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History of the universe

Today t, t =15 billion years

Life on earh

T=3K (1meV)
Solar system
Quasars
Galaxy formation
Epoch of gravita fonal collapse
Recombination
Relic radiaton decouples (CBR)

Matter domination
Onsetof gravitational ns abiliy

Nucleosynthesis
Lightelements created - D, He, Li

Quark-hadron transition
Hadrons form - protons & neurons.

Electrowesk phase transition | 4oy
weak nuclear =
forces become diferentated: T=10"GeV

SU(3)xSU(2)xu(1) -> SU3)xU(1)

The Parlice Desert
Axions. supersymmetry?

Grand unification transition
G > H > SU(3)xSU(2)xu(1)
Inflaon, baryogenesis,
monopoles, cosmic stings, ele.?

The Planck epoch
The quantum gravity barrier
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Physics of the very early universe: inflation

Cosmological inflation (Guth 1981)
> is an accelerated expansion of the early universe (10737 — 10732 s)
> solves horizon and flatness problems

» can amplify quantum fluctuations in the early universe

How do we describe quantum fluctuations during inflation?
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Quantum fluctuations in the very early universe

Inflation can be described by a scalar field rolling down a potential
in an expanding universe

Action:

s— /d4x /jg{_R_ %gwaucpayd:t— V(<1>)}

with background FLRW metric gfg,) = diag(—1, a8, a2, a°).
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Quantum fluctuations in the very early universe

Inflation can be described by a scalar field rolling down a potential
in an expanding universe

Action:

s— /d4x /jg{_R_ %gwaucpayd:t— V(<1>)}

with background FLRW metric gfg,) = diag(—1, a8, a2, a°).

Density perturbations are associated with perturbations of the matter fields, i.e. ® =¢ + ¢

But in very early universe, fluctuations of spacetime are equally important, g, = gff’) + 6guv

However, issue of gauge dependence for metric fluctuations..
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Gauge dependence in general relativity

The action
1
S= /d4x\/7—g {—R - 58" 0,90, — V(¢)}
is covariant: it is invariant under coordinate transformations. Metric tensor transforms as:

N - dx® dxB
Euw (%) = 5 dﬁg‘“’(x)'

Now:
> split the metric field in a fixed background g;(to,,) and a fluctuation

0guv

> this breaks the general covariance for the fluctuations

— Fluctuations on a fixed background become dependent on coordinate transformations!
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Gauge freedom in general relativity

A general perturbation of a quantity Q is defined as
Perturbation §@Q = (@ in perturbed spacetime) - (Q() in background spacetime)

In order to compare Q@ and Q(©), one has to choose a mapping between the perturbed and
background spacetime —> this is a gauge choice

The freedom in choosing a mapping is called a gauge freedom
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Gauge transformations in general relativity

Under an infinitesimal coordinate transformation

xH — XH = xH 4 &£H, gauge transformations of the fields:

dguv(x) —  0gu(%) = dguu(x) — Vuéo — Viéy

e(x) = (%) = @(x) + (1)

(compare to QED: Ay — Au + 8“/\)
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Gauge transformations in general relativity

Under an infinitesimal coordinate transformation

xH — XH = xH 4 &£H, gauge transformations of the fields:

Sgun(x) = 0gu (%) = 0gun(x) — Vubs — Vit ——\

e(x) = (%) = @(x) + (1)

(compare to QED: A;, — A, + 9, N\)

Problems with gauge freedom: calculating physical quantities (similar to QED).

Two solutions:
» Fix the gauge (in QED: Coulomb gauge, Lorenz gauge)

» Construct gauge invariant variables (in QED: electric field E;)

(For GR: Bardeen 1980)
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Dynamical variables in the action

1
S= /d4x\/—g {—R - Eg“”(?”'bal,(b - V((b)} .

What are the dynamical fields in this action?

" . . . " ' +da’
Decompose spacetime into space and time ; St

© O N\ai - Nidt

ADM line element (Arnowitt, Deser, Misner 1959) ds\ |Ndt

ds? = —N2dt? + gii(dx’ + N'dt)(dx/ + N/ dt)

» 7 dynamical fields: spatial metric g;; and scalar field ®
> 4 constraint fields: lapse function /V, shift function V' (compare to Ay for QED)

» 7-4=3 dynamical degrees of freedom!
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Perturbations

Now insert linear fluctuations of all fields around FLRW background (ds?> = —dt? + a?dx;dx’):

8ij = a(t)2 (5’/ + h,‘j(t, X))

® = 6(t) + ¢(t,x)

Scalar-vector-tensor decomposition:

Sii 5 .
hyj = ?Jh—l— (a,—a,— - ?’VQ) h+8ihjy+hi’,
with
a'nl =o, OhiT =0=0h]T.

Substitute these in action, solve constraint equations to eliminate unphysical degrees of freedom..
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Final result

Finally, the action 5 = [ d*x/—g {—R — %g#“amam — V(®)} up to second order is

: . . 2 . OhlT N2
s = fd3xdra3{3?22 (472 = 1 (22)] + 3|y - (20) }}

Mukhanov 1981

> 1 dynamical scalar: comoving curvature perturbation:
- H
R = (h— V?h) —6?0

Combination of scalar metric and inflaton fluctations

Together with inflation forms the primordial power spectrum of the CMB
» 1 dynamical tensor: graviton hi}—T

> All fields are gauge invariant!

TT ; ; ; ;
R and h,.j are gauge invariant cosmological perturbations
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Einstein and Jordan frame

Einstein frame action
1
S= /d“x\ﬁ—g {—R — 58" 0,90, — V(d))} .
Jordan frame action (important for Higgs inflation)

1
SJ:/d‘lX\/—g{—RJF((DJ)—ng 1s) <DJ8 ¢_]— VJ(¢J)}

Frames related through field redefinitions

do
guv = Wy, W= F(®)), do = de)

Just field redefinitions, therefore frames are physically equivalent
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Einstein and Jordan frame

Einstein frame action
1
S= /d“x\ﬁ—g {—R — 58" 0,90, — V(d))} .
Jordan frame action (important for Higgs inflation)

1
SJ:/d‘lX\/—g{—RJF((DJ)—ng 1s) <DJ8 ¢_]— VJ(¢J)}

Frames related through field redefinitions

do
guv = Wy, W= F(®)), do = de)

Just field redefinitions, therefore frames are physically equivalent

Are the Jordan and Einstein frame physically equivalent at the quantum level?
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The quantum equivalence of frames

Free Jordan frame action (Jw, Prokopec 2010):

. 2 ohIT
@ _ 3.8 n3) 2|12 1/(ORy Floirre  975,0\2
s _/deJdtaJ{zJ [2RJ 2( 9 + 7 [(hi) ( 2 )

Under the field redefinitions gu, = w?g,,,, s, d® = j%dq:

S s
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The quantum equivalence of frames

Free Jordan frame action (Jw, Prokopec 2010):

2)/d3XNJdtaJ{zJ[ R2-Z (8RJ)
2 aj

Under the field redefinitions gu, = w?g,,,, s, d® = j%dq:

S s
Important observation:
R=R, and k" =h[T.
Comoving curvature perturbation R and graviton

TT
hj;

conformal transformation — observables!

7 |- (

Bhlﬂ)z}
aj

are gauge invariant and invariant under a
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Current project: gauge invariance for higher order perturbations

Calculate the gauge invariant action up to 3rd order in perturbations

» Maldacena (2003) used gauge fixing to obtain 3rd order action for single scalar field

> We want to do this in a completely gauge-invariant way in the Jordan frame

(with T. Prokopec and G. Rigopoulos)

> Challenging: Gauge-invariant variables are nonlinear

Why is this useful?
> Possible to calculate quantum corrections to power spectrum
> Possible to calculate non-Gaussianities: bispectrum

> Show the quantum equivalence of Jordan and Einstein frames at 3rd order
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Summary and outlook

Summary:
» Quantum fluctuations in the early universe can be amplified during inflation
> Issue of gauge dependence: gauge invariant cosmological perturbations
> Cosmological perturbations + inflation predicts primordial power spectrum for CMB

for a review, see Mukhanov, Feldman, Brandenberger 1992

Outlook:
» Calculate gauge invarian action up to 3rd order (non-linear Gl variables)
> (Dis)prove quantum equivalence of Jordan and Einstein frames

» Quantum corrections, non-gaussianity
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