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Lecture B1

★ The 3X3 Neutrino Mixing Matrix

★ Neutrino Oscillations in Vacuum

★ Neutrino Oscillations in Matter



312 Known Flavors

USA



4Flavor Puzzles 

Tiny neutrino masses should have a different origin ---- seesaws?

?

Hierarchy + Desert + Mixing + CP Violation 

soooooooooo strange 



5Flavor Mixing
Flavor mixing: mismatch between weak/flavor eigenstates and mass
eigenstates of fermions due to coexistence of 2 types of interactions. 

Weak eigenstates: members of weak isospin doublets transforming 
into each other through the interaction with the W boson;

Mass eigenstates: states of definite masses that are created by the 
interaction with the Higgs boson (Yukawa interactions).  

CP violation: matter and antimatter,  or a reaction & its CP-conjugate 
process, are distinguishable --- coexistence of 2 types of interactions. 

P T
C

Charge-conjugation

1957: P violation

1964: CP violation



6

1964:  Discovery of CP violation in K decays 
(J.W. Cronin, Val L. Fitch)

Towards the KM Paper 

1967:  Sakharov conditions for cosmological 
matter-antimatter asymmetry (A. Sakharov)

1967:  The birth of the standard electroweak 
model (S. Weinberg)

1971: The first proof of the renormalizability 
of the standard model (G. „t Hooft)

NP 1999

NP 1979

NP 1980

NP 1975



7KM in 1972 

3 families + CP violation: Masukawa‟s bathtub idea!



8Diagnosis of CP Violation   
In the minimal SM (SM+3 right-handed ‟s) the Kobayashi-Maskawa 
mechanism is responsible for CP violation. 

The strategy of diagnosis:                                                                      
given proper CP transformations of  the gauge, Higgs and fermion fields,  one 
may prove that the  1st,  2nd and 3rd terms are formally invariant,  and the 4th

term can be invariant only if the corresponding Yukawa coupling matrices are 
real.   (spontaneous symmetry breaking doesn‟t affect CP.)

Nobel Prize 2008



9CP Transformations  

Gauge fields:

Higgs fields:

Lepton or quark fields:

Spinor bilinears:



10CP Violation  
The Yukawa interactions of fermions are 
formally invariant under CP if and only if

If the effective Majorana mass term is added 
into the SM, then the Yukawa interactions of 
leptons can be formally invariant under CP if 

If the flavor states  are transformed into  the mass states, the source 
of flavor mixing and CP violation will show up in the CC interactions: 

Comment A:  CP violation exists since fermions interact with both the 
gauge bosons and the Higgs boson. 

Comment B: only the CC interactions have so far been verified. 

Comment C: the CKM matrix U is unitary, the MNSP matrix V is too?

quarks leptons 



11Parameter Counting  
The 3×3 unitary matrix V can always be parametrized as a product of 
3 unitary rotation matrices in the complex planes: 

Category A: 3 possibilities

)(  jiOOOV iji 

Category B: 6 possibilities

)(  kjiOOOV kji 



12Phases  
For instance, the standard parametrization is given below:

V



13Physical Phases 
If neutrinos are Dirac particles, the phases x, y and z can 
be removed. Then the neutrino mixing matrix is 

If neutrinos are Majorana particles, left- and right-handed 
fields are correlated. Hence only a common phase of three 
left-handed fields can be redefined (e.g., z = 0). Then

Majorana neutrino mixing matrix

Dirac neutrino mixing matrix



14What is Oscillation?  
Oscillation — a spontaneous periodic change from one neutrino flavor
state to another, is a spectacular quantum phenomenon.  It can occur 
as a natural consequence of neutrino mixing. 

In a neutrino oscillation  experiment,  the neutrino beam  is produced 
and detected via the weak charged-current interactions. 

Pure weak state Pure weak state

three distinct neutrino mass 
states (matter waves) travel 
& interfere with one another

 

321 ,,

decay  :beam    decay;  :beam    decay;  :beam    :exampleFor De  
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Boris Kayser (hep-ph/0506165):   This change of  neutrino flavor  is a 
quintessentially quantum-mechanical effect.  Indeed,  it entails some 
quantum-mechanical subtleties  that  are  still  debated  to  this  day. 
However,  there  is  little  debate  about  the  “bottom line” ------- the 
expression for the flavor-change probability……   

How to Calculate?  

Typical References:

 Giunti, Kim, “Fundamentals of Neutrino 
Physics and Astrophysics” (2007)

 Cohen, Glashow, Ligeti: “Disentangling 
Neutrino Oscillations” (0810.4602)

 Akhmedov, Smirnov: “Paradoxes of 
Neutrino Oscillations” (0905.1903)

Our  strategy:  follow the simplest way 
(which is conceptually ill) to derive the 
“bottom line” of  neutrino  oscillations: 
the  leading-order  formula of neutrino 
oscillations in phenomenology. 



162-flavor Oscillation (1) 
For simplicity, we consider two-flavor neutrino mixing and oscillation:

Approximation:

a plane wave 
with  a common 
momentum   for 
each mass state



172-flavor Oscillation (2) 
The oscillation probability for appearance  experiments:

Due to the smallness of 
(1,3) mixing, both solar
& atmospheric neutrino 
oscillations are roughly  
the 2-flavor oscillation.

The conversion and survival probabilities in realistic units:



182-flavor Oscillation (3) 

Oscillate too fast

Oscillate too slowly



19Exercise: Why 1.27 ?    
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203-flavor Oscillation (1) 
Production and detection of a neutrino beam by CC weak interactions:

+ _

321
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213-flavor Oscillation (2) 
The formula of three-flavor oscillation probability with CP/T violation:

Jarlskog



223-flavor Oscillation (3) 
The final formula of 3-flavor oscillation probabilities with CP violation:

NOTE: If you have seen 
a different sign in front 
of the CP-violating part 
in a lot of  literature,  it 
most likely means that 
a complex  conjugation 
of V in the  production 
point of neutrino beam 
was not properly taken 
into account.



23Discrete Symmetries 
Basic expression

CP transformation

JJ

VV





T transformation

 

CPT invariance



24The 1st Paper on CPV 

Tri-maximal neutrino mixing + maximal CP violation: 

1/ 6 3J 



25CP & T Violation 
Under CPT invariance, CP- and T-violating asymmetries are identical:

Comments: ★ CP / T violation cannot show up in the disappearance
neutrino oscillation experiments ( = );

★ CP / T violation is a small three-family flavor effect;

★ CP / T violation in normal lepton-number-conserving 
neutrino oscillations depends only upon the Dirac phase 
of V ; hence such oscillation experiments cannot tell us 
whether neutrinos are Dirac or Majorana particles. 

%69361  sincossincossincossin 13

2

1323231212 ./J  



26Disappearance 
Most neutrino oscillation experiments are of the disappearance type:

5 2~ 7.6 10  eV 3 2~ 2.4 10  eV

This hierarchy & the small (1,3) mixing lead to the 2-flavor oscillation 
approximation  for many  experiments.  A few upcoming experiments 
(long-baseline experiments)  will probe the complete 3-flavor effects.   
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Comparison:  neutrino-neutrino and neutrino-antineutrino 
oscillation experiments.  

Oscillations  

time flow

chirality flip

Neutrino-neutrino oscillation
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Antineutrino-neutrino oscillation
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28What‟s Matter Effect?  
When light travels through a medium, it sees a refractive index due to 
coherent forward scattering from the constituents of the medium.  

A similar phenomenon applies to neutrino flavor states  as they travel 
through matter.  All flavor states see a common refractive index from 
NC forward scattering,  and the electron (anti) neutrino sees an extra 
refractive index due to CC forward scattering in matter.  
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29Matter May Matter   
In travelling a distance,  each neutrino 
flavor state develops a “matter” phase 
due to the refractive index. The overall 
NC-induced phase is trivial,  while the 
relative CC-induced phase may change 
the behaviors of neutrino oscillations: 
matter effects — L. Wolfenstein (1978)   
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Matter effect inside the Sun can enhance the solar neutrino oscillation 
(S.P. Mikheyev and A.Yu. Smirnov 1985 — MSW effect); matter effect 
inside the Earth may cause a day-night effect. Note that matter effect 
in long-baseline experiments might result in fake CP-violating effects.     

MSW



30MSW Resonance 
Neutrino oscillation in matter:

 45  resonance

The matter density changes 
for solar neutrinos to travel 
from the core to the surface

MSW



Lecture B2

★ Evidence for Neutrino Oscillations

★ Lessons from Oscillation Data 

★ Comparing Leptons with Quarks



321968: Solar Neutrinos  

Ray Davis made the first observation of 
a solar neutrino shortfall (compared to 
John Bahcall‟s prediction for the -flux) 
at the Homestake Mine in 1968.

The simplest solution to this problem is 

neutrino oscillation!



33Energy Spectrum  

Strumia and Vissani, hep-ph/0606054 

Examples: Boron (硼) ‟s ~ 32%, Beryllium (铍) ‟s ~ 56%

DATA 



34MSW Solution  
In the two-flavor approximation:

5 20.75 10  eV / MeV (at  0)r 5 27.6 10  eV

Be-7 ‟s:  E ~ 0.862 MeV.  The vacuum term 
is dominant. The survival probability on the 
earth is (for theta_12 ~ 34°): 

B-8 ‟s:  E ~ 6 to 7 MeV. The matter term is dominant. The produced 
is roughly  _e ~ _2 (for V >0). The -propagation from the center to 
the outer  edge of the Sun  is approximately  adiabatic.  That is why it 
keeps to be _2 on the way to the surface (for theta_12 ~ 34°): 



351998: Atmospheric ‟s
Atmospheric muon neutrino deficit was firmly established 
at Super-Kamiokande (Y. Totsuka & T. Kajita 1998).



36The Detector  



37
C. Sagi/ICHEP04



38J. Raaf/Neutrino08



392001: Solar Neutrinos  
The heavy water Cherenkov detector at 
SNO confirmed the solar neutrino flavor 
conversion (A.B. McDonald 2001)

The Salient features:

Boron-8 e-neutrinos 

Flux and spectrum

Deuteron as target

3 types of processes

Model-independent

At Super-Kamiokande
only elastic scattering 
can happen between 
solar neutrinos & the 
ordinary water.



40SNO Result  

Nucl-ex/0610020

John Bahcall



41Nobel Prize in 2002  
M. Koshiba:  the first 

detection of Supernova 
neutrinos in 1987.

New Prize 
is Hopeful

55-88-92 
A lesson?
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Verify

the 

large

angle

MSW

solution

to 

the

solar

neutrino

Problem

2002: KamLAND  
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S. Abe et al, 2008  



442003: K2K  

The K2K confirms the -
neutrino disappearance



452006: MINOS

hep-ex/0607088

The MINOS supports 
Super-K & K2K  data 



462011: T2K

arXiv:1106.2822 [hep-ex] 14 June 2011 
Hint for unsuppressed theta(13) !



T. Nakaya (Neutrino 2012)



483 Reactor Experiments

Thermal 
power 

Baseline
Detector

mass 

France Korea China



492012: Daya Bay



50



51

D. Dwyer (Neutrino 2012)



523-flavor Global Fit
Gonzalez-Garcia, Maltoni, Salvado, Schwetz, e-Print: arXiv:1209.3023
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Quark mixing:

Experiments:

θ12                θ23               θ13     δ   → new physics ?

～13° ～2° ～0.2° ～65° unitarity ?

turning point

Lepton mixing: (in general, we consider three Majorana neutrinos) 

θ23      θ12    θ13     δ/ρ/σ            new physics ?

～45° ～34° ～9° ～? ? ?           unitarity ?

P

Flavor Mixing Patterns 



54Naïve Understanding 

Small quark mixing angles are due to large quark mass hierarchies?

A big CP-violating
phase in the CKM 
matrix V is  seen.

Large lepton mixing angles  imply a small neutrino mass hierarchy?  

CP 
violation?

Quark mixing

Lepton mixing



55What‟s Behind  Mass?

Dependent on mass ratios             Dependent on simple numbers     

They reduce the number of free parameters, and thus lead 
to predictions for 3 flavor mixing angles in terms of either 
the mass ratios or constant numbers. 

Example (Fritzsch ansatz) Example (Discrete symmetries) 

PREDICTIONS 

Flavor Symmetry

Texture zeros Element correlations GUT relations



56Flavor Symmetries
Some small discrete groups for model building (Altarelli, Feruglio 10).

MASS 

+

PMNS 

Too many possibilities! 
Which one stands out?  
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1st generation:                  2nd generation:                  3rd generation: 

Constant + Perturbations

13 23 12
9 7 .   


  Xing, 

arXiv:1011.2954

Cabibbo (78) 

Wolfenstein (78)

Democratic (96) 

Bimaximal (97/98)

Tri-bimaximal (02) 

Golden-ratio (07) 

shift



58Texture Zeros 
The flavor mixing angles are simple functions of  4 lepton mass ratios.

22   33

1977

1977,78

Texture zeros 

S. Weinberg H. Fritzsch

Texture zeros  of a fermion mass matrix dynamically mean that some matrix  
elements are  strongly suppressed (in comparison with  those weakly 
suppressed or  unsuppressed elements)  and may stem from a flavor 
symmetry (e.g., the Froggatt-Nielsen mechanism 1979)  

The charged-lepton sector

12 23 13
34 40 9  

~ ,  ~ ,  ~   So the neutrino sector plays a primary role. 
e.g. the Fritzsch texture works (Xing 2002) 



59Flavor Structures?  

★ Radiative Mechanism  (S. Weinberg 1972; A. Zee 1980)                                

★ Texture Zeros  (S. Weinberg; H. Fritzsch 1977; H. Fritzsch 1978) 

★ Family Symmetries  (H. Harari et al 1978; C. Froggatt, H. Nielsen 1979) 

★ Seesaw Mechanism  (P. Minkowski 1977; T. Yanagida 1979; ……)

★ Extra Dimensions  (K. Dienes et al; G. Dvali, A. Smirnov 1999) 

Our Philosophy 

What distinguishes different families of leptons or quarks?

----- they have the same gauge quantum numbers, 

yet they are quite different from one another. 


