu

on
p
d
f
for

Q
2
=

10000
G
eV

2.
W

h
ich

valu
es

of
x
are

associated
to

th
e
largest

u
n
certainty?
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5
H
a
d
ro

n
h
a
d
ro

n
c
o
llisio

n
s

5
.1

E
x
e
rc
ise

s

5
.1
.1

B
a
sic

k
in
e
m
a
tic

s

T
h
e
rap

id
ity

y
an

d
p
seu

d
o-rap

id
ity

η
are

d
efi
n
ed

as:

y
=

12
log

(

E
+
p
z

E
−

p
z

)

(73)

η
=

−
log

(

tan

(

θ2

)
)

,
(74)

w
h
ere

th
e
z
d
irection

is
th
at

of
th
e
collid

in
g
b
eam

s.

(a)
V
erify

th
at

for
a
p
article

of
m
ass

m

E
=

√

m
2
+
p
2T

cosh
y

(75)

p
z

=
√

m
2
+
p
2T

sin
h
y

(76)

p
2T

=
p
2x
+
p
2y
.

(77)

(b
)
P
rove

th
at

tan
h
η
=

cos
θ.

(c)
C
on

sid
er

a
set

of
p
articles

p
rod

u
ced

u
n
iform

ly
in

lon
gitu

d
in
al

p
h
ase

sp
ace

dN
=

C
dp

z

E
.

(78)

F
in
d
th
e
d
istrib

u
tion

in
η.

(d
)
P
rove

th
at

rap
id
ity

equ
als

p
seu

d
o-rap

id
ity,

η
=

y
for

a
relativistic

p
article

E
,

m
.

(e)
P
rove

th
at

for
L
orentz

tran
sform

ation
(b
oost)

in
th
e
b
eam

(z)
d
irection

s,
th
e
rap

id
ity

y
of

every
p
article

is
sh
ifted

by
a
con

stant
y
0 ,

related
to

th
e
b
oost

velocity.
F
in
d
th
e

relation
b
etw

een
β
an

d
y
0
for

a
gen

eric
b
oost:

E
′

=
γ
(E

−
β
p
z )

(79)

p
′z

=
γ
(p

z −
β
E
)

(80)

p
′x

=
p
x

(81)

p
′y

=
p
y

(82)

γ
=

1
√

1
−
β
2

(83)

(f)
C
on

sid
er

a
gen

eric
p
article

X
of

m
ass

M
(su

ch
as

a
Z

b
oson

or
a
H
iggs)

p
rod

u
ced

on
sh
ell

at
th
e
L
H
C

,
w
ith

zero
tran

sverse
m
om

entu
m
,
pp

→
X
.
F
in
d
th
e
relevant

valu
es

of
x
1 ,x

2
of

th
e
in
itial

p
arton

s
th
at

can
b
e
accessed

by
p
rod

u
cin

g
su
ch

a
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=
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p
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=
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√
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√
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=

2p
T
cosh

(

y
3 −

y
4

2

)

,
(85)

19



F
igu

re
8:

P
lot

sh
ow

in
g
th
e
fraction

of
th
e
jet

E
T
d
istrib

u
tion

in
itiated

by
d
iff
erent

p
arton

com
b
in
ation

s.

an
d
th
e
centre-of-m
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