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Disclaimer	  
	  
Most,	  if	  not	  all	  of	  you,	  are	  already	  familiar	  with	  many	  of	  these	  topics…	  
for	  consistency,	  the	  scope	  spans	  from	  the	  very	  general	  concepts	  towards	  
more	  advanced	  developments…	  

Lecture	  1	  (today)	  
	  

	  Basic	  concepts	  in	  Probability	  and	  Sta.s.cs	  
	  
Lecture	  2	  (Tuesday)	  
	  

	  Maximum	  Likelihood	  theorem	  
	  Mul.variate	  techniques	  	  

	  
Lecture	  3	  (Thursday)	  
	  

	  An	  analysis	  example	  from	  BaBar	  
	  Hypothesis	  tes.ng,	  limit	  seSngs	  
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Mathema7cal	  probability	  	  
	  

	  abstract	  axioma.c	  concept,	  developed	  by	  Kolmogorov	  (1933)	  
	  
Probability	  theory	  :	  the	  tool	  to	  quan.fy	  our	  knowledge	  of	  random	  processes	  	  
	  
A	  process	  is	  called	  	  random	  if	  :	  
	  
•  its	  outcome	  (“an	  event”)	  cannot	  be	  predicted	  with	  complete	  certainty	  
•  if	  repeated	  under	  the	  same	  condi.ons,	  the	  outcome	  can	  be	  different	  
	  
In	  prac.ce,	  the	  underlying	  sources	  of	  uncertainty	  can	  be	  :	  
	  
•  fundamental	  :	  quantum	  mechanics	  is	  not	  a	  determinis.c	  theory	  

•  par.cle	  physics	  is	  an	  excellent	  example	  !	  
•  due	  to	  irreducible	  random	  measurement	  errors	  (i.e.	  thermal	  effects)	  
	  
•  due	  to	  reducible	  measurement	  errors	  (i.e.	  prac.cal	  instrumental	  limita.ons)	  



Mathematical Probability 
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•  Let	  Ω	  be	  the	  total	  universe	  of	  possible	  outcomes	  (also	  called	  sample	  space)	  
•  Let	  ω=A,B,…	  be	  elements	  of	  Ω 
	  
A	  probability	  func.on	  P	  is	  defined	  as	  a	  map	  into	  the	  real	  numbers	  :	  
	  
	  
	  
The	  mapping	  must	  sa.sfy	  the	  following	  axioms	  :	  
	  	  
	  
	  
	  
From	  which	  various	  useful	  proper.es	  are	  easily	  derived,	  i.e.	  
	  	  

P : {Ω} → [0 :1]
ω → P(ω)

P(Ω) = 1
if A∩B = ∅ , then P(A∪B) = P(A) + P(B)

P(A) = 1−P(A)

P(A∪A) = 1
P(∅) = 1−P(Ω) = 0
P(A∪B) = P(A) + P(B) − P(A∩B)



Conditional Probability, Bayes’ theorem 
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Condi7onal	  probability	  :	  by	  restric7ng	  the	  sample	  space	  Ω	  to	  a	  subsample	  B 
(with	  P(B)≠0)	  
	  
	  
Independence	  :	  events	  A	  and	  B	  are	  said	  to	  be	  independent	  (that	  is,	  their	  	  
realiza7ons	  are	  not	  linked	  in	  any	  way)	  if	  

	  
If	  A	  and	  B	  are	  actually	  	  independent,	  	  
	  
Bayes’	  theorem	  :	  	  since	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  one	  has	  
	  
	  
	  
	  
Useful	  situa7on:	  if	  Ω	  is	  divided	  into	  disjoint	  subsets	  Ai	  (“a	  par77on”),	  	  

P(A | B) = probability of A given B

P(A∩B) = P(A)P(B)
P(A | B) = P(A)

P(A∩B) = P(B∩A)

P(A | B) = P(B | A)P(A)
P(B)

P(A | B) = P(B | A)P(A)
P(B | Ai )

i
∑ P(Ai )



Random Variables, density functions 
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Numerical	  outcome	  of	  a	  random	  process	  (i.e.	  a	  measurement)	  :	  to	  each	  event	  X 
corresponds	  a	  number	  x	  (can	  be	  a	  discrete	  or	  con.nuous	  number)	  
	  
Probability	  density	  func.on	  (PDF)	  P(x)	  :	  
	  
•  For	  a	  discrete	  variable,	  

	  
•  For	  a	  real-‐valued	  variable,	  

	  
•  Useful	  defini.on:	  cumula.ve	  density	  (CDF)	  C(x) :	  

P(X found in x j ) = pj , with pj
j
∑ = 1

P(X found in [x, x + dx]) = P(x)dx

with dx 'P(x ') = 1
−∞

+∞

∫

C(x) = dx 'P(x ')
−∞

x

∫

P(a < X < b) = C(b)−C(a) = dxP(x)
a

b

∫



Multidimensional Density Functions 

AEPSHEP 2012, Fukuoka                               José Ocariz, Université Paris Diderot and IN2P3 8 

	  
	  
	  

Several	  random	  variables	  as	  outcome	  :	  random	  vectors	  
	  
The	  mul.dimensional	  PDF	  is	  
	  
Example	  in	  two	  dimensions	  :	  
	  
Marginal	  density	  :	  	  
	  
	  

	   	   	   	   	   	   	   	   	  So	  that	  
	  

X

= {X1 , X2 , ... , Xn}

P(x

)dx

= P(x1 , x2 , ... , xn )dx1 dx2 ... dxn

PX (x)dx = P(X in [x, x + dx] and Y in [−∞,+∞]) = dx dyP(x, y)
a

b

∫

P(a < X < b AND c <Y < d) = dx dy P(x, y
c

d

∫ )
a

b

∫

PX (x) = dyP(x, y)
a

b

∫
For	  a	  fixed	  value	  of	  Y,	  
	  
	  
	  
	  
is	  a	  condi7onal	  density	  func.on	  for	  X	  
	  
If	  X,Y	  are	  independent	  :	  

P(x | y) = P(x, y)
dyP(x, y)∫

=
P(x, y)
PY (y)

P(x, y) = PX (x) ⋅ PY (y)



Expectation Values 
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Consider	  a	  con.nuous	  random	  variable	  X	  with	  PDF	  Px(x). For	  a	  generic	  func.on 
y(x),	  its	  expecta7on	  value	  is	  defined	  as	  
	  
A	  few	  expecta.on	  values	  have	  their	  own	  name:	  
	  

•  Mean	  value	  :	  

•  Variance	  	  

•  Covariance	  :	  

•  The	  dimensionless	  linear	  correla.on	  coefficient	  :	  	  
	  

By	  construc.on,	  	  

Note	  :	  if	  X,Y	  independent,	  that	  is	  
	  
	  	  	  	  	  	  	  	   	   	   	   	   	   	   	   	   	  	  and	  thus	  	  

	   	   	   	   	   	   	   	  (the	  converse	  needs	  NOT	  to	  be	  true!)	  	  

µ = E[x] = x P(x) dx∫
σ 2 = V[x] = E[x2 ] − µ 2 = E[(x −µ)2 ]

E[y] = y(x) P(x) dx∫

Cov[x, y] = E[xy] − µxµy = E[(x −µx )(y−µy )]

ρ(x, y) = Cov[x, y]
σ xσ y

P(x, y) = PX (x) ⋅ PY (y)

E[xy] = xyP(x, y)dxdy = µxµy∫∫ ρ(x, y) = 0

−1 ≤ ρ(x, y) ≤ 1



More on Correlations 
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An.correlated	  variables	  :	  ρ = - 0.5 

Correlated	  variables	  :	  ρ = + 0.9 

Independent	  variables	  :	  ρ = 0 

Correlated	  variables	  ,	  but	  	  	  ρ = 0 



Measurements : characterizing a Sample 
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Osen,	  the	  PDF	  is	  not	  known,	  and	  only	  a	  finite-‐size	  sample	  is	  available	  (say	  N	  events)	  
The	  expecta.on	  values	  can	  be	  es7mated	  by	  means	  of	  a	  suitable	  choice	  of	  sta7s7cs	  	  
(a	  sta7s7cs	  is	  a	  generic	  func.on	  of	  the	  reduced-‐size	  sample)	  
Example	  :	  the	  empirical	  average	  is	  an	  es.mator	  of	  the	  mean	  value,	  	  
and	  characterizes	  the	  sample	  loca7on	  
	  
	  
Another	  example	  :	  the	  RMS	  (squared)	  is	  an	  es.mator	  of	  the	  variance,	  
and	  characterizes	  the	  sample	  dispersion	  
	  
	  
Even	  more	  :	  higher-‐order	  moments	  provide	  addi.onal	  shape	  informa.on	  :	  
the	  3rd	  and	  4th	  reduced	  moments	  es.mate	  the	  skewness	  and	  kurtosis	  of	  the	  sample	  
	  
(defini.on	  of	  (reduced)	  moments	  µk	  (µ’’k)	  follows	  from	  the	  Characteris.c	  func.on	  	  	  

µ = E[x] = x P(x) dx∫ , x =
1
n

xi
i=1

n

∑

σ = V[x] = E[x2 ] − µ 2 , RMS = x2 − x( )
2

E[eixt ] = (it)k

k!
µk

k
∑ , µ '' = E[X '' ] = (X −µ)

σ



Measurements : characterizing a Sample 
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γ1 = µ3
''

γ2 = 3−µ4
''



Estimators : Bias and accuracy 
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A	  ``good’’	  es.mator	  should	  sa.sfy	  (some	  of)	  various	  conflic.ng	  proper.es	  :	  
	  
•  be	  consistent,	  	  
•  be	  unbiased,	  or	  at	  least	  asympto.cally	  unbiased	  
•  	  Other	  proper.es	  :	  	  
efficiency,	  robustness	  …	  

lim
n→∞

θ = E[θ ]



Estimators : Bias and accuracy 
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Two	  useful	  examples	  :	  
	  
The	  empirical	  average	  is	  a	  convergent,	  unbiased	  es.mator	  of	  	  the	  mean	  
	  
	  
	  
	  
	  
	  
	  
The	  RMS	  (squared)	  is	  a	  convergent,	  biased,	  asympto.cally	  unbiased,	  es.mator	  of	  
the	  variance	  
	  	  

E[x] = 1
n

E[x] = µ
i=1

n

∑

V[x] = 1
n2

V[x]
i=1

n

∑ =
σ 2

n

RMS2 = 1
n

xi − x( )
2
=

i=1

n

∑ 1
n

xi −µ( )2 −
i=1

n

∑ x −µ( )
2

E[RMS2 ] = σ 2 −V[x] = n−1
n

σ 2



Estimators : Error Propagation 
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Consider	  a	  sample	  of	  random	  vectors	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
for	  which	  their	  covariances	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  known.	  
	  
We	  are	  interested	  in	  es.ma.ng	  the	  variance	  of	  	  	  	  	  	  	  	  	  	  	  	  	  ;	  	  
in	  principle	  it	  is	  given	  by	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ;	  in	  prac.ce,	  one	  can	  use	  	  
	  	  
	  

x

= {x1, x2,..., xn}

Vij = cov[xi, x j ]

y(x

)

V[y] = E[y2 ]− (E[y])2

y(x

) = y(µ


)+ dy

dxi

!

"
#

$

%
&

i=1

n

∑
x

=µ

xi −µi( ) ⇒ E[y(x


)] ≈ y(µ


)

E[y2 (x

)] ≈ y2 (µ


)+ 2y(µ


) dy

dxi

"

#
$

%

&
'

i=1

n

∑
x

=µ

E[xi −µi ]

+E dy
dxi

"

#
$

%

&
'

i=1

n

∑
x

=µ

xi −µi( )

*

+
,
,

-

.
/
/

dy
dx j

"

#
$
$

%

&
'
'j=1

n

∑
x

=µ

x j −µ j( )

*

+

,
,

-

.

/
/

"

#

$
$

%

&

'
'
= y2 (µ


)+ dy

dxi

"

#
$

%

&
'
dy
dx j

"

#
$
$

%

&
'
'i, j=1

n

∑
x

=µ

Vij

σ y
2 ≈

dy
dxi

"

#
$

%

&
'
dy
dx j

"

#
$
$

%

&
'
'i, j=1

n

∑
x

=µ

Vijand	  thus	  
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x

= {x1, x2,..., xn}

A	  few	  special	  cases	  :	  
	  
•  if	  the	  	  	  	  	  	  	  	  	  	  	  	  are	  all	  uncorrelated,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  

•  for	  

	   	   	   	  (add	  absolute	  errors	  in	  quadrature)	  

•  for	  

	   	   	   	  (add	  rela.ve	  errors	  in	  quadrature)	  	  
	  
•  for	  	  

{xi} Vij =σ i
2δij σ y

2 ≈
dy
dxi

"

#
$

%

&
'

i=1

n

∑
2

x

=µ

Vii

y = x1 + x2 , → σ y
2 =σ1

2 +σ 2
2 + 2cov[x1, x2 ]

y = x1x2 , →
σ y
2

y2
=
σ1
2

x1
2 +

σ 2
2

x2
2 + 2

cov[x1, x2 ]
x1x2

y = x1 − x2 , and ρ =1 , → σ y = 0



A Survey of useful Distributions 
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Distribu.on/PDF	   Use	  in	  HEP	  
Binomial	   Branching	  Ra.o	  
Poisson	   Event-‐coun.ng	  analyses	  
Uniform	   MonteCarlo	  integra.on	  
Exponen.al	  	   Life.me	  measurement	  
Gaussian	   Resolu.on	  
Breit-‐Wigner	   Mass	  of	  resonance	  
χ2	   Goodness-‐of-‐fit	  



A discrete Distribution : Binomial 

AEPSHEP 2012, Fukuoka                               José Ocariz, Université Paris Diderot and IN2P3 18 

Consider	  a	  situa.on	  with	  two	  possible	  outcomes	  :	  “yes”	  or	  “no”,	  with	  a	  fixed	  
probability	  p	  of	  obtaining	  “yes”.	  	  
	  
If	  n	  trials	  are	  performed,	  0≤k≤n produce	  “yes”	  as	  outcome;	  only	  k	  is	  interes.ng,	  the	  
sequence	  of	  trails	  irrelevant.	  This	  number	  of	  “yes”	  follows	  the	  binomial	  distribu.on,	  
	  
	  
	  
(k	  is	  the	  random	  variable,	  n	  and	  p	  are	  parameters)	  for	  which	  the	  expecta.on	  value	  
and	  variance	  are	  
	  
	  
	  
	  
	  
Typical	  example	  :	  the	  number	  of	  events	  	  
in	  a	  specific	  sub-‐category	  (i.e.	  a	  branching	  ra.o)	  	  
follows	  a	  binomial	  distribu.on.	  

Pbinomial (k;n, p) =
n!

k!(n− k)!
pk (1− p)n−k

E[k]= k Pbinomial (k;n, p) = np
n=0

n

∑

V[k]= E[k2 ]− (E[k])2 = np(1− p)



a discrete Distribution : Poisson 
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Consider	  the	  binomial	  distribu.on	  for	  k,	  in	  the	  following	  limit	  
	  
	  
	  
The	  random	  variable	  k	  follows	  the	  Poisson	  distribu.on,	  
	  
	  
	  
(k	  is	  the	  random	  variable,	  λ	  is	  the	  unique	  parameter)	  for	  which	  the	  expecta.on	  
value	  and	  variance	  are	  
	  
	  
	  
Typical	  example	  :	  
	  
the	  number	  of	  expected	  events	  in	  one	  
category,	  at	  a	  fixed	  number	  of	  expected	  
events	  (i.e.	  at	  a	  given	  luminosity)	  
	  

PPoisson (k;λ) =
λ ke−λ

k!

E[k] = V[k] = λ

n→∞ , p→ 0 , E[k]= np→ λ



A real-valued Distribution : Uniform 
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Consider	  a	  con.nuous	  random	  variable	  x,	  with	  PDF	  	  
	  
	  
	  
	  
	  
	  
for	  the	  Uniform	  distribu.on,	  the	  expecta.on	  value	  and	  variance	  are	  	  
	  
	  
	  
	  
	  
	  
Typical	  usage:	  accept-‐reject	  technique	  	  
for	  MonteCarlo	  genera.on	  
	  

PUniform (x;a,b) =
1

b− a
, a ≤ x ≤ b

0 , otherwise

#

$
%

&
%

E[x] = a+ b
2

V[x] = (b− a)2

12



A real-valued Distribution : Exponential 
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Consider	  a	  con.nuous	  random	  variable	  x,	  with	  PDF	  	  
	  
	  
	  
	  
	  
	  
for	  this	  exponen.al	  distribu.on,	  the	  expecta.on	  value	  and	  variance	  are	  	  
	  
	  
	  
	  
	  
Typical	  examples	  :	  distribu.on	  of	  decay-‐lengths,	  
life.mes.	  
	  
The	  exponen.al	  is	  self-‐similar	  :	  
	  

PExponential (x;ξ ) =
1
ξ
e
−
x
ξ , x ≥ 0

0 , otherwise

#

$
%%

&
%
%

E[x] = ξ

V[x] = ξ 2

PExponential (x − x0 | x > x0 ) = PExponential (x)



A real-valued Distribution : Gaussian 
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Consider	  a	  con.nuous	  random	  variable	  x,	  with	  PDF	  	  
	  
	  
	  
	  
For	  the	  Gaussian	  (or	  Normal)	  distribu.on,	  the	  expecta.on	  value	  and	  variance	  are	  	  
	  
	  
	  
	  
	  
The	  special	  case	  
is	  osen	  called	  “reduced	  normal”.	  
	  
Other	  parametriza.on	  osen	  quoted:	  
Full	  Width	  at	  Half-‐Maximum,	  FWHM	  ~	  2.35σ	  
	  	  
Gaussian	  distribu.ons	  are	  the	  limit	  of	  many	  	  
processes.	  Examples	  abound!	  
	  

PGauss (x;a,b) =
1
2πσ

e
−
(x−µ )2

2σ 2

E[x] = µ

V[x] = σ 2

µ = 0 ,σ 2 =1



Central Limit Theorem 
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x

= {x1, x2,..., xn}Consider	  n	  independent	  random	  variables	  	  	  	  	  	  	  	  	  	  

with	  mean	  µ	  and	  variance	  σ2 
 

The	  sum	  of	  reduced	  variables	  
	  
converges	  to	  a	  reduced	  normal	  distribu.on,	  

C ≈
1
n

xi −µi

σ ii=1

n

∑
P(c) = 1

2πσ
e
c2

2



A real-valued Distribution : Chi-squared (χ2) 
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Consider	  a	  con.nuous	  random	  variable	  x,	  with	  PDF	  	  
	  
	  
	  
	  
can	  be	  obtained	  as	  the	  sum	  of	  squares	  of	  n	  normal-‐reduced	  variables,	  
	  
	  
	  
	  
the	  expecta.on	  value	  and	  variance	  are	  
	  
	  
	  
	  
n	  is	  called	  “number	  of	  degrees	  of	  freedom”.	  
A	  goodness-‐of-‐fit	  for	  least-‐squares	  fits	  should	  
follow	  a	  χ2	  distribu.on.	  

P
χ 2
(x;n) = xn/2−1e−x/2

2n/2−1Γ(n
2
)

c = xi −µi

σ i

"

#
$

%

&
'

i=1

n

∑
2

E[x] = n
V[x] = 2n



A real-valued Distribution : Breit-Wigner 
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Consider	  a	  con.nuous	  random	  variable	  x,	  with	  PDF	  	  
	  
	  
	  
	  
	  
	  
follows	  the	  Breit-‐Wigner	  distribu.on,	  for	  which	  neither	  the	  expecta.on	  value	  
nor	  the	  variance	  are	  well	  defined.	  The	  parameters	  are	  
	  
	  
	  
	  
	  
	  
The	  mass	  of	  a	  resonance	  follows	  a	  B.W.	  func.on,	  
for	  which	  x0	  is	  the	  mass,	  and	  Γ	  is	  the	  decay	  rate	  

PBW (x;Γ, x0 ) =
1
π

Γ
2
"

#
$

%

&
'

(x − x0 )
2 +

Γ
2
"

#
$

%

&
'
2

x0 →most probable value
Γ→ FWHM


