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OUTLINE

Lecture 1 (Monday)

Basic concepts in Probability and Statistics

Lecture 2 (today)

Maximum Likelihood theorem
Multivariate techniques

Lecture 3 (Thursday)

An analysis example from BaBar
Hypothesis testing, limit settings

Disclaimer

Most, if not all of you, are already familiar with many of these topics...

for consistency, the scope spans from the very general concepts towards
more advanced developments...



MONDAY’S LECTURE : RECAP

We aim at characterizing some generic PDF : P(x;0,,..0,)
that is, estimate its parameters 0

* in some specific cases, empirical estimators are OK (sample mean)

n

Parameter : u = E[x] ; Estimator: it = lzxi = X

n i=1
(),2
Bias:b = E[]-u = 0 ; Variance: V[i] = —
e or can be easily adapted (sample variance) n
—  [—\2
Parameter : o> = V[x] ; Estimator : (RMS)* = x° —(x)
E[(RMS)’] 715 s Bias b = E[(RMS)']-0” = 0
n
n 4
Unbiased estimator : ° =L1 (xi—ﬁ)z; Variance : V[5?] = 20
n-1< n

* inthe general case, need to check for consistency, bias, efficiency, robustness...

e .. usethe Maximum Likelihood Theorem !



MAXIMUM LIKELIHOOD THEOREM (I)

For a sample with » independent outcomes of random variables X, , its Likelihood
function is defined in terms of the (multi-parametric) PDF of x :

L£60,,...0y) = | | P(E;:6,,....0,)
i=1

Fisher, 1921 : parameter estimation via the Maximum Likelihood Estimator :

L((x116.,,....0,) = max, L([x]16)

in other words : for a fixed (observed) sample, choose the 6 values that maximize
the probability of observing... the observed sample! ...

There is more than a pleonasm to it : the likelihood has to satisfy a few conditions :
« at least twice derivable with respect to 6

* be (asymptotically) unbiased and efficient (“reaches the Cramer-Rao” bound)

* be (asymptotically) normally distributed :

A A

1 -2 (6-0)" (6-)

~ . sl __E dlog L dlog L
V2 det(S) s do.  de,

J

£(6:6,%)



MAXIMUM LIKELIHOOD THEOREM (II)

1 dlog L dlog L
e , 2, =—Fk
27 det() do.  db.

l J

1 - (6-6)" 3(6-5)

CDl

f(6:6.%) =

Very important property : covariance matrix =» errors on parameter estimates

In general, —2Alog £ = -2[1og £(6)-log £(é)] - E(@i - él.)zgjl (0]. - éj)

i,
can be used to set uni- or multi-dimensional confidence contours

i.e. for 1 parameter, a change in 0.5 units defines a 68% confidence interval
Goodness-of-fit : -2 log £(é) follows a y° distr. with n,, =N(events)-N(parameters)

p-value = f dxy’ (x; Nyr)

2lo L(Q)

is the probability of obtaining a worse agreement, among a large set of samples, all
perfectly described by the underlying PDF



MAXIMUM LIKELIHOOD FITS

L@,,.. H P(x;0,,...,0,)

The formalism here developed concerns unbinned samples : the PDF of each
individual outcome is evaluated and used as argument for the likelihood
There are a few useful variants :

* Various species in the data sample (say, “sig” and “bkg”)

L0 = [ [[fiBio Fir01re00s00) + (= f1) B (336,...,0,)]
i=1
(the common method to estimate observables in presence of backgrounds)

 Extended Maximum Likelihood : treat the sample size as an observable, thus
add a Poisson term to the PDF,

Lgr AyggrOp5enrsOy) = € ] P(E36,,...,0,)

sig?

* weighted datasets : conceptually straightforward, beware of normalization
issues (errors are likely to be incorrectly reported!)



MORE ON UNBINNED ML, FiITS : EFFICIENCIES

The “intuitive” estimate of efficiency is a simpleratio: . __ Y¢S
yes +no
its uncertainty is often estimated as e(l1-¢)
Viel= (n = yes +no)

(assuming a symmetric binomial behavior) n
...this clearly breaks down both in the low-z and very high (in-)efficiency levels...
... Which is often the case if one wants to evaluate

ML approach : together with the relevant observables x, (and possible other
parameters 0) including a discrete random variable ¢ ={yes,no} the PDF becomes

P(clx,0)=0(c—yes)e(x,0)+0(c— no)[l — s(x,H)]

| Data (all, accepted) | | Fitted efficiency |
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A FEW EXAMPLES (I)

In some cases, the parameter values that maximize the likelihood can
be extracted analytically.
* easy example : estimate the distribution of a uni-variate sample with a Gaussian

In general, perform a numerical minimization on -2/og £ (i.e. with Tminuit)
* If the Likelihood has a single maximum, convergence is efficient and safe
« even if the maximum is not exactly parabolic, provide -24/og /£ contours

;‘ 80-55 [ T T T I T T T T I T T T T I T 1I bI Idfl T T v&AI ]
] C i H  band for m, E
8 .o __ fitter[suf? hop 2
= 68%, 95%, 99% CL fit contours -
Eg C excl. My, & m,, M, € [117.5, 127.5] GeV .
80.45 =
F 16 band for M, WA \ a =
80.4 | s } ) -
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* beware of ambiguous situations, i.e. local maxima or non-trivial boundaries
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A FEwW EXAMPLES (II)

* beware of ambiguous situations, i.e. local maxima or non-trivial boundaries

50

o+
n

W W
S W

K n- Kt phase difference (degrees)

Amplitude of K7+ S wave (a.u
S

25
2

(=)
o

0
0 50 100 150 200 250 300 350 30 35 40 45 50 55 60 65 70 75
K°n - K™ phase difference (degrees) Amplitude of K't S wave (a.u.)

Amplitude analysis : trigonometric ambiguities + degenerate interference patterns
Four local maxima, roughly degenerate in min(logt)...

AEPSHEP 2012, FUKUOKA JOSE OCARIZ, UNIVERSITE PARIS DIDEROT AND IN2P3 9



A FEW EXAMPLES (IlI)

* beware of ambiguous situations, i.e. local maxima or non-trivial boundaries

DALITZ PLOT ANALYSIS OF THE DECAY ...

PHYSICAL REVIEW D 78, 052005 (2008)
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FIG. 11 (color online). The phase difference between the
(Km)s” and the (Kw)§= S-waves. The three diagrams are the
NLL scans for the B® (a) and B® decays (b) as well as their
differences (c). The lines are drawn as in Fig. 10. The datado not
indicate preferred angles. The four fit solutions find their NLL
minimum for distinet phases.
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FIG. 12 (color online). The phase difference between the
charged K= P- and S-waves. The three diagrams are the NLL
scans for the B° (a) and B® (b) decays as well as their
differences (c). The lines are drawn as in Fig. 10. The data
provide significant constraints on these angles. The four fit
solutions find their NLL minimum &t spproximately the same
phase differences.

B. AUBERT er dl.
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FIG. 13 (color online). The phase difference between the
neurral K= P- and S-waves. The three diagrams are the NLL
scans for the B° (a) and B® (b) decays as well as their
differences (c). The lines are drawn as in Fig. 10. The data
provide significant constraints on these angles. The four fit
solutions find their NLL minimum at spproximately the same
phase differences.

PHYSICAL REVIEW D 78, 052005 (2008)
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FIG. 14 (color online).  The phase difference between the pK
and the charged K= P-wave. The three diagrams are the NLL
scans for the B° (a) and B® (b) decays as well as their
differences (c). The lines are drawn as in Fig. 10. The vertical
scale cuts off Ay® = 4; however, it has been checked that all
phase differences are consistent with the data at the 3 standard
deviation level.
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A FEW EXAMPLES (1V)

e aSimilar analysis : two degenerate solutions

TIME-DEPENDENT AMPLITUDE ANALYSIS OF ... PHYSICAL REVIEW D 80, 112001 (2009)
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FIG. 10 (color cnline). Two-dimensional scans of —2A logL as a function of (S, O), for the f,(980) K (left) and p°(770)KS (right)
isobar components. The value ~2A log L is computed including sysematic uncentainties. Shaded areas, from the darkest to the
lightest, represent the one to five standard deviations contours. The o (%) marks the expectation based on the current world average

from b — cZs maodes 3] (ze10 point). The dashed circle regresents the physical border 2 + €2 = 1.

sentation has nonctheless the advantage of allowing direct
comparison with the measurement of sin2g8 and Cin b —
cés modes. For fo(980)K%, the results agree with the
expectation based on b — cés to 1.1a: for p°(7T70)K3
the agreement is better than 1. For the measured values
of (B,g. C) for f,(980) K%, CP conscrvation is excluded at
3.50. For p°(770)K$, the measurement of ( 8., C) is con-
sistent with CP conservation within 1o

The measurement of the phase AD(K**(892)n™) is
presented as a onc-dimensional likelibhood scan in
Hg. 11. For this flavor-specific mode, there is virtually
no region in phase space that is accessible both to B® and

B®; thus, sensitivity to this phase difference is limited.
Simulation shows that interference of the K™ (892)7™
with the fo(980)K$ and p°(770)K$ modes (for which B°
and B° amplitudes interfere via mixing) provides most of
the sensitivity to AD(K**(892)=™): unfortunately, the
overlap in phase space of these resonances is small. As a
consequence, only the [—137, —5]° interval is excluded at
95% confidence level. Fgure 11 also shows the measure-
ment of the similar phase difference for the (K )5 compo-
nent. As for K*(892), the measurement sets no strong
constraint on this phase. Only the interval [—132, +25]°
is excluded at 95% confidence level.
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MK’ )

FIG. 11 (color online). Statistical (dashed line) and wotal (solid line) scans of ~2Alog L as a function of the relative phases
AD(K*(892)w) (left) and AD((Kw);) (right). Horizontal dotied lines mark the one and two standard deviation levels.
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B. AUBERT er di. PHYSICAL REVIEW D 80, 112001 (2009)
9 = 9 T T T f T T ‘|' T T =
8| _; 8| "': ':y‘ _i
3 i | =
7 E L E
_ 8 4 _ 6 ft i 3
por 4 2 E |i i E
® 5 4 & 5F d =
g 38 % i E
q 4 3§ % ] 3
3 _; 3;_ Iw:‘ "" _;
2 3 2E b E
] E E ¢ E
E E { E
0 = ot - =
450 100 150 50 100 50 0 50 150
ke wod o< K892 (Kx)" )
9 E 9 |’ T T T ‘ T T T T B
8 E t ;‘,‘ 3
7 —g "1, "|’ .;
6| = k i E
2 ER-a E
2 38 %\ i E
Bl 1§ £ E
3 E L ] 3
3 2 "\ /? 3
E oi - 1 1 1 1 g
50 100 50 0 50 400 150
HE (980)K_ S (TTO)KT)
E ULRRE RS LY RARLE LRSI AR *
3 8
E 7 \
3 ERPL
B 3% s
2 ] =2 \
§ ER I
ER 3
%5000 50 200 250 % G50 400 450500 250 i
olp*(TT0)K, K*(892)x) A (T70)KE K" (892)r)

FIG. 12 (color online). Statistical (dashed line) and total (solid line) scans of ~2A log L as a function of the phase differences
S(K*(892)m, (Kwlyw) (top), S(fo(980)KS, p°(TT0)KS) (middle), and &(p°(7T70)KS, K*(892) %) (bottom). The left (right) column
shows B%(B°) candidaes. Horizontal dotted lines mark the one and two standard deviation levels.
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A FEwW EXAMPLES (V)

e aSimilar analysis : two degenerate solutions : provide all info!

B. AUBERT er dl. PHYSICAL REVIEW D 80, 112001 (2009)
TABLE VIII. Full correlation matrix for the isobar parameters of solution L. The entries are given in percent. Since the matrix is
y ic, all el above the di | are omitted.
lel Izl
P K* s S fx NR X fo »” K s Sa fx NR x
kI o 100

K* 519 1000
S 540 650 1000
fr 84 28 210 1000
fr 149 232 322 227 1000
NR 52 350 244 126 B3 100
x 64 99 78 20 74 &1 1000
el fy 313 303 399 252 %7 313 80 1000
p° 206 486 S12 80 1T 215 56 173 1000
K* 447 735 563 -48 M9 220 95 226 434 1000
S$ 506 79 797 218 P3 269 113 352 494 577 1000
fr 24 =101 63 =561 -15 39 -03 107 =62 =215 S0 1000
fr 145 341 125 161 =230 124 25 345 73 83 1290 -62 1000
NR 1718 576 417 127 101 24 400 321 250 317 15 462 1000
x 189 270 306 S8 118 -842 215 178 241 278 08 &1 202 1000
agle) p° -112 133 40 -161 -29 -05 =02 241 163 32 -33 89 21 42
K* 250 86 =312 =02 -157 63 -104 -39 S5 160 38 63 -65 =32
$ 330 196 34 -47 -173 62 -96 10 187 213 -42 96 -42 1.1
fr 121 =06 -98 =26 =231 09 =167 =72 22 L1 =106 72 -1 =26
fr 250 102 S4 -05 -114 10 -08 26 &5 118 -38 156 24 04
NR 316 170 393 10 =271 67 113 128 145 190 33 215 196 142
x 8 18 98 06 -99 79 28 38 13 42 35 13 89 124
(@) fy 322 1.7 189 35 -203 -16 -36 -69 73 182 18 203 ~-71 43
P° 145 180 146 -173 134 07 -87 143 198 134 17 72 -44 54
K171 71 20 52 -135 21 S0 72 65 138 81 128 295 96
$ 225 159 252 =32 -169 -216 -05 42 106 177 161 17 141 288 108
fr 151 49 155 =50 -155 =179 =21 100 =25 39 290 1.1 157 186 1.5
fr 81 27 123 -06 165 =204 -09 122 61 34 48 14 146 47 &S
NR 153 41 145 =30 -226 -208 08 17 82 18 52 26 200 151 32
x 109 11 128 07 -139 -180 -47 21 33 06 39 59 98 134 82

arglo) arg(e)
S f

arg(c)

S 182 909 1000
, 196 541 618 1000
Y 255 493 569 S81 1000
NR 243 172 299 316 478 1000
x SO 67 19 102 176 308 1000
wp@ fy 180 343 420 28 529 556 238 1000
P° 553 222 324 257 366 422 174 S88 1000
K* 40 215 280 22 361 539 313 468 3315 1000
§ 96 237 351 28 412 607 333 534 427 909 1000
fr 55 64 124 15 293 464 235 441 367 567 608 1000
fr 17 00 S4 138 1S5 364 195 222 225 421 448 394 1000
NR 72 192 215 289 423 555 RO 473 379 632 725 481 484 1000
x 41 89 133 155 271 433 359 380 269 SS9 589 400 336 521 1000

P
K 104 1000
s
f

112001-26
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TIME-DEPENDENT AMPLITUDE ANALYSIS OF ...
TABLE IX. Full carrelation matrix for the iscbar parameters of solution II. The entries are given in percent. Since the matrix is

PHYSICAL REVIEW D 80, 112001 (2009)

sy all el above the di | are omitted.
lel 12
»” K* S S fx NR X Jo " K s S Jx NR  x
ll 2 1000
K* 469 1000
s 49 682 1000
f» 87 7.7 254 1000
fx 168 403 3BS 266 1000
NR -84 302 212 94 499 1000
x 55 11 93 34 121 91 1000
lel fo 292 421 02 315 579 341 100 1000
p° 615 681 404 69 206 64 60 316 1000
K* 398 757 $8 03 331 253 109 B2 363 1000
$ 506 752 82 254 499 334 131 516 460 614 1000
f» 08 ~-61 96 =539 60 133 02 147 53 ~185 104 1000
fx 100 =33 -09 -106 -687 -17.8 -52 ~-184 63 ~-40 -49 22 1000
NR 231 688 447 135 393 344 S8 456 583 328 454 147 -138 1000
x 223 335 38 98 193 99 ~-M2 313 207 302 361 33 -26 233 1000
aglc) p® -2B.1 137 55 ~114 80 52 00 90 ~119 145 63 -02 03 8 69
K* 306 20 -22 -63 -161 -281 -00 -152 143 ~-14 61 20 194 -103 0S5
s 381 89 18 =101 =179 =395 -0.1 ~-158 174 94 77 =82 197 -121 37
f» 181 ~-10.0 =137 -74 -154 -413 -24 -186 10 -62 -102 -127 107 -216 -27
fx 262 =78 =122 -59 -7.7 -389 -17 -145 78 ~-57 -88 -99 122 ~-152 -36
NR 324 -04 214 05 -295 -652 -104 -42 120 02 04 -64 212 -81 102
x 154 -22 02 ~-16 -99 -183 -49 -56 56 ~-30 -02 -08 92 -56 40
ag@ fo 3001 -80 =23 -Q9 -132 -430 -28 -167 121 ~=72 -55 -49 104 -187 -16
p° 16 114 58 -15 -18 -247 06 75 41 151 55 -126 13 =70 40
K* 210 o8 16 56 28 =278 06 ~-20 91 1.5 71 32 -69 139 41
§ 326 80 84 ~-1L1 06 -313 21 -41 126 121 76 ~-56 -44 122 47
f» 187 17 66 101 98 =229 07 16 86 35 06 -56 -2.6 93 46
fxr 29 18 44 9% -07 =302 01 -50 81 28 40 =173 10 -66 =02
NR 277 -19 -30 39 -05 -307 28 ~-133 78 ~-15 ~-12 -1i8 -72 -37 -50
x 197 -50 -05 23 -44 -276 27 -61 62 -41 =25 -16 -02 -01 =29
arg(c) arg(d)
P K* S fa fx NR X So p° K* S fa Sfx  NR X
arglc) p° 1000
K* 29 1000
s 74 %06 1000
f» 99 566 655 1000
fxr 59 570 644 695 1000
NR 101 370 503 444 466 1000
X 26 393 403 291 313 286 1000
ag(@®) fy, -06 458 535S 471 610 519 24 1000
p° 413 295 392 312 391 330 165 S49 1000
K* ~-116 352 397 304 427 300 176 50 329 1000
$ —-87 388 477 361 491 337 195 &4 4.1 9.1 1000
fr -S54 122 179 70 285 272 99 28 420 593 616 1000
fr =70 232 286 280 344 299 154 36 302 433 471 415 1000
NR -90 414 479 442 595 309 252 689 481 686 776 546 558 1000
x =73 293 333 288 388 299 88 471 269 547 S80 386 358 546 1000
11200127
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CONFIDENCE INTERVALS (I)

For an parameter 0, define a Confidence Interval with a given Confidence Level as
PO <0<6,) = a

A few remarks :

* the Interval boundaries 0, and 6, are random variables themselves : different
sample realizations will yield different values

e an infinite number of intervals can correspond to a given o value. Examples :

Soz &o.22
a2 F QNN 02

B O\ i
16 16
“ "

?12 :"12
0.1

L PR S . L PR i
AR Ay 8 10 12 1 [] 10 12 14
B X B X

mean-centered, range-symmetric mean-centered, probability-symmetric highest-probability

A classical example : the Neyman construction
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CONFIDENCE INTERVALS (II)

 The Neyman construction : a confidence belt ensuring coverage

< S x,(6), 6,(x)

E ' 90 """"""""""" """"""""""""""
= :

S 100,08, 5

= :

= E

— xl(:eo) xzéeo)

Possible experimental values x
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SYSTEMATIC UNCERTAINTIES

The Covariance from ML is an estimator of statistical uncertainties only
* how to deal with systematics?

Distinguish among two categories of parameters in the Likelihood :

Lu,....,u, .06 ,..,6)
* the u ‘s are parameters of interest (PIO) : what you actually want to estimate
 the 6@’s are nuisance parameters (NP) : potential sources of systematic biases

Various situations :

 “Type-l” : the sample (or a control) can constrain (some of) the nuisances
* impact decreases with sample size

 “Type-ll” : assumptions in the model, uncontrolled features in data...
* often independent of sample size

Profile Likelihood : treatment of nuisance parameters as random variables,
‘E(M’ H,V) = LH (Ma 8) Lv (V)

then minimize the Likelihood with respect to the nuisance parameters.

Clearly robust for Type-l nuisances : i.e. simultaneous fit to the control samples



PROFILE LIKELIHOOD

* Back to the previous example : list of POIl’s and NP’s

TIME-DEPENDENT AMPLITUDE

ANALYSIS OF ...

PHYSICAL REVIEW D 80, 112001 (2009)

TABLE V. Summary of measurements of the Q2B parameters for solutions Tand IL The first uncertainty is statistical, the second is
systematic, and the third represents the DP signal model dependence. We also show the total (statistical and systematic) linear

between the Bex (S) and C. Phases are given in degrees and FFs in percent.
Parameter Saltion T Saltion TT
C(fo®80)KT) Q0801903 =0.04 0232019003 = 004
BalfABOKT) 360£98%21221 562 =104 =21 21
SUFA9S0)KT) ~0.96 33 *am =002 ~Q90'8% + 003 = 0.2

Cord B £u(980)K%), O(fo(980)KT)]
Cor{S(fo(3O)KS), Cf (380)K3)]

-31%
197%

-17.0%
125%

FF(f(980)K%) 138!} =08 =06 135150806
Clp"(770)KT) ~0.05 % 026 Q10 =003 -014*026 Q10 0.03
Belp™(TI0)KS) 102£89=30%19 3[4 *104 =30 19
SpYTI0)KT) a3siiit a6 09137 = 0.06 = 03
Cor Bua(p"(TIOK) C(p°(TONKG)] 23.0% 340%
Cor{S(p(T70)KS) Clp°(T70)KS)) -21.3% -104%

FF(p"(T10)K2) 86114 05+ 02 ssttizas=a2
Acr(K°892)xr) ~0.21 % Q10 = Q01 =002 ~Q19'319 £ Q.01 0.2
AD(K(892)m) S83+£327+£46%8.1 1766 288+ 46 =81
FP(K*(892)m) 11013 a6 a8 109'13+06+08
Acp((EK Ty m) 209 £007 =00 =0.02 0.12'8 + 0.2 = a2
A((Kafm) M22246% 41244 ~1751£226% 4144
FR((Km)3m) 452%23%19%09 461%24%19209
Clf>(1270)K2) Q28! =008 =007 0.09 £ 0.46 = Q.08 = 007
BalfA1270K9) 149%179%3.1252 516 %167 =31 52
SUFA1220)%) ~0.48 = Q52 =006 =010 ~095+017=006£0.10

Cor{ B,.(f2(1270)K2), C(f A1 270)K2]
Cor{S(£1270)K7), C(f(1270)K2)]

115%
09%

28%
21.2%

FF(f{1270)K9) 2348 +02 Q7 2389 x02+07
Olf y(1300)K2) Q1300009 0.30'8% £ 0.0 = Q09
Berfx{1300)K9 58+152%£22%23 769 =138 £22+ 23
S(f (1300)K2) ~0.20 = Q52 Q07 =07 ~042 =041 =007 =0.07

Con{ B, (f (1300)K7), Cf (1300)K%)]
Cord S(fx{1300)K7), C(fx(1300)K%)]

-27.0%
285%

-93%
61%

FF(f{1300)K9) 36148 £03 Q9 35'k0+a3+09
CINR) Q01 £025+006=0.05 ~Q45'3T £ 06 £ 0.05
PealNR) 04+88%19%38 5.0 =133 £ 19+ 38
SINR) ~0.01 = Q31 =005 =009 ~087+Q18 =005+ 0.09

Cor{8,.(NR), GNR))
Cor{S(NR), CINR)]

—10.6%
106%

-379%
-915%

FF(NR) 115£20%1.0=06 12620 = 1.0+ 0.6
Cly.ok?) -0.29*83 Q03 =005 —Q41'0 % QM £0.05
Be{xok?) 22+224%£23+42 552233 =23+ 42
SxokKY ~0.60 * 052 = Q04 =007 -85+ 034 =004 =0.07
Cor{BalxaKS). AxoKD) -5.8% -58%
Cor{S(x0KY), Clya kSl -19.1% -742%

FP(x oK% L04'% xa0d a1l 09927 +0.04 = Q11
sl FF 9721 £21% 115 W|3LIE212115
Az ~0.01 = Q05 =001 =001 0.01 =0.05 = Q01 = Q01

SfNIB0)KT, p(TT0)KT)
HK (892w, (Kl )
#p(T0)KS, K™ (892)mr)
HpA MK}, (K=l )

~36X 149641 =44

130£109%246%47
174328087127
—-1728x 26+ 10.1 =87

~66.7X 18326144
1552102246+ 47
—173.7+£298+87%127
-1M08+268= 101 =87

HIB0)K, p(TT0)KT)
MK (892, (Kol o)
HpM)KY, K™ (892) )
Hp )KL, (Ko)ym)

:]2£17.185%72
269%92%4941
1478 224721132119
—1209=21687x73

1122217828572
238%91 £496.1
~TM65x2402113x119
~527£214£87x73
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Parameter Name Fit Result Sol-T Fit Result Sol-1T
ANLL 0.0 0.16
H(B" — DVx™) 3361 + 60 3362 + 60
W(B" — J/TK)) 1804 &£ 44 1803 £ 43
W(B" — ' K" 46 -+ 16 444 16
W(B" — ¥(25)K) 142413 142 413
N{cont-Lepton) 46 4+ 8.9 474+ 9
M{cont-Kaonl) 800 4+ 31 S00 £+ 31
' -KaanII) 2127 + 49 2127 449
1t —KaonPion) 1775 + 45 1775 4 45
N{cont-Pion) 2048 + 48 2048 £ 48
cnt-Cther) 1614 + 42 1614 4 42
M {conk-NoTa: 5829 4+ 80 5820 4+ 80
Jeore(AE) 0.63 £ 0.14 0.63 £ 0.14
Heare EAE} —1.340.7 MeV —1.3 £ 0.6 Mev
Teore | AE) gnal 17.1 4 1.4 MeV 17.1 4+ 1.3 Mev

Heait (AE) Signal
Giait(AE) Signal
Slope(AE) Continuum
plmes) Signal
cr{mps) Signal
onplmps) Signal

Arg
a;(NN) Continuum
az(NN) Continuum
asz(NN) Continuum

as( N N} Continuum
Heammon (At) Continuum
Geore[At) Continuum
fraa(At) Continuum
JMJJiAtJ Continuum
Foustier(&t) Continuum
Toutlier | At) Continuuam

: lope(mgs) Continuum

—7.34+2.9 MeV
31.2 £ 4.6 MeV
—B.51 £5.77
5.278R + 0.0001 GeV/e®
2.24 +0.06 MeV/e”
2.73 £0.07 MeV;
—03+0.2
1.9-+01
32404
—11+0.1
—0.47 £0.05
0.018 £ 0.007 ps
1.14 4 0.02 ps
0.16 + 0.02
28+£0.2ps
0.030 = 0.004
10.7 £ 0.9 ps

—T.4 4 3.0 Mev
314+ 4.6 Mev
—8.40 4577
5.2788 4 0.0001 Gev/
2.24 £ 0.06 Mev /e~
2.73 £0.07 Mev/c*
—0.440.2
1L9+0.1
22404
—1.140.1
—0.48 & 0.05
0.018 + 0.007 ps
1.14 £ 0.02 ps
0.16 + 0.02
28402 ps
0.030 4 0.004
10.7 £ 0.8 ps

used to look impressive...
... but is now significantly smaller than
the workspaces for the Higgs !
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MULTIVARIATE TECHNIQUES

EVENT SELECTION :

* the ML estimation requires control of PDFs over the complete r.v. space
* moreover, a large sample size is CPU-expensive for the minimization

e itis often useful (even unavoidable) to reduce the sample size
e restrict ML estimation to “signal-enriched” subsets of r.v. space :
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MULTIVARIATE TECHNIQUES : CUT-BASED

EVENT SELECTION :

* the ML estimation requires control of PDFs over the complete r.v. space
* moreover, a large sample size is CPU-expensive for the minimization

e itis often useful (even unavoidable) to reduce the sample size
e restrict ML estimation to “signal-enriched” subsets of r.v. space :

Cut-based selection :

* simplest method
e certainly applied at early stages
* trigger, offline filters...
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MULTIVARIATE TECHNIQUES : LINEAR

EVENT SELECTION :

* the ML estimation requires control of PDFs over the complete r.v. space
* moreover, a large sample size is CPU-expensive for the minimization

e itis often useful (even unavoidable) to reduce the sample size
e restrict ML estimation to “signal-enriched” subsets of r.v. space :

Linear decision boundary :

boundary definition can be “optimized” :
* for example, maximize the separation

AL [SCe.) =By
<S >_ szdxdy S(x,y)+ B(x,y)

* Fisher linear discriminant: optimal usage
of linear correlations




MULTIVARIATE TECHNIQUES : NON-LINEAR

EVENT SELECTION :

* the ML estimation requires control of PDFs over the complete r.v. space
* moreover, a large sample size is CPU-expensive for the minimization

e itis often useful (even unavoidable) to reduce the sample size

e restrict ML estimation to “signal-enriched” subsets of r.v. space :

Non-linear boundary decisions :
a large variety of tools !

Neural Networks,
Likelihood-based,
 Vector Machines,
 Genetic Algorithmes,
 (Boosted) Decision Trees ...
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NON-LINEAR MVA'’S : INCOMPLETE SURVEY

* Likelihood-based MVA : First rotate to uncorrelated variables

¥=Ri , Clx,x]=6,0,
then build the product of 1-dimensional PDFs

Does not exploit non-linear, yet performances should be comparable/superior than
a linear discriminant...

* Decision tree : training samples are
split by successive cuts, until benchmark
stop criteria are met.

Often sensitive to fluctuations

* Boosted decision tree: improves stability
with respect to fluctuations in training samples. Radius?




MULTIVARIATE TECHNIQUES

Very user-friendly, general-purpose, MVA builder tools available : easy!
Beware of potential uncontrollable effects :

relevance of control samples,
e under- or over- training,

* sensitivity to irrelevant information,
s .. Background rejection versus Signal efficiency TMVA
g 1 IllIIIII!llll!llll!llllzllll!llll:
.. make sure you know T 09
which info is being used ? o0s
c
by the MVA! S 07 |
o
goso —
.. get a feeling how it is § 0.5 E
using it! 04F : E |
0.3 i_ ........ ——leellhood .................. ................. ............... A ...........
.. build your list of checks ! o2 L ikelihoodPCA S\ .\
= —— Fisher N
0-1 ;_ ........ HMatI‘IX .................. ................. ................. .................
0:1lIIIIIIl]lIIIIIlllilllII]IIIIIII]]IIIIII]I]III

0 014 02 03 04 05 06 07 08 09 1
Signal efficlency
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