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| ntroduction

Basic concepts of perturbative QCD

# QCD theory predictions at high energies rely on few basic concepts
» Infrared safety
» factorization
s evolution
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| ntroduction

Basic concepts of perturbative QCD

# QCD theory predictions at high energies rely on few basic concepts
» Infrared safety

o factorization
o evolution

Infrared safety

# Small class of cross sections at high energies directly calculable in
perturbation theory

# Infrared safe quantities

» free of long range dependencies at leading power in large
momentum scale

# General structure of cross section
» large momentum scale @, renormalization scale p

Qo (@it as(w?)) = ol en(Q®/1)
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Factorization

# Large class of hard-scattering reactions (e.g. initial state hadrons)
» sensitive to dynamics form different scales (e.g. soft and collinear)

# Structure of factorized cross section
» large momentum scale @), factorization scale 1

Q% 0pnys (Q) = pt (Q/ 1, as(p)) @ b ()

» convolution ® In suitable kinematical variables
» generalization of operator product expansion

Evolution

#® Dependence of cross sections for observable on momentum transfer

# Physical cross section in factorization ansatz cannot depend on u
ILLdO'CIZ)hys

W
# Classic example: QCD corrections to deep-inelastic scattering

- scaling violations
- evolution of parton densities

=0 (factorization scale 1 arbitrary)
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Deep-inelastic scattering
# Kinematic variables

electron s momentum transfer Q* = —¢*
(space-like)
quark s Bjorken variable z = Q2/(2p - q)

® Parton distributions PDF

» scale evolution governed by
splitting functions P;;
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Deep-inelastic scattering

® Kinematic variables
2

electron s momentum transfer Q° = —q
(space-like)
quark s Bjorken variable z = Q2/(2p - q)

® Parton distributions PDF

» scale evolution governed by
splitting functions P;;

eTe™ annihilation

p hadron  ® Kinematic variables

s momentum transfer Q2 = +¢
(time-like)

s scaling variable z = (2p - q)/Q?

electron 2

inclusive final state _ _
# Fragmentation functions D

» scale evolution governed by
(time-like) splitting functions P;

positron
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Predictionsin perturbative QCD

DIS (space-like)
# LO and NLO splitting functions

(=]

F (2Pgg(X) +38(1—x))

# NNLO splitting functions
» 3 pages for nonsinglet

» 8 pages for singlet

o Coefficient functions for F» and F7,
at three loops

s ((100) pages
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Predictionsin perturbative QCD

DIS (space-like) ete™ (time-like)
# LO and NLO splitting functions # LO and NLO splitting functions
P(X) = Cr(2pgq(®)+38(1—x))

# NNLO splitting functions # NNLO splitting functions
» non-singlet time-like
» 3 pages for nonsinglet
» 8 pages for singlet » singlet (diagonal)

® Coefficient functions for
ete” =V = h+ X
only to two loops

o Coefficient functions for F» and F7,
at three loops

s ((100) pages
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Our calculation in deep-inelastic scattering
# "Loop technology"

. optical theorem

total cross section «—— imaginary part of Compton amplitude

V*(q)

2

/()
v 4
\ /
| |
f f

Sven-Olaf Moch
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Our calculation in deep-inelastic scattering

o "Loop technology” : optical theorem
total cross section «—— imaginary part of Compton amplitude

V*(q) 2 tree 1-loop 2-loop 3-loop
qy 1 3 25 359
gy 2 17 345
h~ 2 56
f(p)
qw 1 3 32 589
v v q¢ 1 23 696
\ ] 9o 1 8 218 6378
/1 (\ ho 1 33 1184
! ! sum 3 18 350 9607

# more than 10 FTE years and a few CPU years
o computer algebra updates: — 3.1 —- 3.2 — ...

s > 10° tabulated symbolic integrals (> 3GB)
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PDFs from HERA to LHC

HERA F,
~~
\></O | x=6.32E-5 ;4 000102 _
= =0.000161 = ZEUSNLO QCD fit
i) —— H1PDF 2000 fit
% 1
w5 e H194-00
s H1 (prel.) 99/00
= ZEUS96/97
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5

LHC parton kinematics

Q" (GeV?)

X

Q

2

M =100 GeV

= (M/14 TeV) exp(y)
M

A

M=10TeV

| Ll

|

L 1in

M =10 GeV

fixed
target

10

-6

-5 -4 -3 -2 -1 0

10 10 10 10 10 10

X

® HERA — LHC: scale evolution in Q2 over three orders of magnitude

Sven-Olaf Moch
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Perturbative stability of evolution

® Scale derivatives of quark and gluon distributions at Q? ~ 30 GeV?

04 L B RR L N B R L R LIL B R LBLELLL I R L R B LD R
i 2 7 =
- ding/dInQ” { 04 Fee dIng/dInQ
i o= =~ ~ ) : g. -
02 — ~ . ] | \-\ i
-_r .................. T\ : 02 - \\ |
i .°°',\.\\ i : \\\ :
0 B v 1 of N _
. — \ —
L ceee LO \'\ - L \\ _
0.2 | --- NLO \.i-_: -0.2 - \‘.—
R L _
L 7 B L
B p B L
_ 04 p 053 =02, N, =4 3
'04 1 llllllll 1 llllllll I llllllll 1 11111111 1 1111‘
5 4 3 2 5 4 3 2 -1
10 10 10 X 10 10 1 10 10 10 X 10 10 1
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Perturbative stability of evolution

® Scale derivatives of quark and gluon distributions at Q? ~ 30 GeV?

0.4 T TTTTTT LI IIIIIII LI IIIIIII LI IIIIIII T TTTTT T TTTITn LI IIIIIII T IIIIIII T IIIIIII T TTTIm
- 2 - 2 -
—~ ding/dInQ” { 04 2., ding/dInQ” -

02 |- TN 4 T ' ]
HARERRRRITIIT 1021 |

0 - 1 o0 [ ]
L e ee LO i L _

02 === NLO ]-02 ~
- —— NNLO I 1
_ 04l 9s=02 Ne=4 ‘

1 llllllll 1 llllllll lllllllll lllllllll I 1111

-5 -4 -3 -2 -1 -5 -4 -3 -2 -1

10~ 10 10 o 10°10° 1 10° 10 10 y 10° 10 1

» Expansion very stable except for very small momenta =z < 10~*
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Relation between space- and time-like kinematics

Crewther relation

# From conformal and chiral invariance of leading singularity of short
distance OPE simple relation between

s amplitude 7¥ — v~

s polarized Bjorken sum rule fd:r; gP M (x, Q%)

s Adler function Dy (derivative of correlator Q° ——1I1y,)

8@2
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Relation between space- and time-like kinematics

Crewther relation

# From conformal and chiral invariance of leading singularity of short
distance OPE simple relation between

s amplitude 7¥ — v~

s polarized Bjorken sum rule fd:r; gP M (x, Q%)

s Adler function Dy (derivative of correlator Q? 5 1ly)

c‘?Q
# Higher order radiative QCD corrections exhibit relations between

» polarized Gross-Llewellyn Smith sum-rule C¢;1 g at O(a?)
(first Mellin moment of F27"P)

s Adler function Dy at O(a?)

#® (CaLs and Dy, related by running coupling (5-function) through 0(a§)
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Drell-Yan-Levy relation

# Analytic continuation in energy —¢? — +¢°
(exploit analyticity properties)

# Relation between DIS structure function £~ and fragmentation
function F5 ke

1 1 1
FCJZC” hke<x) _ —ZCFls like (E)

o Example: leading order splitting function p(§3>
» respects “naive” Drell-Yan-Levy relation
(with 6(1 — 2) — 6(1 — x))

2
1l—=x

P(z) = 20p ( 11— :c) +30p8(1 — z)

# Beware: naive version of Drell-Yan-Levy relation not valid beyond LO
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Mapping DISto ete~ annihilation

Real and virtual contributions

# Partonic forward Compton amplitude 7,, in D = 4 — 2e combines
s Vvirtual corrections 7, (QCD form factor, 7, o« §(1 — x))

» real-emission contributions R, (x)
(depend on harmonic polylogarithms in z)
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Mapping DISto ete~ annihilation

Real and virtual contributions

# Partonic forward Compton amplitude 7,, in D = 4 — 2e combines
s Vvirtual corrections 7, (QCD form factor, 7, o« §(1 — x))
» real-emission contributions R, (x)
(depend on harmonic polylogarithms in z)

# D-dimensional +-distributions in R, for soft/collinear region

ke, 1 (—ke)* [ In*(1 — )
(=) 7y = 0 —a) + > — ( >+

1l —=x
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Mapping DISto ete~ annihilation

Real and virtual contributions

# Partonic forward Compton amplitude 7,, in D = 4 — 2e combines
s Vvirtual corrections 7, (QCD form factor, 7, o« §(1 — x))

» real-emission contributions R, (x)
(depend on harmonic polylogarithms in z)

# D-dimensional +-distributions in R, for soft/collinear region

ke, 1 (—ke)* [ In*(1 — )
(=) 7y = 0 —a) + > — ( >+

1l —=x

» Laurent-series for 7,, in € at n®®-order
s soft and collinear singularities in F,, and R., behave as 1/¢"
» mass-factorization predicts 1/¢"

# Infrared safety (— KLN )
» constructive approach to 7, and R,
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Mass factorization

# Universal structure of bare quantity after cancellation of poles
between F,, and R,

» structure function £ (space-like)
» transverse fragmentation function £ (time-like)

: 1
# Laurent-series at n*"-order behaves as —
€

() _ _1p<o> JRCO RN ¢S IR C DRSS I57C S B

(2 _ 212 PO (PO 4 5y — 216 [pu) +2p<o>c<1>} 42 _ pl0), )

ve[a® — POV

1
PO =~ POPO 4 5)(P) + 26)

1
) 5 |[POEPO +280) + POEPOCM 4 380c) +281)

—é [213(2) +3PWcM 4 pO 62 _3p@,(1) _3504M)] 1 ...
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Anatomy of DIS result (1 loop)

| |
| |
Q | i deIPS% |
| |
| |

F) R

T’ = 2ReFi6(1—xz)+ Ry
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Anatomy of DIS result (2 loops)

| |
50 i fdm%
) F

| |
| |
O : O JdLIPS(2) |
|
| |
(F)? |
R(2)
T2 = (2ReFy+ |F1|2)6(1 — z) + 2Re F1 Ry + R
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Anatomy of DIS result (3 loops)

|
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9 =
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(2Re Fs3 + 2| F1F3|) d(

@i
wﬁ

1—x

|
|
J dLIPS( | )
|
|
FORRO
|
|
[ dLIPS( l
|
|
|
FORE)
|
|
J dLIPS( l
|
|
|
|
(2Re Fsy + |.7:1| R1 —l— 2Re FiR2 + Rs
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Analytic continuation

#® 7R, Is Laurent series in e with coefficients being harmonic
polylogarithms H,,, ... m, () or polynomials in x, (1 — x), (1 + x)

# Analytic continuation from space-like to time-like kinematics requires

: 1
s mapping —¢> — +¢*and z — =
xr
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Analytic continuation

#® 7R, Is Laurent series in e with coefficients being harmonic
polylogarithms H,,, ... m, () or polynomials in x, (1 — x), (1 + x)

# Analytic continuation from space-like to time-like kinematics requires

: 1
s mapping —¢> — +¢*and z — =
xr

® Some subtleties

» harmonic polylogarithms with basic functions of lowest weight
Ho(x) =Inz, Hi(xr)=-In(l—2), H_1(z)=In(1l+x)

: : : 1 :
» all branch cuts from analytic continuation — — ié to « > 0 uniquely
i

defined through H,(1/x —id) = Hy(z) + Ho(x) — i
s phase space of detected parton in e e~ -annihilation in
D-dimensions (take phase space factor z' %)
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Analytic continuation

#® 7R, Is Laurent series in e with coefficients being harmonic
polylogarithms H,,, ... m, () or polynomials in x, (1 — x), (1 + x)

# Analytic continuation from space-like to time-like kinematics requires

: 1
s mapping —¢> — +¢*and z — =
xr

® Some subtleties

» harmonic polylogarithms with basic functions of lowest weight
Ho(x) =Inz, Hi(xr)=-In(l—2), H_1(z)=In(1l+x)

» all branch cuts from analytic continuation i —id to x > 0 uniquely
defined through Hy(1/x —id) = Hy(z) + Ho(x) — iw

s phase space of detected parton in e e~ -annihilation in
D-dimensions (take phase space factor z' %)

® Constructive approach to Rtk (given we know R$~11ke)

Time-like splitting functions at NNLO in QCD — p.17


http://www-zeuthen.desy.de/~moch

Assembly of ete™ (1 loop)

J dLIPS(1)

T’ = 2ReF 6(1—2)+ Ry
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Assembly of ete™ (2 loop)

| |
| |
© '
| J dLIPS( |
| |
F2) FOHRA)
| |
| |
| I
| [ ALIPS( |
| |
|
(
(7 R®)
Ty = (2ReFr+ |Fi|2)6(1 — )+ 2Re F1R1 + R
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Assembly of ete™ (3 loop)

J dLIPS(1)
FB) (FWRRM
| |
| |
clo N '
| J dLIPS(2) :
|

|

FOF FORE
| |
Gk . '
0 I I
J dLIPS(1) L J dLIPS(3) |
| |
FORW |

RG3)
7 = (2ReF3+42|F1F|)6(1 — )+ (2Re Fy + | F1|))R1 + 2Re FiR2 4+ R

Sven-Olaf Moch
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Time-like results

® Read off results in time-like kinematics from mass factorization of bare
transverse fragmentation function Fp

(1)

F(Q)

7 (3)

ven-Olaf Moch

— —lP(O) + M 4 ea® 4 2 4 3qM 4

€
_ 1 50 po A T (0) .(1) (2) _ p(0) (1)
= 55 PP +50) - o [PD + 2P0V ] 4B — pOq
+€ [a(Q) — P(O)b(l)} + ...
1
—c3 p(o)(p(o) ‘|‘ﬁo)(P(O) +28)
1 _
=5 [PYEPY +250) + PO PO 1 380cM 4+ 25))
_é 2P®) 1 3PW M 4 PO (6 — 3P0 — 35,0 4 ..
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Time-like results

® Read off results in time-like kinematics from mass factorization of bare
transverse fragmentation function Fp

r) = —lp(o) + WM 4 2pM 4 Sgh
€
P2 _ LQ pO (PO L gy L [pu) +2p<o>c<1>} 4@ _ po),0)
2€ 2€

+€ [a,(Q) — P(O)b(l)} + ...

1
FO = 2 POPO 4 3)(P) + 26)
1 _
+= [p(1>(3p(0> +28) + P3P0 4 38, + 261))]
_é [ 3P 4 PO (62 —3p0eM _35,M1)] 4.

» New three-loop results for P(?)
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Upshot
# Results for mapping space-like to time-like processes

(Fls—like - F%—like)’ (Fg—like PN Fz—like) and (Fz—like PN Fq’z—like)

» read off three-loop splitting function p§§>T, PIE?T and ng?T

o Checks
» one-loop, two-loops (even through order ¢ with loop technology)

» three loops through order 1 /¢ (soft/collinear limit)
# sum rules

1 1
/ d:UPIg)T(x) =0 and / dx (Pq(g)T(x) + Pg(g)T(x)) =0
0 0
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Upshot
# Results for mapping space-like to time-like processes

(Fls—like - F%—like)’ (Fg—like PN Fz—like) and (Fz—like PN Fq’z—like)

» read off three-loop splitting function p§§>T, PIE?T and ng?T

o Checks
» one-loop, two-loops (even through order ¢ with loop technology)

» three loops through order 1 /¢ (soft/collinear limit)
# sum rules

1 1
/ d:UPIg)T(x) =0 and / dx (Pq(g)T(x) + Pg(g)T(x)) =0
0 0

® Problems in sum rule check
.. 1 . :
s coefficient —C3 Pq((?) ¢ n? z incorrect in P27 ()
€

.. 1 : :
s coefficient =C% P'Y ¢, In? z incorrect in P27 (x)
€
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Rescue

# Alternative approach relates space- and time-like kinematics

» Idea: universal splitting function (kinematics independent)

o Our result
» analytic continuation with correct sum rule

» agreement with approach based on universal splitting functions
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Rescue

# Alternative approach relates space- and time-like kinematics

» Idea: universal splitting function (kinematics independent)

o Our result
» analytic continuation with correct sum rule

» agreement with approach based on universal splitting functions

# Additional check

» compute three-loop coefficient functions for one-particle inclusive
Higgs decay

» second-moment combination enters the Higgs decay rate

2

T T 1 2 3 (3
(Cpq+Chqg)(N=2) = l—l—ozscgg> -|-04qu£)+04ng£) —

K agreement
o NNLO with

s N3LO with (up to ¢-terms)

Time-like splitting functions at NNLO in QCD — p.23
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NLO time-like splitting functions

S
SR (0 = PRI (0 -RU3x) =

4C2(Ho(6(1—X) "1 —5—x) +Hoo(—8(1—X) "1 4+ 6+ 6x) + (H1,0+ H2) (—8(1—x) 2

(diagonal singlet)

+4+4x)) .

SR (x) = P -RESx) =

8Cen; ( —20/9x 1 —3—x+56/9x% — (3+ 7x+8/3x%)Ho+2(1+X)Hop ) -

1 nT 1)S

5P () = P (%) —P°x) =
8CZ( pgg(X)|11/3Ho — 4(Hoo+H1o+Hz2) | +[6(1—x) —22/3(x 1 —x%)]Ho
—8(14+X)Hoo) — 16/3Cans pgg(X)Ho + 8Cens (20/9x 1 434 x—56/9%
+[446x+4/3(x 1 +5%)|Ho+2(14+X)Hop ) -

NNLO time-like splitting functions  (diagonal singlet)

Sven-Olaf Moch

R0 = Rl (0~ P
+16C3 (pag()[311/24Ho + 4/3Holz ~ 169/9Ho0 + 8Hoolz ~ 22Hoo0
268/9H 0+ 8H.olz — 44/3Hs00— 268/9Hz + 8Halz — 44/3Hp0 — 44/3Hs
+\14)[74szrzs,'2>-<gun+H;rsz}7(14)[325,15»40750/3&0
+50'3H1] +(3—5x/Holz7(173/18—681/1&(/}—100)
+16C2 (Ca— 2Cr)  Pag(¥) [ 151/24Ho + Holia+ 13/6 Holz — 169/18Hoo + 8Hoola
—13/2Hg 00— 8Hoo00 — 134/9Hy 0+ 4H1 oz — 22/3H 00— 6H1 000 — 134/9H,
+4HaGa — 22/3Hz0~ 2Hz00 ~ 22/3Hy — 2Hao— BHa] + Pag(—)[ ~BH-30
+8H 505+8H 2 10+3H 20~ 14H 200~ 4H 22+8H 1 20+16H 1 100
#8H_ 1002+ 6H 100~ 18H 1000~ 4H 120~ 8H 15~ Hola + 3/2Hola
BHooCz ~9/2Hooo + BHoooo + 2Hao + 6] ~ (1) [4H-20+ 8 100]
(1) [4H-a0+ 4H_200~ 88/@Ho-+ 3Hola ~ 28/3Hy0 - 28/3Hg] — Aitle
- (50/9~ 184/9)Hoo  4xHooZa + (11/2+35/2X)Hooo + 88Hoo0o)
+16C2n; (og(¥) |~ 11/12Ho —2/3Hoa + 11/9Hoo+ 2Hooo +20/9Hi 0
+4/3H100-+20/9Hz-+ 4/3Ha0+ 4/3Hs] — (L+X) Hooo+ (1) [13/9Ho
+4/3H10+4/3H2] + (8/9 - 28/9)Hoo)

3R = RET9-RE9 =

+8CCeny (zw,'sx 14144 113/2x— 346/3x% + {» (172 + 167x+ 8x%) /3
—Za(12x ]—13+65x—28xz'/—lefx)[IGZZZ+AH,mnA9H3n+AH3|
+102Hz ~ 12Hz00 — 2Ha10~ BHz22 ~ Ha| +8/3(< 1 +3) [4H_100+LaHo]
72!17X][B\H 30+H-200) +5L2H1 — 9zHo+ 25/12H; 0 — 6H1.00— H110
~ -+ Haa] +8/30¢ 1 —32) 6100+ Huso+3H12 — 5TaHi — Hao— Haa
+2/3(4x ]+é7—53x+25>3]H,zg—2/3(20x 1274+ 9x+56x%)H 10
+(89/9% 1455+ 1021/6x-+ 2297/18X — 4673 — 22XC3) Ho — (8/9x 1
+293/6+ 370/3x+ 538/9%° + 2(1— 7X)) Hoo — 32xHo 00 + (5 16/3x *
+85X)Ho 00— 1/6(115X 1+ 362~ 292x — 185x*) Hy — (6x 1 + 48+ 59x
+22) Hy = 2(5-+x—8/3) Hoo +4(2/3x '+ x+2X) Hy)

78(:,:2”,(—217r18—55/3)(’1+122,’9x71\)1,’6x2+l3(16x"736+24X}
7ZQ\127+138x7128x2/,372(1+x][16(%717Z3HD+BZQXH0—7ZQHOO
+100aH; + OHz0~ 12Hz00 ~ 2Ha10~ Moz + OHao + 4Haa — Hi]
+2(1-X)[5L2H1 + 2Hz0+139/12H10 - 6H100~ Hu10~ 3Hi2+ Haa
L8/3(x 1 Zw{szzm+5/3H1(,7aH,WH“WSH,NZHQMH“
— (527 + 2473x+ 8115 + 7202)/18Ho + (62 + 81/2x+ 208/9%%) Ho o
+(6+18x—8%%) Hooo+ (385/18x 1+ 190/3 — 143/3x — 667/18>%) Hy
v(28'9x”+71-46x+248/9x2)H274’G[Ax"7673x+5x2)H3)

7scpn3(\2,f9<23xfzx ‘7Zofxz)+2(17XV[13712H07H1+H29+H3

Hmm] (1-X)(Hy—H10) +4/3(x " >*) H10+ 2/9(3+ 18x+ 10x) Ho

— (7+X—44)[3Hgo— (20X ‘—SSXZ),’QH]+A377X+B,’3x2)(Zz*H2>)

R0 = P00 PN =
1603 (Pog(x) [ (1025/54 - 11/32 - 205) Ho — 49/3Ho0 — 33Hao + 16Ho000
—(268/9—8L2) (H0+ Hz) —44/3(H100+ H20+Ha) + 12H1000+ 4Hz00
+4H0 -+ 12He] + Pog(—X) [+ 16H-30 - 1632H -2~ 16H_2 10~ 22/3H 20
+28H_200+8H_52— 16H 1 20— 32H_1 100~ 16Z2H 10— 44/3H_100
+36H_1000+8H-120+16H_13+ (143 ~ 11/3%z) Ho+ 1602 Hop + 11Ho00
716H0N‘77AH30—12H.]—(1+x)[—ZAH,NfAEH,Ng—lA,’SHN
+28/3Hs] + (1) [32(H-a0+ H-200) ~ (88L/36— 2433) Ho - 27(H10+ Hy)|
44/3(x 7ty xf)[m,m +4H 100~ Hzo 2Hz] +(xt xz): +2261/54Ho
+134,'9(HN+H2)} — (44X 1486+ 14x+132)%)/30oHo + (536X 1 +425
+515x+ 752xC + 2882)/OHoo + (88X 1~ 10+ Bx-+ 44x%) Hooo+ 64xHo000)
—16c§n,(pgg<x\[—1155/27—2612;Huf4,/9H.m+6Hunn+40,'9[H10-H2\
+8/3(H100-+ Hz0-+ Ha)| +2/3pag(—) [2H-20+ 4H-100 +LzHo ~ 3Hooo]
7311Ax)[12H07H2‘,72H3] —(1—xV[173,’9Hn+2(HmAH1)] +1d)
[913,’54Hu+26,91Hm—Hz,\} +4/9(35x ‘—21+48x]Hm—4(1—4x>H.m)
+ gCAn,Z(pW\x):lﬂHg+12qu]+12(1+X)HQQ+(13(X 1-38) - 9+9x) Ho)

—BCAc;n,(fngg(xy Ho—269/6x 1 — 14— 113/2x+ 346/3>% — {» (172 + 167x
+8x%)/3+3(12x ]—13+65x—28xz/+211—x)[161§+2H,1Q—AH,|09
+1783Ho +4/3zHo — 3{zHoo + 1002H2 — 12H200 — 2H210— 6H22 + 4H31

9Ha0 - Ha] +8/3(¢ 2 +3)[4H_100+ LzHo| ~ 2(L-X)[8(H-20+ H_200)
+18H-20+ 92Ho +6aHo-+ 422Hoo ~ 145/12Hyo] + 'g(x,,,xz},
[3H-20 11/3Hs0-+ 52aHs — 6Hs 00— Hy.s0— 3Hy2+ Haa | + (40
+18x+1125%) /3H_1.0— (59% 1 + 45 + 1081 /6x + 157/2x%) Ho — (464X~
+329/2 - 146x — 66x%) /9Ho0 — (80/3% 1 — 17+ 15%) Ho 00 — 32XHo000
+(115x 4362 - 202x — 185x%) /6Hy — 1/9(34x 1 — 546 — 417x— 286)%) Hp.
+(8x 1410~ 14x— 24x2) /3Hp0— 8/3(x 1+5+13/2x+3>€1>—43)

1-x)

—54

—scén,(217r13+55/3x"—122,’9x—101'ex2—13(1ex"—3e+24x]—lzr3
(127 +188x+ 128x2) — 2(1+X) | 1623 + LzHo 0+ 104oH2 + 1783Ho — 12H200
2Ha10- 6Ha2+ OHao + AHa1 — H [g{x’] ¥)+2(1-x) [52Hy
+3Hy0~6Hi00~ 3Hiz— Hyso+ Haa| +(4x 1+ 283/6 + 280/2x+ 739/18X
— 82— 20Lpx— 16/3225%) Ho — (18+ 97/2x+ 163%) Ho 0 — (6 — 6x+8X%) Ho g0
(385 1+ 1140 858x — 667>C) /18H1 + 53/6 (1 X)Hy o (20/3x 1+ 45

+72x+ 243 Ha — (32/3x 1+ 14+ 6X) Ha0 — (16/3x - 8 12x)H;)

7B/BC;n$(4x 1+40746x+2x2—9Z2\3—7x+E,'Exz)—6(1+x)[3Z3—ZzHg
+3Ho00— Hao— 5Ha| — (92/3x 1~ 6.+ 48x—32/3:) Ho — (16x 483
A101x+28xZ)Hng+£20x 14274 9x—56x%) Hy + (4x 1 +3-3x—4x%)Hy o
+(16x ‘+39+51x—8xZ)H2)

S.M., Vogt ‘07

2007
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The large z-limit: =z — 1

# Large z-limit for diagonal splitting functions Pag), a=q,g

(2) A3 a a
P = B3 (1 — C3 In(1 — O(1
a1 (@) = o+ B (l—x) + CF In(1—2) + O(1)
one-loop A = 4Cp
two-loop Ag = 8CpCy (% — §2> — gCan
# A5 important for threshold resummation in soft/collinear limit
q o (245 67 11 11 1602 55 5
As = 16CpCH (24 9 Co + 6 C3 + 5 62 + 16 Cpny 24‘|‘ 3

209 10 7 2
— = 16 C ——
08 g @ 3C3>+ F”f( 27)
# Surprising relation for subleading logarithms
Ct =0, C3 = £(A}?, CF = £24743
» + — explanation See Dokshitzer, Marchesini, Salam ‘05

+ IGCFCAnf (—
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Time-like splitting functions
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-0.01

-0.02

_003 111

(3P0 f)/f
f=vx (1-x)°

-4

10

Differences § Pns = PL. — P2, between time-/space-like

non-singlet splitting functions at low scale of as = 0.2

Sven-Olaf Moch

Mellin moments (left); convolutions input shape f = /z(1 — ) (right)
Mitov, S.M., Vogt ‘06
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Time-like splitting functions

0.06_lllllllllllllllllll-0.14lllllllllllllllllll
005 - x(1-x) P (X) ] : X(1-x) Py (%) ]
- aq e g9
_ 1012
0.04 [- .
0.03 |- J ot
0.02 B 71 0.08
0.01 [~ .
i ] 0.06
0 —
;’ 0g=012, N,=5 ]
_0.01—1111111111111111111-0'04.111111111111111111
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

o Perturbative expansion of qu; and Pg:'; (multiplied by = (1 — z))
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Time-like coefficient functions

: ——— 1.6 —
' Of)/f

k
sl NLO-LO
"~ 0g=012,N,=5 7

( Ca,ns

I ag=012,N, =5
08 1 1 Lol 1

1 2 4 10 10 -2 10 -1 1
N X

# Coefficient functions for Q2 ~ M% Rijken, van Neerven ‘96; Mitov, S.M., Vogt ‘06

» Mellin moments (left); convolutions with input shape f = /z(1 — ) (right)
® cp ., for (time-like) process e"e™ — h+ X
® ¢ 5 In (space-like) deep-inelastic scattering

Sven-Olaf Moch Time-like splitting functions at NNLO in QCD — p.28


http://www-zeuthen.desy.de/~moch

The small z-limit: = — 0 (space-like)

o Structure of gluon splitting functions at small x

(2)8 B Inz 1 A
ng,x_m(x) p— Elgg ? —'— E2gg E + O(ln x)

» No logarithm In2 z/z in P2

» predicted by leading logarithmic BFKL equation
Kuraev, Lipatov, Fadin ‘77; Balitsky, L.N. Lipatov ‘78; Jaroszewicz ‘82

» Coefficient E>* in agreement with prediction of next-to-leading
logarithmic BFKL equation Fadin, Lipatov ‘98

6320 176 1136 32
BYY = (G = G = 32G)Ch+ (o — 5 G)Cing
1376

64
—( 57 T 3 (2)CaCrny
2675.85 + 157.269 n

110

99
E2

110

14214.2 4 182.958 ny — 2.79835 n’}
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P2 for 2 — 0 (space-like)

ob  XP(%)

- - -

- 5000 ..... _ 10000

-10000 2000

— exact 7

--- N=2.12 ', N.=4 °

o . - ,

1 IIIIIll1. 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII L1 11111l _30000 1 IIIIIIII...I IIIIIIII 1 IIIIIIII 1 IIIIIIII L1 111111

10° 10% 10° 10°% 10t 1 10° 10% 107 10°% 10t 1

X X
» Splitting function P2 (left) and P2 (right)
» exact result, estimates from N-moments and leading small-z term
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Convolution of small- =z terms with gluon PDF

40000 T T 1T o UL T T T T oo 80000 T T T T T T T T T 1T 1 rrm
I p® I =10
! (Pg' 0 9)/g ! (P 09)/g |
i E1+E2 . nf:4 7 B nf:4 -
20000 - ---""" 77 S~ — 40000 -
| E Ezj—r.n—c?r.rf‘ ~ 4 v L R _
° 7 \\\\\\ = -::‘:ﬁ o T T :;—ﬁ
exact ] ]
-20000 1. — -40000 -
_ xg=x"(1%)° - xg = (1-x)°
_40000 5| 1 ||||||| 4|. 1 ||||||| 3| 1 ||||||| 2| 1 ||||||| ]i L1 _80000 11 |||||||.'.4|- 1 ||||||| 11 ||||||| 2| 1 ||||||| 1| NI
10° 10% 10° 100% 100 1 100 10* 100° 10° 107 1

X X
# Comparison of exact result for ng) with various approximations of
small-x terms, schematic ‘steep’ (left) and ‘flat’ distributions (right)
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The small z-limit: = — 0 (time-like)
# Structure of (diagonal) splitting functions at small x
» double-logarithmic contributions with very large coefficients
s huge enhancement already at = > 10~°

s P () =
32
—— C’AC'an (2In° z + In? z) + 57 (1554 72(2) CaCFpns Inz + O(1)
2)T
LUPg(g) (:U) =
64 32

5 Ciln*z + = (33C3 +6Cins —10C4Cpng) In” z
8
+ 5 (389 — 144¢2) C + 136 CAny — 232CaCHny + 4nf(Ca —2Cp)|Ina
+ 2—7 [(4076 990 Co — 972C3) C§ + (739 — 36 (o) C 3y
— (1819 — 144 (2) CyCpny + 108052%]0 + 46nf2(CA —QCF)} Inz + O(1)
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Pg?T and Pé?T for x — 0 (time-like)

8 T UL 1.1 80 T T T TTTT

6 60

4 40

2 20

0 0

N, =5
2 111 | | _20 il |
107 107 1 107 107 1
X X

» Splitting function P'2) (left) and P2 (right)
s five flavours, multiplied by = (1 — ), divided by 2000 ~ (4r)?
» comparison with space-like splitting functions
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Complete N = 2 Mellin moments

Pq(C?)T(NZQ) = —ng)T(NZQ) =

el (53226 — 7334 (2 — 320 (3 + 256 ¢5)

S CRCA (G — TR G+ T G- ) — OO (B 4 2 G)

— OpCang (2 + 50 = 22 ) — Chng (Pt = T+ 5 o)
Pt (N=2) = —PZT(N=2) =

iy (52 - - Gt &)

b Oanf (o = 52 Gt 5 o) = CaCrny (G — 0 Gt Ga)

~ Cny (o 32y - R g) — ornf (- )

# First steps towards the complete time-like singlet splitting functions
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Summary

Deep-inelastic scattering

#® QCD precision predictions for electron-proton collision
» wealth of experimental information on proton structure
» radiative corrections for parton evolution

ete~ annihilation
o Theory results transferred to time-like evolution

» successful recycling of DIS
» use factorization and infrared safety (KLN) of observables

# Theory predictions
» non-singlet to NNLO
» singlet (diagonal) to NNLO

Outlook

# Complete time-like singlet splitting functions (Pq(;)T, Pg(g)T)
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