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Plan
• 1st lecture: Introduction to flavour physics

★ Weak interaction processes: historical review 

★ Discovery of CP violation in the K system

★ Charged/Neutral processes and GIM mechanism

• 2nd lecture: Describing flavour physics and CP 
violation within SM

★ Charged/Neutral current and CP violation in SM

★ Measuring CP violating phase in B factories

★ Testing the unitarity of the CKM matrix



Plan

• 3rd lecture:  Searching new physics with flavour 
physics 

★ Some examples in the past

★ Some examples in the future



What kind of weak interaction 
processes do you know?



Discovery of Parity Violation 
in beta decays 

u
d

e+

ν
GF



Beta decay: continuous spectrum
Fermi’s theory of beta decay (1933)

The spectrum of beta decay is continuous not like gamma ray. 
This is because in beta decay, zero mass, zero charge neutrinos 
are emitted together with the electrons/positrons. 

β decayγ decay 

Gamma ray is typically emitted 
when the excited state 

transfer to a lower state. 

1173keV gamma ray

1333keV gamma ray

Ge4+

Ge2+

Ge0+

Two body 
decay

The emitted energy is fixed for 
given nucleus. 

Ge4+ → Ge2+γ
H3 → He3 + e− + ν

E(H3) = E(He3) + E(e−) + E(ν)

Emitted energy is shared by e± and ν.  As a 
result, the spectrum becomes continuous. 

Beta ray spectrum: 
1. Continuous
2 The maximum energy:  

Einitial − Efinal

E(Ge4+) = E(Ge2+) + E(γ)

Three body 
decay

Fermi, postulation of 
neutrino



τ-θ puzzle

τ
π

π

θ

π

π

π

π
γ

γ
parity of pion 

is (-1)In early ’50’s, In cosmic ray, two particles 
which have an identical mass while, 

decaying into two and three pions were 
observed. 

Possibility of broken 
Parity in weak decay?

Lee & Yang ‘56



Observation of parity violation

Co60 ➙ Ni60 +  e- + ν

]

Having cobalt in a 
magnetic field in cold 
temperature, its spin 

becomes aligned. 

B

β decay 

Co60

]

−

Final states are also 
all aligned but 

electrons are emitted 
with large 

momentum.  

B

Or this way?

This way?! 

Right handed 
electron

Left handed 
electron



Observation of parity violation

Co60 ➙ Ni60 +  e-  + ν

]

Having cobalt in a 
magnetic field in cold 
temperature, its spin 

becomes aligned. 

B

β decay 

Co60

]
Final states are also 

all aligned but 
electrons are emitted 

with large 
momentum.  

B

More 
in this way!

Left handed 
electron

Wu has tested if there is 
any preference in the 

direction of the emitted 
electron (if Parity is 

conserved, it should be 
equal)!  

Observation of parity 
violation 

by Mme.Wu ‘56

−

Wu has tested if there is 
any preference in the 

direction of the emitted 
electron (if Parity is 

conserved, it should be 
equal)!  



V-A theory for weak interaction

W+
e+

ν

e+ e+

p p
γ M = (eupγ

µup)
(

1
q2

)
(−eueγµue)

Vector coupling

M =
GF√

2
(unγµ(1− γ5)up)(uνeγµ(1− γ5)ue)

V-A coupling

p
n

Electro-magnetic interaction

Weak interaction
V-A theory: ‘57

GF

GF



Discovery of CP Violation 
in K decays 

✍ At p=q=1, we recover the previous result.

The CP violation comes from q/p≠1!!! 
KL

π π

π π
CP VIOLATION

t

t=0
K?



CP transformation in a few words

C: Charge transformation
P: Parity transformation

A few key equations...

CP|K0〉 = |K0〉

CP|K0〉 = |K0〉
K0 = sd

K
0 = ds

π0 = uu− dd

π+ = ud, π− = du

CP|π0〉 = −|π0〉
CP|π+π−〉 = +|π+π−〉
CP|(π+π−)lπ

0〉 = (−)l+1|(π+π−)lπ
0〉



CP “invariance” of K system
Two decay channels of K are observed...

K
π

π

K

π

π

π

CP|π+π−〉 = +|π+π−〉

CP EVEN

CP ODD 

CP|(π+π−)0π0〉
= −|(π+π−)0π0〉

(θ-τ puzzle)



CP “invariance” of K system
Two decay channels of K are observed...

K
π

π

K

π

π

π

CP|π+π−〉 = +|π+π−〉

CP EVEN

CP ODD 

CP|(π+π−)0π0〉
= −|(π+π−)0π0〉

It’s not convenient that the same K decays to 
TWO DIFFERENT CP eigen-states!!!

(θ-τ puzzle)



CP “invariance” of K system

ANSWER

How can we make two CP (+ and -) 
states from K0 and K0 ? 

CP|K0〉 = |K0〉

CP|K0〉 = |K0〉
K0 = sd

K
0 = ds

|K1〉 =
1√
2
(|K0〉+ |K0〉)

|K2〉 =
1√
2
(|K0〉 − |K0〉)

If the K is a mixed state of K0 and K0 in nature...

CP|K1〉 = +
1√
2
(|K0〉+ |K0〉)

= |K1〉

CP|K2〉 = − 1√
2
(|K0〉 − |K0〉)

= −|K2〉

CP EVEN

CP ODD



CP “invariance” of K system
Distinguishing K1 and K2

K1

π

π

K2

π

π

π

CP EVEN

CP ODD

Accidental phase space 
suppression: 

short-lived K is K1 and long-
lived one is K2 

MK=498MeV
Mπ=140 MeV

Phase space for 2π is about 600 
larger than for 3π

τ(K1) ! 0.90× 10−10s

τ(K2) ! 5.1× 10−8s

By the decay channel By the life-time



CP non-invariance of K system

Cabibbo (1966)



CP non-invariance of K system

Cronin, Fitch 
Christenson,Turlay 

(1964)

K2

π

π

CP ODD CP EVEN

First observation of the CP violation

Long-lived K2 
decaying to 2π!!!



CP non-invariance of K system

|K1〉 =
1√
2
(|K0〉+ |K0〉)

|K2〉 =
1√
2
(|K0〉 − |K0〉)

CP|K1〉 = +
1√
2
(|K0〉+ |K0〉)

= |K1〉

CP|K2〉 = − 1√
2
(|K0〉 − |K0〉)

= −|K2〉

We thought...

But, actually...

K0 and K0 can mix!

s̄ d̄

sd
W−W+

u, c, t

ū, c̄, t̄
K0 K0

CP EVEN

CP ODD
K0 and K0 can mix through box diagram.  
Thus, they are not mass eigenstate.

|KS〉 =
1√
2

(
p|K0〉+ q|K0〉

)

|KL〉 =
1√
2

(
p|K0〉 − q|K0〉

)

If q/p≠1, 
the mass eigenstate KS/L 

are not CP eigen state
CP violation!!



CP non-invariance of K system

|KS〉 =
1√
2

(
p|K0〉+ q|K0〉

)

=
p

2

[
(1 +

q

p
)|K1〉+ (1− q

p
)|K2〉)

]

|KL〉 =
1√
2

(
p|K0〉 − q|K0〉

)

=
p

2

[
(1− q

p
)|K1〉+ (1 +

q

p
)|K2〉)

]

So the mass eigenstate is a mixture of two CP eigenstate!

✍ At p=q=1, we recover the previous result.

The CP violation comes from q/p≠1!!! 



Mass matrix of the K system

H = M− i
2Γ =

(
M11 − i

2Γ11 M12 − i
2Γ12

M21 − i
2Γ21 M22 − i

2Γ22

)

M1 +
i

2
Γ1 ≡ M11 −

i

2
Γ11 +

q

p

(
M12 −

i

2
Γ12

)
;

(
p
q

)

M2 +
i

2
Γ2 ≡ M11 −

i

2
Γ11 −

q

p

(
M12 −

i

2
Γ12

)
;

(
p
−q

)

Thus, the mass eigenstate of K is obtained as: 

|K1〉 = p|K〉+ q|K〉
|K2〉 = p|K〉 − q|K〉

with

Using CPT invariance (M11=M22, Γ11=Γ22) and M and Γ being Hermitian, we find the 
eigensystem of this matrix:  

It is clear here that q/p≠1 occurs 
when M12 and/or Γ12 are complex number. 

q

p
= ±

√
M∗

12 − i
2Γ∗

12

M12 − i
2Γ12



CP non-invariance of K system

|KS〉 =
1√
2

(
p|K0〉+ q|K0〉

)

=
p

2

[
(1 +

q

p
)|K1〉+ (1− q

p
)|K2〉)

]

|KL〉 =
1√
2

(
p|K0〉 − q|K0〉

)

=
p

2

[
(1− q

p
)|K1〉+ (1 +

q

p
)|K2〉)

]

So the mass eigenstate is a mixture of two CP eigenstate!

K0 and K0 can mix!

s̄ d̄

sd
W−W+

u, c, t

ū, c̄, t̄
K0 K0

The box diagram induces an oscillation. 
But the CP violation can occur only if there is a complex 

number in the weak interaction



Our universe was born 13.7 billion years ago
Extremely high temperature (4000K=1019 GeV)

As the universe expanded, the temperature rapidly decreased.

Baryon asymmetry
~ When did the anti-matter disappeared?!~

During the first few seconds...

At the beginning, it was in the thermal equilibrium.

+-
0 0

+-+-
0
0 +-

+
-0
0

+
-

+-
0

+-+
0

+

-0
0

-

High energy photon

proton
anti-proton± 0±

Pair creation Pair annihilation

positron
electron

neutron
anti-neutron



Our universe was born 13.7 billion years ago
Extremely high temperature (4000K=1019 GeV)

As the universe expanded, the temperature rapidly decreased.

Baryon asymmetry
~ When did the anti-matter disappeared?!~

In reality, a tiny number of  particles remained for some reason!

Then, the remaining particles created Helium! 

+-
0

+-+
0

+

-0
0

-

+

0

0

+

-
-

But why?!

proton
anti-proton± 0± positron

electron
neutron
anti-neutron

This question is still a mystery in particle physics...



Our universe was born 13.7 billion years ago
Extremely high temperature (4000K=1019 GeV)

As the universe expanded, the temperature rapidly decreased.

Baryon asymmetry
~ When did the anti-matter disappeared?!~

In reality, a tiny number of  particles remained for some reason!

Then, the remaining particles created Helium! 

陽子／反陽子± 電子／反電子 0 中性子／反中性子±

+-
0

+-+
0

+

-0
0

-

+

0

0

+

-
-

This question is still a mystery in particle physics...

But why?!

So far, what we know is 
When the temperature is about 1015 GeV, number of particle exceeded to number of 

anti-particle. In order to this to happen, the following three condition has to be 
satisfied: 

1, Baryon number violating reaction to occur
2, C and CP violation to occur

3, Non-equilibrium state to occur
Sakharov’s three conditions



Charged Current
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Different strength for 
different flavours?!

   0.98             :            0.22

W+

u d us

W−

Strange-Up 
coupling  is even 
smaller than Up-

Down!!!

(
d′

s′

)
−→

(
cos θc sin θc

− sin θc cos θc

) (
d
s

)
Physical Down-Strange quarks are defined as 

Jhadron
µ = cos θcuγµ(1− γ5)d + sin θcuγµ(1− γ5)s

sin θc = 0.22, cos θc = 0.98 Cabibbo angle ‘63



Neutral Current

up

u c t

d s b

charm

strange

top

bottomdown

neutrinos

νe

e μ τ

muon tauelectoron

νμ ντ

* Actually forbidden...



Forbidding the FCNC 
~ GIM mechanism ~ 

    allowed              not allowed

u ds

Z Z

u

Flavour Changing
 Neutral Current 

(FCNC)

γγ

If SU(2) doublet is
(

νe

e

)
,

(
νµ

µ

)
,

(
u

d cos θc + s sin θc

)
,

(
c

−d cos θc + s sin θc

)

The cross-term would cancel out! 

Glashow, Illiopolous, Maiani 
(GIM mechanism ’70)

Prediction of 
charm quark!



Forbidding the FCNC at loop level 
~ GIM mechanism 2~ 

d W+

γ

s

Z γ Z

not allowed               allowed             

s d
u, c

FCNC at loop 
level



Forbidding the FCNC at loop level 
~ GIM mechanism 2~ 

d W+

γ

s

Z γ Z

not allowed               allowed             

s d
u, c

FCNC at loop 
level

c

W+

γ Z

d

−(sLcos θccL)(cLsin θcdL)f(mc)

W+

γ Z

d
u

(sLsin θcuL)(uLcos θcdL)f(mu)

          Loop Functionf(m)

At the limit of mu=mc, two diagrams exactly cancel!!!

ss

GIM mechanism at loop 
level



Forbidding the FCNC at loop level 
~ GIM mechanism 2~ 

d W+

γ

s

Z γ Z

not allowed               allowed             

s d
u, c

FCNC at loop 
level

c

W+

γ Z

d

−(sLcos θccL)(cLsin θcdL)f(mc)

W+

γ Z

d
u

(sLsin θcuL)(uLcos θcdL)f(mu)

ss

Note: here, two-generation is assumed. Once 
the top quark is introduced, the FCNC at loop level becomes significantly large! 

(we’ll see soon...) 



Forbidding the FCNC at loop level 
~ GIM mechanism 2~ 

not allowed               allowed             

d

γ

s

Z

s̄ d̄

sd
W−W+

  

d̄ s̄

s̄ d̄

sd
W−W+

u, c

u, c

FCNC at loop 
level

u

u

s̄ d̄

sd
W−W+

u

s̄ d̄

sd
W−W+

−2(sin θc cos θc)2f(mu, mc)(sin θc cos θc)2f(mu) (sin θc cos θc)2f(mc)

c

cc

Again, at the limit of mu=mc, three diagrams exactly cancel.



Theoretical description of 
Electroweak Interaction of SM

W, Z, γ



E1L =
( νe

e−

)

L
, E2L =

( νµ

µ−

)

L
, E3L =

( ντ

τ−

)

L
, Q1L =

( u
d

)

L
, Q2L =

( v
d

)

L
, Q3L =

( t
b

)

L

u1R = uR, u2R = cR, u3R = tR, d1R = dR, d2R = sR, d3R = bR, l1R = eR, l2R = µR, l3R = τR

Electroweak interaction 

GF =
g2

4
√

2m2
W

L =
∑

i

[
EiL(i/∂)EiL + liR(i/∂)liR + QiL(i/∂)QiL + uiR(i/∂)uiR + diR(i/∂)diR

+g(W+
µ Jµ+

W + W−
µ Jµ−

W + Z0
µJµ

Z) + eAµJµ
EM

]

LY =
∑

ij

Y u
ijQiL

( φ0

φ−

)
ujR +

∑

ij

Y d
ijQiL

( −φ−†

φ0†

)
djR +

∑

ij

ml
ijLiL

( −φ−†

φ0†

)
ljR + h.c.

qL =
(1− γ5)

2
q, qR =

(1 + γ5)
2

q, , lL =
(1− γ5)

2
l, lR =

(1 + γ5)
2

l



W, Z, γ

Charged and Neutral Currents 

where the coupling g is related to the Fermi constant as GF = g2

4
√

2M2
W

. The index i = 1, 2, 3 is

the number of generation. The left handed fermions compose SU(2) doublet as:

EiL =
( νi

Li−
)

L
, QiL =

( Ui

Di

)

L
(14)

Note that the assignment of the hypercharge Y is Y = −1/2 for EiL and Y = +1/6 for QiL,
which together with T 3 = ±1/2, gives a correct charge Q = T 3 +Y . For the right-handed fields,
T 3 = 0, thus, the hypercharge is equal to the electric charge. Then, the charged, neutral and
electro-magnetic currents are written as:

Jµ+
W =

1√
2
(νiLγµLiL + UiLγµDiL) (15)

Jµ−
W =

1√
2
(LiLγµνiL + DiLγµUiL) (16)

Jµ
Z =

1√
cos θw

[

νiLγµ(
1

2
)νiL + LiLγµ(−

1

2
+ sin2 θw)LiL + liRγµ(sin2 θw)liR

+UiLγµ(
1

2
−

2

3
sin2 θw)UiL + uiRγµ(−

2

3
sin2 θw)uiR

+DiLγµ(−
1

2
+

1

3
sin2 θw)DiL + diRγµ(

1

3
sin2 θw)diR ] (17)

Jµ
EM = liγ

µ(−1)li + uiγ
µ(+

2

3
)ui + diγ

µ(−
1

3
)di (18)

The weak angle θw relates different couplings and masses, e.g. g = e
sin θw

and mW = mZ cos θw.

3 CP violation

3.1 Matter anti-matter asymmetry in nature

Back in 1920’s, having the theory of relativity of Einstein, Dirac extended the quantum me-
chanics to incorporate the matters which moves with close to the speed of light. The relativistic
quantum mechanics follows the equation of motion called Dirac equation. This equation had
one solution which correspond to the electron and in addition, another one that has the same
mass and spin as electron but with opposite charge, anti-particle. A couple of years after in
1932, Anderson discovered a particle in a cosmic ray, which indeed corresponds to this solu-
tion, a positron! In Dirac’s theory, anti-particles can be created and annihilated by pair with
particles. Then, a serious question raises: why only particle (electron, proton etc) can exist in
nature but not anti-particle? This theoretical problem has not been solved yet. It seems that
something has happened in the early universe, which caused an unbalance between particle and
anti-particle.

Our universe was born about 135 × 1011 years ago, with extremely high temperature, 1019

GeV (about 4000 K). After its birth, the universe started expanding. As a result, the tem-
perature dropped rapidly. At the early time when the temperature was high, the high energy
photon could pair-create particles and anti-particles (namely, proton/anti-proton, neutron/anti-
neutron, electron/anti-electron). At the same time, since all the particles are relativistic, they
could also pair-annihilate. As a result, the photon, particle, anti-particle are created and anni-
hilated freely (equilibrium state). Once the temperature reached to about 1 MeV, the photon
energy was not high enough to create the (anti-)particles. Then, the only pair annihilation
would have occurred and our universe would not have had any (anti-)particles! However, that
was not the case. For some reasons, by that time, there existed some more particle than anti-
particles. The remaining particles composed Helium and then, various nucleus were generated



Spontaneous Symmetry Breaking
〈φ0〉VAC = v

Yu,d
Yukawa coupling 
(generic 3x3 matrix)

Yukawa Interaction (quark)

LY =
∑

ij

Y u
ijQiL

( φ0

φ−

)
ujR +

∑

ij

Y d
ijQiL

( −φ−†

φ0†

)
djR + h.c.

mu
ij = Y u

ij 〈φ0〉VAC, md
ij = Y d

ij〈φ0〉∗VAC

LY =
∑

ij

mu
ijUiLujR +

∑

ij

md
ijDiLdjR + h.c.

(uL, cL, tL)




· · · · · · · · ·
· · · mu

ij · · ·
· · · · · · · · ·








uR

cR

tR



 (dL, sL, bL)




· · · · · · · · ·
· · · md

ij · · ·
· · · · · · · · ·








dR

sR

bR







(dL, sL, bL)




· · · · · · · · ·
· · · md

ij · · ·
· · · · · · · · ·








dR

sR

bR





= (dL, sL, bL)Kd
L

︸ ︷︷ ︸
d′

L

(Kd
L)†




· · · · · · · · ·
· · · md

ij · · ·
· · · · · · · · ·



 Kd
R

︸ ︷︷ ︸
0

BB@

md 0 0
0 ms 0
0 0 mb

1

CCA

(Kd
R)†




dR

sR

bR





︸ ︷︷ ︸
d′

R

Mass eigen-basis

Inserting 
the unit matrix

d̂′
R

Yukawa Interaction (quark)

d̂
′
L

ex. down-type

ûL = Ku
Lû′

L, ûR = Ku
Rû′

R d̂L = Kd
Ld̂′

L, d̂R = Kd
Rd̂′

R

mu′
diag = Ku†

L muKu
R, md′

diag = Kd†
L mdKd

R

KU/D
L/R: 3x3 matrix,  “^” is for 3 vector



mass basis

Charged and Neutral Currents 
on the mass basis

W, Z, γ

Jµ+
W =

1√
2
(ûLγµd̂L)

Jµ−
W =

1√
2
(d̂LγµûL)

Jµ
3 =

1
2
ûLγµûL −

1
2
d̂Lγµd̂L

ûL = Ku
Lû′

L, ûR = Ku
Rû′

R

d̂L = Kd
Ld̂′

L, d̂R = Kd
Rd̂′

R

Jµ+
W =

1√
2
(û

′
L(Ku

L)†γµKd
Ld̂′L)

Jµ−
W =

1√
2
(d̂

′
L(Kd

L)†γµKu
Lû′L)

Jµ
3 =

1
2
û
′
L(Ku

L)†γµKu
Lû′L −

1
2
d̂
′
L(Kd

L)†γµKd
Ld̂′L

(Ku
L)†Kd

L ≡ VCKM

(Kd
L)†Ku

L ≡ V †
CKM

(Ku
L)†Ku

L = 1
(Kd

L)†Kd
L = 1

No tree FCNC in SM!



CKM matrix elements

Jµ+
W = (uL, cL, tL)




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb








dL

sL

bL





Vud
Vus

Vub

Vcd
Vcs

Vcb

Vtd
Vts

Vtb

( (
Strength of the weak couplings between different flavours

It turned out that 
the CKM matrix is close 

to diagonal!

λ

λ

λ3

λ2

λ2

λ31

1

1

It contains many information. 
Ex) the life time difference of 

K, D, B: 
τD<<    τK ,     τD<τB  



CKM matrix elements

Jµ+
W = (uL, cL, tL)




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb








dL

sL

bL





Strength of the weak couplings between different flavours

It provides a source of CP violation! 

Parameter counting of the unitary matrix to go to 
diagonalize the Yukawa coupling

UU† = 1 −→ 2n2 − n2 = n2

n2 − (2n− 1) = (n− 1)2

Unitarity condition

Phase convention

It took nearly 10 years to find the solution for this 
complex coupling since discovery of CP violation...



CKM matrix elements

Jµ+
W = (uL, cL, tL)




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb








dL

sL

bL





Strength of the weak couplings between different flavours

It provides a source of CP violation! 

Parameter counting of the unitary matrix to go to 
diagonalize the Yukawa coupling

UU† = 1 −→ 2n2 − n2 = n2

n2 − (2n− 1) = (n− 1)2

Unitarity condition

Phase convention

It took nearly 10 years to find the solution for this 
complex coupling since discovery of CP violation...

For two generation, only 1 rotation 
remains while for three generation, 3 rotations 

plus 1 phase remains (prediction of the 3rd 
generation).  Kobayashi, Maskawa 

(1973)



3 mixings and 1 phase
phase. The rotation is defined as follows:

ω(θ12, 0) =





cos θ12 sin θ12 0
− sin θ12 cos θ12 0

0 0 1



 (1)

ω(θ13, δ1) =





cos θ13 0 sin θ13e−iδ1

0 1 0
− sin θ13se−iδ1 0 cos θ13



 (2)

ω(θ23, 0) =





1 0 0
0 cos θ23 sin θ23

0 − sin θ23 cos θ23



 (3)

Then, the standard CKM matrix is obtained by choosing to multiply these matrices in the following
order:

V 3×3
CKM = ω(θ23, 0)ω(θ13, δ1)ω(θ12, 0). (4)

Applying the usual hierarchy for the mixing angle:

sin θ12 = λ, sin θ13 = A
√

ρ2 + η2λ3, sin θ23 = Aλ2 (5)

and expand V 3×3
CKM up to O(λ3), we obtain the usual CKM matrix:

Ṽ 3×3
CKM =





1 − 1
2λ2 λ A

√

ρ2 + η2e−iδ1λ3

−λ 1 − 1
2λ2 Aλ2

A(1 −
√

ρ2 + η2eiδ1)λ3 −Aλ2 1



 (6)

V =




c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13



 ,

We need experimental verifications that all 9 complex elements 
can be explained by the 4 input parameters. 



A new parameterization
phase. The rotation is defined as follows:

ω(θ12, 0) =





cos θ12 sin θ12 0
− sin θ12 cos θ12 0

0 0 1



 (1)

ω(θ13, δ1) =





cos θ13 0 sin θ13e−iδ1

0 1 0
− sin θ13se−iδ1 0 cos θ13



 (2)

ω(θ23, 0) =





1 0 0
0 cos θ23 sin θ23

0 − sin θ23 cos θ23



 (3)

Then, the standard CKM matrix is obtained by choosing to multiply these matrices in the following
order:

V 3×3
CKM = ω(θ23, 0)ω(θ13, δ1)ω(θ12, 0). (4)

Applying the usual hierarchy for the mixing angle:

sin θ12 = λ, sin θ13 = A
√

ρ2 + η2λ3, sin θ23 = Aλ2 (5)

and expand V 3×3
CKM up to O(λ3), we obtain the usual CKM matrix:

Ṽ 3×3
CKM =





1 − 1
2λ2 λ A

√

ρ2 + η2e−iδ1λ3

−λ 1 − 1
2λ2 Aλ2

A(1 −
√

ρ2 + η2eiδ1)λ3 −Aλ2 1



 (6)

V =




c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13



 ,

We re-parametrize in terms of λ, A, ρ and η: 

Realizing the hierarchy in the matrix, we 
expand in terms of λ~=0.22:

sin θ12 = O(λ), sin θ23 = O(λ2), sin θ13 = O(λ3)

sin θ12 = λ, sin θ13 = A(ρ− iη)λ3, sin θ23 = Aλ2

We need experimental verifications that all 9 complex elements 
can be explained by the 4 input parameters. 



VCKM

=




1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1



 +O(λ4)

=




1− λ2/2− λ4/8 λ Aλ3(ρ− iη)

−λ 1− λ2/2 + (−1/8−A2/2)λ4 Aλ2

Aλ3(1− ρ− iη) −Aλ2 + Aλ4(1/2− ρ− iη) 1





+ O(λ5)

Expansion in 
order λ3

Expansion in 
order λ4

Wolfenstein’s parameterization

VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





       



d̄

d
W−W+

b

b̄

t

t̄

In the B system, we have M12>>Γ12, thus

q

p
=

√
M∗

12 − i
2Γ∗

12

M12 − i
2Γ12

"
√

M∗
12

M12
≡ eiφ

M12 =
G2

F m2
W

16π2
(VtbV

∗
td)

2S0(
m2

t

m2
W

)

×ηQCD
〈B0|(db)V−A(db)VA |B0〉

mB

Loop function
dominant=top quark

Strong interaction part

➯
Vtd = Aλ3(1− ρ− iη)

DONE! Vtb = 1

q

p
= e−2i arg(V ∗

tbVtd)

Computing q/p for B system



d̄

d
W−W+

b

b̄

t

t̄

In the B system, we have M12>>Γ12, thus

q

p
=

√
M∗

12 − i
2Γ∗

12

M12 − i
2Γ12

"
√

M∗
12

M12
≡ eiφ

M12 =
G2

F m2
W

16π2
(VtbV

∗
td)

2S0(
m2

t

m2
W

)

×ηQCD
〈B0|(db)V−A(db)VA |B0〉

mB

Loop function
dominant=top quark

Strong interaction part

➯
Vtd = Aλ3(1− ρ− iη)

DONE! Vtb = 1

q

p
= e−2i arg(V ∗

tbVtd)

Computing q/p for B system

If the Kobayashi-
Maskawa ansatz is 
correct, the CP 

violation in B system 
should be very 

large!!!

B factories!



CP violation in K system
vs B system

K1
π

CP ODD

CP EVEN

K system

π

K2
π π π

π π
CP VIOLATION

We can know the CP 
of the original particle from 

the decay length.

t

t=0

|KS〉 =
1√
2

(
p|K0〉+ q|K0〉

)

=
p

2

[
(1 +

q

p
)|K1〉+ (1− q

p
)|K2〉)

]

|KL〉 =
1√
2

(
p|K0〉 − q|K0〉

)

=
p

2

[
(1− q

p
)|K1〉+ (1 +

q

p
)|K2〉)

]

CP|K1〉 = +
1√
2
(|K0〉+ |K0〉)

= |K1〉

CP|K2〉 = − 1√
2
(|K0〉 − |K0〉)

= −|K2〉

CP EVEN

CP ODD



CP violation in K system
vs B system

K1
π

CP ODD

CP EVEN

K system

π

K2
π π π

π π
CP VIOLATION

We can know the CP 
of the original particle from 

the decay length.

B system

B1

CP EVEN

B2

t

CP ODD?

We can NOT know 
what was the CP of the 

original particle... 

We can’t know if CP is 
violating in the same kind of 

experiment for B !!!

t=0



Time evolution formula

where the Hamiltonian is given as

Let us describe the time evolution, in terms of the Hilbert space: 

The time dependence can be described by the Schroedinger equation: 

i/h ∂
∂tΨ(t) = HΨ(t); Ψ(t) =

(
a(t)
b(t)

)

H = M− i
2Γ =

(
M11 − i

2Γ11 M12 − i
2Γ12

M21 − i
2Γ21 M22 − i

2Γ22

)

|Ψ(t)〉 = a(t)|B〉 + b(t)|B〉

d̄

d
W−W+

b

b̄

t

t̄

B0 B0



Time evolution formula

H = M− i
2Γ =

(
M11 − i

2Γ11 M12 − i
2Γ12

M21 − i
2Γ21 M22 − i

2Γ22

)

M1 +
i

2
Γ1 ≡ M11 −

i

2
Γ11 +

q

p

(
M12 −

i

2
Γ12

)
;

(
p
q

)

M2 +
i

2
Γ2 ≡ M11 −

i

2
Γ11 −

q

p

(
M12 −

i

2
Γ12

)
;

(
p
−q

)

Thus, the mass eigenstate of K is obtained as: 

q

p
= ±

√
M∗

12 − i
2Γ∗

12

M12 − i
2Γ12

with

Using CPT invariance (M11=M22, Γ11=Γ22) and M and Γ being Hermitian, we find the 
eigensystem of this matrix:  

|B1〉 = p|B〉+ q|B〉
|B2〉 = p|B〉 − q|B〉



Time evolution formula
Now, we obtain the time evolution of the B states:

f± =
1
2
e−iM1te−

1
2Γ1t

[
1± e−i∆Mte

1
2∆Γt

]
where

with + sign for q/p

If p/q≠1, B and Bbar states behave differently. 

|B(t)〉 = f+(t)|B〉 +
q

p
f−(t)|B〉

|B(t)〉 = f+(t)|B〉 +
p

q
f−(t)|B〉

These states were 
B or Bbar at t=0.

∆M ≡M2 −M1, ∆Γ ≡ Γ1 − Γ2



e+ e-

Flavour specific mixing CP violation 
(CP Violation in oscillation)



First, B0 and B0 are pair 
produced! 

B0

B0

Flavour specific mixing CP violation 
(CP Violation in oscillation)



ν

D+

e-

B0

B0

If one of them decays semi-leptonically, we can tell if it 
was B0 or B0 on one side at given time, which allows us 

to tell about the other side. 

Flavour specific mixing CP violation 
(CP Violation in oscillation)

B0

e-

D+

ν

t=0



ν

D+

e-

B0
B0

l-

X

ν

D-

e+

B0

l+

X

CP VIOLATIONDifference 
between these two

Flavour specific mixing CP violation 
(CP Violation in oscillation)

B0 B0

B0



ν

D+

e-

B0
B0

l-

X

ν

D-

e+

B0

l+

X

CP VIOLATIONDifference 
between these two

Flavour specific mixing CP violation 
(CP Violation in oscillation)

B0 B0

B0

A =
Γ(B0

B0 → Xl+l+)− Γ(B0
B0 → Xl−l−)

Γ(B0
B0 → Xl+l+) + Γ(B0

B0 → Xl−l−)
=

|p/q|4 − 1
|p/q|4 + 1

Note: in this method, one can 
test |q/p|≠1 but not  

arg[q/p]≠0! 



ν

D+

e-

B0

B0

B0
l-

X

|B(t)〉 = f+(t)|B〉 +
q

p
f−(t)|B〉

|B(t)〉 = f+(t)|B〉 +
p

q
f−(t)|B〉

t=t

〈l−X|H∆B=1|B(t)〉 = f+(t)〈l−X|H∆B=1|B〉 +
q

p
f−(t)〈l−X|H∆B=1|B〉

To obtain 
decay rates, we have 

to square the amplitude. 
Then, the phases 

disappear!  

Flavour specific mixing CP violation 
(CP Violation in oscillation)



Flavour Non-specific mixing CPV 
(CP Violation in oscillation)

Choose a final state which 
could come both B and Bbar! 

ν

D+

e-

B0
B0

J/ψ

Κs

D-

e+

B0

?? ??
B0

ex:  J/ψKs final state

J/ψ

Κs

|B(t)〉 = f+(t)|B〉 +
q

p
f−(t)|B〉

|B(t)〉 = f+(t)|B〉 +
p

q
f−(t)|B〉

ν



Flavour Non-specific mixing CPV 
(CP Violation in oscillation)

Choose a final state which 
could come both B and Bbar! 

ex:  J/ψKs final state

|B(t)〉 = f+(t)|B〉 +
q

p
f−(t)|B〉

|B(t)〉 = f+(t)|B〉 +
p

q
f−(t)|B〉

〈J/ψKs|H∆B=1|B(t)〉 = f+(t)〈J/ψKs|H∆B=1|B〉 +
q

p
f−(t)〈J/ψKs|H∆B=1|B〉

〈J/ψKs|H∆B=1|B(t)〉 = f+(t)〈J/ψKs|H∆B=1|B〉 +
p

q
f−(t)〈J/ψKs|H∆B=1|B〉

〈J/ψKs|H∆B=1|B〉 = 〈J/ψKs|H∆B=1|B〉 Γ12 << M12

We assume...



Flavour Non-specific mixing CPV 
(CP Violation in oscillation)

Choose a final state which 
could come both B and Bbar! 

ν

D+

e-

B0
B0

J/ψ

Κs

D-

e+

B0

?? ??
B0

ex:  J/ψKs final state

J/ψ

Κs

ν

A =
Γ(B0 → J/ψKs)− Γ(B0 → J/ψKs)

Γ(B0 → J/ψKs)− Γ(B0 → J/ψKs)
= sin(∆Mt)Im

(
q

p

)

q

p
= e−2i arg(V ∗

tbVtd)

In SM, 



Flavour Non-specific mixing CPV 
(CP Violation in oscillation)

Choose a final state which 
could come both B and Bbar! 

ν

D+

e-

B0
B0

J/ψ

Κs

D-

e+

B0

?? ??
B0

ex:  J/ψKs final state

J/ψ

Κs

ν

A =
Γ(B0 → J/ψKs)− Γ(B0 → J/ψKs)

Γ(B0 → J/ψKs)− Γ(B0 → J/ψKs)
= sin(∆Mt)Im

(
q

p

)

B factory 
measurments!

q

p
= e−2i arg(V ∗

tbVtd)

In SM, 



V †
CKMVCKM =




1 0 0
0 1 0
0 0 1





VCKMV †
CKM =




1 0 0
0 1 0
0 0 1





Test of Unitarity of CKM



VCKM

=




1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1



 +O(λ4)

=




1− λ2/2− λ4/8 λ Aλ3(ρ− iη)

−λ 1− λ2/2 + (−1/8−A2/2)λ4 Aλ2

Aλ3(1− ρ− iη) −Aλ2 + Aλ4(1/2− ρ− iη) 1





+ O(λ5)

Expansion in 
order λ4

Test of Unitarity

VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





       

Unitarity: 9 complex numbers can be replaced by the 4 real 
number parameters 

We must test at which extent 
this is satisfied!

➯



Unitarity triangles

V ∗
udVub︸ ︷︷ ︸
O(λ3)

+V ∗
cdVsb︸ ︷︷ ︸
O(λ3)

+V ∗
tdVtb︸ ︷︷ ︸
O(λ3)

= 0

VudV
∗
cd︸ ︷︷ ︸

O(λ)

+VusV
∗
cs︸ ︷︷ ︸

O(λ)

+ VubV
∗
cb︸ ︷︷ ︸

O(λ5)

= 0

VtdV
∗
cd︸ ︷︷ ︸

O(λ4)

+VtsV
∗
cs︸ ︷︷ ︸

O(λ2)

+VtbV
∗
cb︸ ︷︷ ︸

O(λ2)

= 0

VudV
∗
ub︸ ︷︷ ︸

O(λ3)

+VcdV
∗
cb︸ ︷︷ ︸

O(λ3)

+VtdV
∗
tb︸ ︷︷ ︸

O(λ3)

= 0

ds

sb

db

uc

ct

ut

VusV
∗
ub︸ ︷︷ ︸

O(λ4)

+VcsV
∗
cb︸ ︷︷ ︸

O(λ2)

+VtsV
∗
tb︸ ︷︷ ︸

O(λ2)

= 0

VudV
∗
us︸ ︷︷ ︸

O(λ)

+VcdV
∗
cs︸ ︷︷ ︸

O(λ)

+VtdV
∗
ts︸ ︷︷ ︸

O(λ5)

= 0



VusV
∗
ub︸ ︷︷ ︸

O(λ4)

+VcsV
∗
cb︸ ︷︷ ︸

O(λ2)

+VtsV
∗
tb︸ ︷︷ ︸

O(λ2)

= 0

VudV
∗
us︸ ︷︷ ︸

O(λ)

+VcdV
∗
cs︸ ︷︷ ︸

O(λ)

+VtdV
∗
ts︸ ︷︷ ︸

O(λ5)

= 0

ds

sb

db

Unitarity triangles

V ∗
udVub︸ ︷︷ ︸
O(λ3)

+V ∗
cdVsb︸ ︷︷ ︸
O(λ3)

+V ∗
tdVtb︸ ︷︷ ︸
O(λ3)

= 0

VudV
∗
cd︸ ︷︷ ︸

O(λ)

+VusV
∗
cs︸ ︷︷ ︸

O(λ)

+ VubV
∗
cb︸ ︷︷ ︸

O(λ5)

= 0

VtdV
∗
cd︸ ︷︷ ︸

O(λ4)

+VtsV
∗
cs︸ ︷︷ ︸

O(λ2)

+VtbV
∗
cb︸ ︷︷ ︸

O(λ2)

= 0

VudV
∗
ub︸ ︷︷ ︸

O(λ3)

+VcdV
∗
cb︸ ︷︷ ︸

O(λ3)

+VtdV
∗
tb︸ ︷︷ ︸

O(λ3)

= 0

V ∗
1iV1k︸ ︷︷ ︸

!a

+V ∗
2iV1k︸ ︷︷ ︸

!b

+ V3iV1k︸ ︷︷ ︸
!c

= 0

!a

!b!c

uc

ct

ut
Unitarity Triangle



Unitarity triangles
VudV

∗
cd︸ ︷︷ ︸

O(λ)

+VusV
∗
cs︸ ︷︷ ︸

O(λ)

+ VubV
∗
cb︸ ︷︷ ︸

O(λ5)

= 0

VtdV
∗
cd︸ ︷︷ ︸

O(λ4)

+VtsV
∗
cs︸ ︷︷ ︸

O(λ2)

+VtbV
∗
cb︸ ︷︷ ︸

O(λ2)

= 0

ds

VtdV
∗
ud︸ ︷︷ ︸

O(λ3)

+VtsV
∗
us︸ ︷︷ ︸

O(λ3)

+VtbV
∗
ub︸ ︷︷ ︸

O(λ3)

= 0

K physics

sb

db

V ∗
udVub︸ ︷︷ ︸
O(λ3)

+V ∗
cdVcb︸ ︷︷ ︸
O(λ3)

+V ∗
tdVtb︸ ︷︷ ︸
O(λ3)

= 0

Bs physics

Bd physics

uc

ct

ut

D physics

VusV
∗
ub︸ ︷︷ ︸

O(λ4)

+VcsV
∗
cb︸ ︷︷ ︸

O(λ2)

+VtsV
∗
tb︸ ︷︷ ︸

O(λ2)

= 0

VudV
∗
us︸ ︷︷ ︸

O(λ)

+VcdV
∗
cs︸ ︷︷ ︸

O(λ)

+VtdV
∗
ts︸ ︷︷ ︸

O(λ5)

= 0

The Unitarity Triangle!



The Unitarity Triangle

Bd physics

VudV
∗
ub︸ ︷︷ ︸

Aλ3(ρ+iη)

+VcdV
∗
cb︸ ︷︷ ︸

−Aλ3

+ VtdV
∗
tb︸ ︷︷ ︸

Aλ3(1−ρ−iη)

= 0

(0, 0) (1, 0)

divide by Aλ3 

VudV
∗
ub

VcdV
∗
cb

VtdV
∗
tb

(ρ̄, η̄)

Re

Im

arg
(

V ∗
tbVtd

V ∗
cbVcs

)
≡ −φ1

arg
(

V ∗
tbVtd

V ∗
ubVud

)
≡ −φ2

arg
(

V ∗
cbVcs

V ∗
ubVud

)
≡ −φ3

φ1(β)

φ2(α)

φ3(γ)



Determination of the 
CKM matrix



VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Determination of the CKM matrix: 
sin2Φ1 (β) (phase)

Re

Im

(0, 0) (1, 0)

(ρ̄, η̄)

φ1(β)

η̄

ρ̄



AJ/ψKS
(t) = Γ(B

0
(t)→J/ψKS)−Γ(B0(t)→J/ψKS)

Γ(B
0
(t)→J/ψKS)+Γ(B0(t)→J/ψKS)

= SJ/ψKs
sin ∆MB t

SJ/ψKs
= Im




M12

M∗
12︸︷︷︸

oscill.

A(B → J/ψKS)
A(B → J/ψKS)︸ ︷︷ ︸

decay





= Im




VtbV ∗

td

V ∗
tbVtd︸ ︷︷ ︸

oscill.

VcbV ∗
cs

V ∗
cbVcs︸ ︷︷ ︸

decay





= sin 2φ1

d̄

d
W−W+B0 B0

b

b̄ t̄

t

b̄

d

d

c̄

c

s̄
B0

J /ψ

Ks

oscillation

decay

d̄

d
W−W+B0 B0

b

b̄ t̄

t

b̄

d

d

c̄

c

s̄
B0

J /ψ

Ks

oscillation

decay

CP asymmetry in B→J/ψKS



AJ/ψKS
(t) = Γ(B

0
(t)→J/ψKS)−Γ(B0(t)→J/ψKS)

Γ(B
0
(t)→J/ψKS)+Γ(B0(t)→J/ψKS)

= SJ/ψKs
sin ∆MB t

SJ/ψKs
= Im




M12

M∗
12︸︷︷︸

oscill.

A(B → J/ψKS)
A(B → J/ψKS)︸ ︷︷ ︸

decay





= Im




VtbV ∗

td

V ∗
tbVtd︸ ︷︷ ︸

oscill.

VcbV ∗
cs

V ∗
cbVcs︸ ︷︷ ︸

decay





= sin 2φ1

d̄

d
W−W+B0 B0

b

b̄ t̄

t

b̄

d

d

c̄

c

s̄
B0

J /ψ

Ks

oscillation

decay

d̄

d
W−W+B0 B0

b

b̄ t̄

t

b̄

d

d

c̄

c

s̄
B0

J /ψ

Ks

oscillation

decay

CP asymmetry in B→J/ψKS

Including various b->ccbars the 
measurements, we find 
Φ1=(21.1±0.9) o



VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Determination of the CKM matrix: 
sin2Φ2 (α) (phase)

Re

Im

(0, 0) (1, 0)

(ρ̄, η̄)

η̄

ρ̄

φ2(α)



d̄

d
W−W+B0 B0

b

b̄ t̄

t

oscillation

CP asymmetry in B→π+π-

Sπ+π− = Im




M12

M∗
12︸︷︷︸

oscill.

A(B → π+π−)
A(B → π+π−)︸ ︷︷ ︸

decay





= Im




VtbV ∗

td

V ∗
tbVtd︸ ︷︷ ︸

oscill.

VubV ∗
ud

V ∗
ubVud︸ ︷︷ ︸
decay





= sin 2φ2(α)

π -

π+

B0
b u

d

u

d d
decay

Aπ+π−(t) =
Γ(B0(t)→ π+π−)− Γ(B0(t)→ π+π−)

Γ(B0(t)→ π+π−) + Γ(B0(t)→ π+π−)
= Sπ+π− sin ∆MB t

* Assuming tree-dominant...



d̄

d
W−W+B0 B0

b

b̄ t̄

t

oscillation

CP asymmetry in B→π+π-

Sπ+π− = Im




M12

M∗
12︸︷︷︸

oscill.

A(B → π+π−)
A(B → π+π−)︸ ︷︷ ︸

decay





= Im




VtbV ∗

td

V ∗
tbVtd︸ ︷︷ ︸

oscill.

VubV ∗
ud

V ∗
ubVud︸ ︷︷ ︸
decay





= sin 2φ2(α)

π -

π+

B0
b u

d

u

d d
decay

Aπ+π−(t) =
Γ(B0(t)→ π+π−)− Γ(B0(t)→ π+π−)

Γ(B0(t)→ π+π−) + Γ(B0(t)→ π+π−)
= Sπ+π− sin ∆MB t

* Assuming tree-dominant...

Penguin pollution 
prevents a precise 

measurement of Φ2 (α) 

Including the measurements with 
ππ, ρρ, πρ, 
α=(89.0+4.4

-4.2) o



VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Determination of the CKM matrix: 
|Vub| and  |Vcb|

(0, 0) (1, 0)

VudV
∗
ub

VcdV
∗
cb

(ρ̄, η̄)

Re

Im

η̄

ρ̄



VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Determination of the CKM matrix: 
|Vub|

b

d̄
d̄

l−

ν

c

Exclusive process

b

u
d̄

d̄

l−

ν

π

A(B → πlν) ∝ |Vub|FB→π(q2)

b

d̄
d̄

l−

ν

Optical theorem

Inclusive process

∑
|A(B → Xulν)|2 ∝ |Vub|2f(q2, µπ, ...)

X

|Vub|=(3.89±0.44)10-3 |Vub|=(4.27±0.38)10-3

* Similar in |Vcb|



VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Determination of the CKM matrix: 
|VtdVtb*|

(0, 0) (1, 0)

(ρ̄, η̄)

Re

Im

VtdV
∗
tbη̄

ρ̄



VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Determination of the CKM matrix: 
|VtdVtb*|

c
d̄

d
W−W+

b

b̄

t

t̄

∆Md(∝ |M12|)

=
G2

F m2
W

16π2
|VtbV

∗
td|2S0

(
m2

t

m2
W

)
ηQCD

× 1
mB

〈B0|(d̄b)V−A(d̄b)V−A|B0〉

Loop function
dominant=top quark

Perturbative 
QCD correction

≡ 8
3
BBf2

Bm2
B

Main source of the hadronic uncertainties 
in determining |Vtb|: 

Lattice QCD computation very important!

ΔMd➯|VtdVtb
*|



VCKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb





Determination of the CKM matrix: 
|VtdVtb*| and  |VtsVtb*|

c
d̄

d
W−W+

b

b̄

t

t̄

W−W+

b

b̄

t

t̄

s

s̄

ΔMd➯|VtdVtb
*| ΔMs➯|VtdVtb

*|

Some hadronic uncertainties cancel in the 
ratio between ΔMd and ΔMs 



      

      

Combining the constraints...Warning: 
Simply overlapping 

the different 
constraints does not 

give a right confidence 
level. 

An applicaton of  
appropriate statistical 
methods is crucial to 
test the unitarity!! 
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http://www.utfit.org/UTfit/



We can say that the main part of the CP 
violation comes from the complex phase in 
the CKM matrix. However, there is still a 

possibility that the unitarity is not exact for 
a certin extent.  Our challenges for more 

precise experiemental data as well as 
improvements in the theoretical predcitions 

continue!!! 


