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» Aim of the work

o To provide a reliable description of parton densities at small-z
while keeping the well known behaviour at larger-zx;

# To devise a small-x resummation in matrix form:
guarks and gluons are treated on the same ground
(in a collinear factorization scheme as close as possible to MS)
® Outline
o Review of 1-channel (gluon) improved BFKL equation
# Limits of all resummation approaches developed so far

o Formulation with 2 channels (sea-quarks and gluons):
2 x 2 matrix kernel merging NLO + NLLx

® Numerical results
® Conclusions
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Recalling 1-Channel Resummation. ..

At fixed coupling

0 q 1
DGLAP = = —I'(as,
7 Fos O f(v,w) (g) » (as,w) f
—N-1 0 BFKL Fy = (s, F
w=N—1« = —x(as,
Ologl/x 97 X 1
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Recalling 1-Channel Resummation. ..

At fixed coupling

0
v - DGLAP
0 log Q2
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w=N-—-1« BFKL
Ologl/x

1 channel: only gluons:
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Recalling 1-Channel Resummation. ..

At fixed coupling
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1 channel: only gluons:

() rag () e
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® At LLz-LO both evolution kernels — and X ~ —
Y w Yw
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Recalling 1-Channel Resummation...

At fixed coupling
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® At NLLz-NLO the various contributions are found at different orders in as

Singular terms in one place correspond to less-singular terms in the other formulation
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Recalling 1-Channel Resummation...

At fixed coupling

0 q 1
— DGLAP - — 1T(G,
7 Fos O f(v,w) (g) » (as,w) f
—N-1 0 BFKL Fy = (s, F
w=N-—-1< ——m = —x(as,
Ologl/x 97 X R

1 channel: only gluons:

() rag () e

X(ézs,’y) = Q5 (%4—0(72)) —|—54§ <_2,1Y3 + A,Y(g) + BFYO) +C(0)+...> 4+

. I o
® At LL2-LO both evolution kernels — and X o9
’7 w *yw
® At NLLz-NLO the various contributions are found at different orders in as

Singular terms in one place correspond to less-singular terms in the other formulation

® From the knowledge of LO A(w), NLO B(w) ...one can predict higher order terms in
BFKL hierarchy (presumably very large in the collinear limit v — 0)
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... Recalling 1-Channel Resummation

The RG analysis we developed (hep- ph/ 0507106, 0601200)
accomplishes this task: by defining an improved kernel

K(@Sv Y CU) = asKo (77 (,U) + @gKl (77 LU)
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... Recalling 1-Channel Resummation

The RG analysis we developed (hep- ph/ 0507106, 0601200)
accomplishes this task: by defining an improved kernel
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... Recalling 1-Channel Resummation

The RG analysis we developed (hep- ph/ 0507106, 0601200)
accomplishes this task: by defining an improved kernel

K(@Sv Y CU) = asKo (77 (,U) + @gKl (77 LU)

1 Wy 1 7 \

;Fgg(w) ~Xo(y)  contains 'Y and x4

BFKL symmetry: K(k,k') = K(k', k) < x(v)=x(1—~) atw=0.

w
0 1 1+§
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... Recalling 1-Channel Resummation

The RG analysis we developed (hep- ph/ 0507106, 0601200)
accomplishes this task: by defining an improved kernel

K(@Sv Y C,U) = asKo (77 CU) + @gKl (77 LU)

1 WV 1 7 \

;Fgg(w) ~Xo(y)  contains 'Y and

BFKL symmetry: K(k,k') = K(k', k) < x(v)=x(1—~) atw=0.
Improved sym. at w # 0: x“(v) = x“(1 +w — %) -9 0 11+

predicts and resums the most singular poles

1 1 1 1 1 & o v
XD~ it g ~ 5 W Yy Ty [w = ax(v) ~ =]
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... Recalling 1-Channel Resummation

The RG analysis we developed (hep- ph/ 0507106, 0601200)
accomplishes this task: by defining an improved kernel

K(@Sv Y C,U) = asKo (77 CU) + @gKl (77 LU)

1 WV 1 7 \

;Fgg(w) ~Xo(y)  contains 'Y and x4

BFKL symmetry: K(k,k') = K(k', k) < x(v)=x(1—~) atw=0.

Improved sym. at w # 0: x“(v) = x“(1 +w — %) -9 0 11+

. . Y
predicts and resums the most singular poles
X0 ~ g T v T wee Y oy [w = asx(y) ~ 2]

From the improved equation F, = KF, we can compute
® hard Pomeron exponent w(as)

® resummed anom. dim. v, (as, w) and effective split. funct. P.g(ag, )
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L imits of 1-channel resumm. approaches

® I|dea of including (large) subleading collinear contribution of BFKL
expansion is common to many resummation approaches
(CCSS, Altarelli-Ball-Forte, Thorne-White, .. .)
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® These approaches limit themselves to a consistent resummation

scheme for the gluon only
deriving quark-sea by k-factorization in DIS scheme
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Main obstacle: integrated PDF are well defined at v ~ 0, all w;
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L imits of 1-channel resumm. approaches

¥

ldea of including (large) subleading collinear contribution of BFKL
expansion is common to many resummation approaches
(CCSS, Altarelli-Ball-Forte, Thorne-White, .. .)

These approaches limit themselves to a consistent resummation
scheme for the gluon only |
deriving quark-sea by k-factorization in DIS scheme

With an evolution scheme in coupled matrix form
guarks and gluons are treated on the same ground
in a factorization scheme as close as possible to, say, MS

Main obstacle: integrated PDF are well defined at v ~ 0, all w;
unintegrated PDF are defined by k-factorization
only around w ~ 0 (gluon) and w ~ —1 (quark)

Our choice: incorporate known anomalous dimension up to NLO;
at high-energy (w ~ 0) we incorporate NLLx BFKL kernel for the
gluon channel only
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Structureof Matrix Kernel

K= as Ko(v,w) + a2 Ki(v,w) 2 x 2 matrix
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Structureof Matrix Kernel

K= as Ko(v,w) + a2 Ki(v,w) 2 x 2 matrix

® Cy contains both LO DGLAP and LLxz BFKL information

Lo
T+ 3

® Inthe collinear limit k > k' < ~ — —% we expect [y ~
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Structureof Matrix Kernel

K= as Ko(v,w) + a2 Ki(v,w) 2 x 2 matrix

ICo contains both LO DGLAP and LLz BFKL information
Lo
T+ 5
In the anti-collinear limit k < k' < v — 1+ % one would guess
FT
Ko ~ wo
1+ 5 — 7
have to be paired in opposite order

In the collinear limit k > k' < v — —% we expect Ky ~

; I'g transposed because indices in matrix products
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Structureof Matrix Kernel

K= as Ko(v,w) + a2 Ki(v,w) 2 x 2 matrix

ICo contains both LO DGLAP and LLz BFKL information
Lo
T+ 5
In the anti-collinear limit k < k' < v — 1+ % one would guess
FT
Ko ~ wo
1+ 5 — 7
have to be paired in opposite order

In the collinear limit k > k' < v — —% we expect Ky ~

; I'g transposed because indices in matrix products

Such a naive guess is inconsistent: it gives rise to super-leading
contributions not present in PT theory
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Structureof Matrix Kernel

K=a; Ko(v,w) + a2 Ki(v,w) 2 X2 matrix

ICo contains both LO DGLAP and LLz BFKL information

. . I'g
In the collinear limit k > k' < v — —% we expect K, ~ —
YT 5
FT
In the anti-collinear limit k < k' <— v — 1+ % one would guess Cg ~ - £ ;
5 =7
2

['y transposed because indices in matrix products have to be paired in opposite order
Such a naive guess is inconsistent: it gives rise to super-leading contributions not
present in PT theory

Solution: rearrange colour factors and high-energy propagators 1/w
between vertices of ladder diagrams;

mathematically: 3 diagonal similarity transform. S—1T'l'S = T

1 1
= Ko ~T + =T “
o~ To(w) (’H - ,Y) o(w)xe ()
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TheMatrix Kerndl

[9q (@)x& () Faq(@)x& ()

ICO — 0 w 0 17w 1. w
PO, @xe(y) [T w) — Z]x2 () + x5 ()
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TheMatrix Kerndl

[9q (@)x& () Faq(@)x& ()

ICO — 0 w 0 17w 1. w
PO, @xe(y) [T w) — Z]x2 () + x5 ()

® K, has at most simple poles in v and simple poles in w in the gluon row
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L I

TheMatrix Kerndl

o — [Taal@xe ) Fgq(W)x& ()
DG @Xe () [Pge(@) = X2 () + x5

Ko has at most simple poles in v and simple poles in w in the gluon row

No w-poles are present in the quark row, consistently with LO DGLAP and
reggeization of the quark at w = —1;
We'll keep this structure also in
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L I

TheMatrix Kerndl

['9q (W)X (7) 79, (w)x¥ (V) +Aqg (v, w)

ICO — 0 w 0 17w 1. w
O, @xe () [T9w) — Z]x2 () + x5 ()

Ko has at most simple poles in v and simple poles in w in the gluon row

No w-poles are present in the quark row, consistently with LO DGLAP and
reggeization of the quark at w = —1;
We'll keep this structure also in

_2
AtNLO T, and I';  contain Zs . Instead of adding such terms in K1 (see above) we

w

add a proper non-singular A, (v, w) term
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L I

TheMatrix Kerndl

['9q (W)X (7) 79, (w)x¥ (V) +Aqg (v, w)

Ko =
TP @xE () M) = S M) + x5 (1) +Agg(7,)

Ko has at most simple poles in v and simple poles in w in the gluon row

No w-poles are present in the quark row, consistently with LO DGLAP and
reggeization of the quark at w = —1;
We'll keep this structure also in

_2
AtNLO T, and I';  contain Zs  Instead of adding such terms in K1 (see above) we

w

add a proper non-singular A, (v, w) term

Momentum Sum Rule: restored by adding a non-singular subleading A, (v, w) term
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L I

L I

TheMatrix Kerndl

['9q (W)X (7) 79, (w)x¥ (V) +Aqg (v, w)

Ko =
TP @xE () M) = S M) + x5 (1) +Agg(7,)

Ko has at most simple poles in v and simple poles in w in the gluon row

No w-poles are present in the quark row, consistently with LO DGLAP and
reggeization of the quark at w = —1;
We'll keep this structure also in

_2
AtNLO T, and I';  contain Zs  Instead of adding such terms in K1 (see above) we

w

add a proper non-singular A, (v, w) term
Momentum Sum Rule: restored by adding a non-singular subleading A, (v, w) term

IC1: we add NLO DGLAP matrix I'y and NLLz BFKL kernel x1 in K1, 44
with subtractions to avoid double-counting
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L I

L I

TheMatrix Kernel

['9q (W)X (7) 79, (w)x¥ (V) +Aqg (v, w)

Ko =
TP @xE () M) = S M) + x5 (1) +Agg(7,)

Ko has at most simple poles in v and simple poles in w in the gluon row

No w-poles are present in the quark row, consistently with LO DGLAP and
reggeization of the quark at w = —1;
We'll keep this structure also in

_2
AtNLO T, and I';  contain % Instead of adding such terms in K1 (see above) we
add a proper non-singular A, (v, w) term

Momentum Sum Rule: restored by adding a non-singular subleading A, (v, w) term

IC1: we add NLO DGLAP matrix I'y and NLLz BFKL kernel x1 in K1, 44
with subtractions to avoid double-counting

Running coupling: introduced in (k, x) space (analytic double inverse Mellin transf.)
K(k,k';z) = as(k2)Ko(k, k';z) + a2 (k2)K1 (k, k'; )

(K1 depends on the choice of run.coupl. scale k~ = max(k, k'))
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Frozen Coupling Features

Hard Pomeron exponent w,(as) and resummation scheme uncertainty

! ! ! ! ! ! ! !
, 03[ -
3
3 ‘ 1-ch NLx-LO ——
: : 3 3 : 2-ch NLx-LO
: : : : 2-ch NLx-NLO
0 ; ; ; ; ; . . .
0] 0.05 0.1 0.15 0.2 0.25 0.3 0.35 04
GS

® various estimates are stable and compatible with each other

® resummation scheme uncertainty is reduced in the 2-channel
formulation, in particular when NLO corrections are included
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Frozen Coupling Features

Effective eigenvalue functions: w = x4+ (as, v+) (here ag = 0.4)

2

15

Xeft

0.5

1-channe| -

NLX-LO-s1 — A

NLX-LO-s2 —
NLx-NLO-s1
NLx-NLO-s2 ————

1.5 2

fixed pointsaty=0,2andw =1 = momentum conservation in both
collinear and anti-collinear limits
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Frozen Coupling Features

Resummed MS splitting functions z P(ay, z) for ag = 0.2

0.35 X T O T T T T 1 T 1 T L
X O
X* OO
% 9 NLOgg —
X** OO
0.3 % NLOqg — .
% NLOgg ——
0.25 NLOQq —— 1
NLXx-NLQ-s1 *
NLXx-NLQ-s2 i

2f.

Z P(2)
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Frozen Coupling Features

Resummed MS splitting functions z P(ay, z) for ag = 0.2

oo 0 b

0.35 X —OorT T T T T
X O
X% OO
% % NLOgg —
% 0
03 % NLOqg —
*,
% NLO gq
0.25 | NLOqgg ——
| NLX-NLQ-s1
0.2 LN NLX-NLQ-s2  ©

Z P(2)

1le-05 le-04

0.1 1

at large-z fixed order and resummed splitting functions overlap

at moderate-x resummed splitting functions show a small dip

final rise sets in at very small-x

resummation scheme uncertainty is small
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Summary

#® We propose a small-z evolution scheme in matrix form
s quarks and gluons treated on the same ground

o No need of k-factorization to derive
anomalous dimensions in DIS scheme

s splitting functions already in MS scheme

Dimitri Colferai Matrix formulation for small- singlet evolution HERA-LHC, Hamburg, 14 March 2007 -p.12/11



Summary

We propose a small-z evolution scheme in matrix form
s quarks and gluons treated on the same ground

o No need of k-factorization to derive
anomalous dimensions in DIS scheme

s splitting functions already in MS scheme

We fix the ambiguity of the formulation by requiring
“symmetry” and “minimal singularities”

At fixed coupling, the results are stable,
with small resummation scheme uncertainties

Dimitri Colferai Matrix formulation for small- singlet evolution HERA-LHC, Hamburg, 14 March 2007 -p.12/11



Summary

We propose a small-z evolution scheme in matrix form
s quarks and gluons treated on the same ground

o No need of k-factorization to derive
anomalous dimensions in DIS scheme

s splitting functions already in MS scheme
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Running coupling can be straightforwardly introduced,;
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Summary

We propose a small-z evolution scheme in matrix form
s quarks and gluons treated on the same ground

o No need of k-factorization to derive
anomalous dimensions in DIS scheme

s splitting functions already in MS scheme

We fix the ambiguity of the formulation by requiring
“symmetry” and “minimal singularities”

At fixed coupling, the results are stable,
with small resummation scheme uncertainties

Running coupling can be straightforwardly introduced,;
features are under investigation

A fully resummed fit needs resummed coefficient
functions, but one could try first with LO impact factors
with exact kinematics
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