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• Perturbative Quantum Chromodynamics :
∗ Non-Abelian theorySU(3)c ;
∗ Problems ;
∗ Feynman diagrams, resummation approaches, probabilisticinterpretation of casca-

ding processes ;
∗ Infrared and collinear singularities ;
∗ Resummation schemes in QCD (→ MLLA andNext-to-MLLA) ;
∗ Coherence effects in QED and QCD ;

• Some tools in QCD.

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

• Single inclusive differential one-particle distributionas a function ofk⊥

(
dσ

σd ln k⊥

)

in

MLLA and NMLLA ; comparison with CDF preliminary data ;
• Two-particles energy correlations inside jets in MLLA and NMLLA ;
• Conclusions.
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Perturbative Quantum Chromodynamics : Jet Calculus
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QCD : SU(3)c non-Abelian gauge theory of quarks and gluons
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�Problems

• αs(Q2 → Λ2
QCD) → ∞ ;

• Infraredandcollinearsingularities⇒ problems on the convergence of the resumed series
through their large logarithmic contributions ;

• Hadronization (confinement).
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�Different approaches

• Exclusive Processes : resummation of all Feynman digramsat a given order inαs ;
• Inclusive processes (jet calculus) : resummationof all leading, sub-leading logarithmic
contributions (. . . ) coming from the emission ofsoft and/orcollineargluons in jets.
Planar Gauge⇒ only ladder diagramscount in | amplitude|2 ⇒ branching processes and
probabilistic interpretation: vertices can be replaced bysplitting functions.

amplitude “probabilisticbranching processes”
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�Infrared and collinear singularities

Q

jetE

Eg

Θ

• collinearsingularity :Θ → Θmin ≡ Q0/Eg (k⊥ ≈ EgΘ ≥ Q0) ⇒ divergence inlog Θ ⇒
αs log Θ

⇒ resume over all log. contributions coming from the emissionof all collinear gluons inside
a cone of opening angleΘ > Θmin ;

• Infraredsingularities : whenEg � Ejet (x = Eg/Ejet � 1) ⇒ divergence inlog(1/x) ⇒
αs log(1/x)

• in general :Infrared+ collinear⇒ αs log(1/x) log Θ.
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�Some resummation schemes

• LLA :
(

αs log
k2
⊥
µ2

)n

, resummation of single logs (Deep Inelastic Scattering) ;

• DLA : (αs log(1/x) log Θ)n ; αs log2 ∼ 1 (log ∼ α
−1/2
s ) ⇒ main ingredient to the estimation

of inclusive observables in jets ; neglects the recoil of theparent parton⇒ overestimates
particle production ;

• Single Logs (SL) :

∗ (αs log Θ)n ∼ α
n/2
s : emission of hard collinear partons (z ∼ 1) ;

∗ other possible origins like the running ofαs : corrections∝ β0 ;

• MLLA :



αs log log
︸ ︷︷ ︸

DLA(1)

+ αs log
︸ ︷︷ ︸

SL(
√
αs)





n

; SL corrections to DLA “restore”energy conservation

and take into account the running ofαs (evolution of the jet) ;

• NMLLA :



αs log log
︸ ︷︷ ︸

DLA(1)

+ αs log
︸ ︷︷ ︸

SL(
√
αs)

+αs log log−1

︸ ︷︷ ︸

NSL(αs)





n

; NSL corrections take better account of

energy conservationand allow the increase the range of validity in “x”.

∗ ∗D (log z + log(1/x))
z∼1≈ D (log(1/x)) +

∂ D

∂ log(1/x)
log z + O(log2 z)
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�Coherence effects in QED and QCD

• QED : accelerated electrical charges coherently radiate bremsstrahlung photons (Θγ <
scatteringΘ) ;

• QCD : accelerated color charges coherently radiate bremsstrahlung gluons (Angular Orde-
ring : AO) :

∗ in DLA Θi+1 � Θi (“strict” AO) ;

∗ in MLLA Θi+1 ≤ Θi (“exact” AO). ΘΘ i
i+1

⇒ the parton tree as a cypress rather than an oak. . .



Some tools in QCD



• Exactsolution ofapproachedintegro-differential equations: MLLA evolution equations at
x� 1

∗ for the one-particle inclusive distributions ;

∗ for two-particle correlations (iterative solutions).

They follow from taking variational differentiation over agenerating functionalZ which
satisfies theMLLA Master Equation:

B

h

Θ
Θ

C

0 E

zE

(1 − z)E

 xE

A = (Q, G)

d

d ln Θ
ZA (p,Θ; {u}) =

1

2

∑

B,C

∫ 1

0

dz Φ
B[C]
A (z)

αs
(
k2
⊥
)

π
(

ZB

(
zp,Θ; {u}

)
ZC

(
(1 − z)p,Θ; {u}

)
− ZA

(
p,Θ; {u}

))

∗ inclusive one-particle spectrum :D = δ
δuZ(u) ;

∗ two-particle 4-momentum correlationD(2) = δ2

δu1δu2
Z(u) ;

∗ etc. . . (just like in quantum field theories).



• Solution ofDokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) partonic evolution equa-
tionsin Mellin’s space (valid forx ∼ 1) (we use it in certain integrals) ;

d

d lnQ2
D(x,Q2) =

∫ 1

x

dz

z

αs(Q
2)

2π
Φ(z)D

(x

z
,Q2
)

D(j,Q2)
︸ ︷︷ ︸

Known !

=

∫ 1

x

dx xj−1D(x,Q2)

• Derivativesd
n

djn
D(j,Q2) =

∫ 1

x dx x
j−1 lnn xD(x,Q2), n = 1, 2,. . .

• Numerical calculation (Fortran-90).



Single inclusive one-particle differential cross section1σ
dσ

d ln k⊥
as a

function of k⊥

R. Perez Ramos, F. Arléo & B. Machet,arXiv :0712.2212 [hep-ph]

F.Arléo, R. Perez Ramos & B. Machet,Phys.Rev.Lett.100 :052002,2008

R. Perez Ramos & B. Machet,JHEP 04 (2006) 043
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�Setting up the problem

DA 0
D

Θ0
hA
A

xE

h

(Jet Axis)

Θ
A 0 E uEA

Collision

k

Angle d’ouverture du jet

Parton initiant le jet Etat vituel (u~1)

Angle de production de h(Θ <  Θ   )0

= xE Θ > Q0

(
dσ

d ln k⊥

)

g or q
︸ ︷︷ ︸

Measurable !

=

∫

dx

(
d2σ

dx d ln k⊥

)

g or q

where
(

d2σ

dx d ln k⊥

)

A0

=
d

d ln k⊥

[
∑

A

∫ 1

x

duDA
A0

(u,EΘ0, uEΘ)Dh
A

(x

u
, uEΘ, Q0

)
]

⇒ valid ∀x < u and dominated byu ∼ 1 ! !



Smallx (x� 1) approximation⇒ analytical results

�
�

�
DA

A0
(u = O(1) . . .) : DGLAP; Dh

A(x
u
� 1 . . .) : (N)MLLA

• Perturbative Parameter of the expansion, kinematics and variables :

γ2

0 = αs

(
k2

⊥
) 1

2π
=

1

β ln
Q

ΛQCD

=
1

βYΘ0

, YΘ0
= ln

Q

ΛQCD

, β =
1

4Nc

(
11Nc

3
− 2

3
nf

)

;

` = ln (1/x) , y = ln (k⊥/Λ) , k⊥ ≈ xEΘ, ΛQCD ≈ 0.253 GeV

⇒ Double differential inclusive cross section :
(
d2σ

d`dy

)

A0

x�1≈ d

dy

[
< C >A0 (`, y)D̃h

g (`, y)
]

• < C >A0 (`, y) ' c0(`, y) × 1 + c1(`, y) ×
√
αs + c2(`, y) × αs + O(α

3/2
s ) :

color current(varying color factor) ; describes the evolution of the jet betweenΘ0 andΘ.

• D̃h
g (`, y) : ( (N)MLLA evolution equations) describes thehump-backed plateauin the limit

Q� Q0 ∼ ΛQCD (limiting spectrum).DNMLLA
g ≈ DMLLA

g .



∗ Reminder : MLLA hump-backed plateauKch × 1

σ

dσ

d ln (1/x)
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∗ Q� Q0 ∼ ΛQCD, γ0 ≈ 0.5
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“Next-to-MLLA” evolution equations for the inclusive spectrum Dh

A

“Next-to-MLLA” coupled system of integral equations forDh
g ≡ G andDh

q ≡ Q :

G(`, y)
︸ ︷︷ ︸
gluon jet

= δ(`) +

∫ `

0

d`′
∫ y

0

dy′γ2
0(`

′ + y′)
[

1︸︷︷︸
DLA

− (a1 + a2ψ`(`
′, y′)) δ(`′ − `)

]

G(`′, y′),

Q(`, y)
︸ ︷︷ ︸
quark jet

= δ(`) +
CF
Nc

. . . G(`′, y′) . . .

` = ln(1/x) ≡ ln
E

k0

, y = ln
k⊥
Q0

, λ = ln
Q0

ΛQCD

γ2

0(`+ y) =
1

β(`+ y + λ)
, Y = `+ y = ln

EΘ

Q0

G(`, y) =
1

σ

dσ

d`

• DLA term :∝ 1 ⇒O(1)

• hard corrections :∝ a1 ≈ 0.935, O(
√
αs)(MLLA ); ∝ a2 ≈ 0.06, O(αs)(NMLLA ) since

ψ` ≡ G`/G = O(
√
αs)

• G(`, y) = (` + y + λ)

∫
dωdν

(2πi)2
eω`+νy

∫ ∞

0

ds

ν + s

(
ω(ν + s)

ν(ω + s)

)1/β0(ω−ν)( ν

ν + s

)a1/β0

e−λs

• Q ' CF
Nc

(
1 + r1

√
αs + r2αs

)
G
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The color current < C >A0 at Q = 155 GeV (Tevatron)

Gluon Quark
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• NMLLA sources : < C >A0= O(αs) and d
dy < C >A0= O(αs)

⇒ d2σ

d`dy
(`, y) → dσ

dy
(y) =

∫

d`

(
d2σ

d`dy

)

.
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�Limitations of the method ⇒ ranges of validity in MLLA and NMLLA :

2 contradictory conditions should be simultaneously satisfied :x� 1 andαs(k⊥) � 1 ;

• At too largek⊥, thesmallx approximation fails (k⊥ ≈ xEΘ) because of positivity pro-
blems⇒ ∃ k⊥max = f(Q) (NMLLA>MLLA).

• Whenk⊥ → ΛQCD, theperturbativeexpansion fails (αs(k⊥) → ∞).

k⊥ > k⊥min ⇒ y > 1.4 ⇔ k⊥ > 1 GeV

⇒ ∃ range of validity: k⊥min ≤ k⊥ ≤ k⊥max (NMLLA>MLLA) which increases when
energy scale increases.

→ LHC will supply tests of pQCD in a much larger domain ofk⊥ than the Tevatron.



⇒ Hadronic single inclusive one-particle cross section as a function ofy = ln(k⊥/1GeV ) for
Q0 → ΛQCD = 250 MeV :

(
dσ

d ln k⊥

)ch

= ω

(
dσ

d ln k⊥

)

g

+ (1 − ω)

(
dσ

d ln k⊥

)

q

/1GeV/c)Tln(k
-0.5 0 0.5 1 1.5 2 2.5

)
T

1/
N

’ d
N

/d
ln

(k
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1

CDF Run II

Total Uncertainty

MLLA (Perez/Machet)
NMLLA (Arleo/Perez/Machet)

=74*0.5=37 GeVcθ
jet

Q=E

)<0.0 (N’)TNormalized to bin:-0.2<ln(k

/1GeV/c)Tln(k
-0.5 0 0.5 1 1.5 2 2.5 3

)
T

1/
N

’ d
N

/d
ln

(k

-310

-210

-110

1

CDF Run II

Total Uncertainty

MLLA (Perez/Machet)
NMLLA (Arleo/Perez/Machet)

=180*0.5=90 GeVcθ
jet

Q=E

)<0.0 (N’)TNormalized to bin:-0.2<ln(k

MLLA : 0 ≤ ln(k⊥/1GeV ) ≤ 1.0 MLLA : 0 ≤ ln(k⊥/1GeV ) ≤ 1.6

NMLLA : 0 ≤ ln(k⊥/1GeV ) ≤ 2.4 NMLLA : 0 ≤ ln(k⊥/1GeV ) ≤ 2.8
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Going beyond the limiting spectrum approximationλ = ln(Q0/ΛQCD) 6= 0
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1/
N

’  
dN

 / 
d 

ln
 k

⊥

⇒ Limiting spectrum (λ→ 0) is the most successful candidate in the description of the data !
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Conclusions for

dσ

σd ln k⊥

• Very good agreement between NMLLA predictions and the CDF data in a broaderk⊥ range
than in MLLA ; NMLLA →MLLA asymptotically ;

• Further test of LPHD hypothesis (partons roughly behave as hadrons) ; pQCD successfully
predicts the shape of1

σ
dσ

d ln k⊥
and dominates over non-perturbative effects : this has alsobeen

confirmed for multiplicities, multiplicity correlators (KNO problems where an analogous set
of NMLLA corrections was included !), hump-backed plateau ;

• Limiting spectrum proves once again to be the most successful to describing the data ;

• Efficiency of jet calculus in the estimation of inclusive observables ;

• Correlations : less inclusive ( 2 particles) ; role of non-perturbative effects ?



Two-particle correlations inside jets

R. Perez-Ramos,JHEP 06 (2006) 019

R. Perez-Ramos,JHEP 09 (2006) 014



 Θ
Θ

 1

2  ω1

E (1−z)E

zE

 

 ω

2Θ

A

B

C

Exact Angular Ordering :Θ ≥ Θ1 ≥ Θ2

G(2), Q(2)(ω1, ω2) ≡ ω1ω2
d2σ

dω1dω2
? ?
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�MLLA evolution equations for two-particle correlations in side quark and gluon jets

System of two coupled evolution integral equations :

G(2)(`1, y2, η) −G1(`1, y1)G2(`2, y2) =

∫ `1

0

d`

∫ y2

0

dy γ2
0(` + y)

[

1︸︷︷︸
DLA

−aδ(`− `1)
]

G(2)(`, y, η)

+(a− b)

∫ y2

0

dy γ2
0(`1 + y)G(`1, y + η)G(`1 + η, y),

Q(2)(`1, y2, η)−Q1(`1, y1)Q2(`2, y2) = . . .

DLA term :∝ 1 ⇒ O(1) ; MLLA corrections :∝ a, (a− b) ⇒O(
√
αs)

η = `2 − `1 = y1 − y2 = ln(x1/x2) > 0

Correlator :

�

�

�

�
Cg =

G(2) (`1, `2, Y )

G (`1, Y ) G (`2, Y )
, Cq =

Q(2) (`1, `2, Y )

Q (`1, Y ) Q (`2, Y )

Independent of the normalization→ refined test of partonic dynamics !

G,Q : Inclusive spectrum∝ x
dσ

dx
; G(2), Q(2) : ∝ x1x2

d2σ

dx1dx2
.
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�Fong and Webber’s approximation (1990) : first and only MLLA calculation
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Gch

(

` = ln (1/x) , ln
Q
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)

= Kch × 1

σ

dσ

d ln (1/x)

Q� Q0 ∼ ΛQCD, γ0 ≈ 0.5 ; `1 ≈ `2 ≈ 1

2
ln Q

Q0

Perturbative expansion in1+
√
αs at smallx near the hump region: ln(1/x)max = 1

2 ln(Q/Q0) :

R (`1, `2, Y ) ≡ 1

2
(1 + Cq) = 1.375 − 1.125

(

l1 − l2

ln Q
Q0

)2

−
[

1.262 − 0.877
(l1 + l2)

ln Q
Q0

]

1
√

ln Q
Q0

.
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�Analytical solution of the evolution equations at smallx

The normalized correlatorCg(`1, y2, η) =
G(2)

G1G2
→ 1 if independent emission.

The analytical solutionat smallx reads

Cg − 1 =
1 − δ1 − b

(
ψ1,` + ψ2,` − [βγ2

0 ]
)
− [aχ` + δ2]

1 + ∆ + δ1 +
[

a (χ` + [βγ2
0 ]) + δ2

]

• Terms in black expressed through the logarithmic derivatives of the inclusive spectrum ;

• ∆ (DLA) decreases the correlation whenx2 6= x1 ;

• the solution is obtained iteratively overCg : all the terms inorangein its r.h.s. depend onCg
and aresmall corrections(χ = ln Cg . . . ) ;

• it mixesO(
√
αs) (MLLA) and O(αs) (NMLLA) corrections.



χ` =
∂χ

∂`
= O(γ2

0), χy =
∂χ

∂y
= O(γ2

0);

ψi = lnGi, ψi,` =
1

Gi

∂Gi

∂`
= O(γ0), ψi,y =

1

Gi

∂Gi

∂y
= O(γ0);

∆ = γ−2
0

(

ψ1,`ψ2,y + ψ1,yψ2,`

)

= O(1);

δ1 = γ−2
0

[

χ`(ψ1,y + ψ2,y) + χy(ψ1,` + ψ2,`)
]

= O(γ0);

δ2 = γ−2
0

(

χ`χy + χ` y

)

= O(γ2
0), δc = δ1 + δ2 + aχ` ' 10−2.
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�Comparison with Fong & Webber’s predictions
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∗ gaussian approximation of the ”hump-backed plateau” :

G(`i, Y ) ' exp

[

−(`i − Y/2)2

Y 3/2

]

Cg(`1, `2, Y ) ≈ 1 +

1 −
(

5b− 3b
`1 + `2
Y

)

γ0 + O(γ2
0)

3 + 9

(
`1 − `2
Y

)2

−
(

2β + 5a− 3a
`1 + `2
Y

)

γ0 + O(γ2
0)

∗ expanded in1 + γ0(∼
√
αs) :

CFW

g ≈ 4

3
−
(
`1 − `2
Y

)2

+

[

−5

3

(

b− 1

3
a

)

+
2

9
β +

(

b− 1

3
a

)(
`1 + `2
Y

)]

γ0 + O(γ2
0)
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�Comparison with existing data : OPAL, Q = 91.2 GeV ; JHEP 04 (2006) 043
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⇒ Forthcoming data from CDF will be compared with our predictions.
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�Comparison between MLLA and NMLLA predictions
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⇒ NMLLA terms do not bring better agreement with OPAL data
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�Conclusions

• In both approaches (exact and Fong-Webber’s) : correlations are the strongest whenx1 =
x2 ;

• The behavior of the correlation as predicted by the exact solution of theMLLA evolution
equations is different :

∗ it flattenswhen(x1, x2) decrease ;
∗ and it startsdecreasingas (x1, x2) gets smaller : decorrelation following from the

emission of gluons at larger angles (destructive interferences occuring in phase space) ;

• The exact solutioncomes closer to the data and roughly follows the shapebut adisagree-
ment subsists ;non-trivial hadronization effectsmight play an important role (specially at
relative small transverse momenta :large resonances from bound states!).
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Varying ΛQCD ⇒ O(αs)
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⇒ The shape and normalization of our prediction stay pretty close to the one evaluated with
ΛQCD = 250 MeV !
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Scaling violation in DGLAP ⇒ O(αs)

One writes

DA
A0

(u,EΘ0, uEΘ) = e
ln u

d

d ln(EΘ)DA
A0

(u,EΘ0, EΘ)

where

d

d ln(EΘ)
=

d

dξ

dξ

d ln(EΘ)
= −1

b

1

ln(EΘ)

d

dξ

so that

e
ln u

d

d ln(EΘ) = 1 − 1

b

lnu

ln(EΘ)

d

dξ
+ O(α2

s).

Finally, the integral in the convolution can be approached by

∫ 1

x

duuDA
A0

(u,EΘ0, uEΘ) ≈
∫ 1

x

duuDA
A0

(u,EΘ0, EΘ)−1

b

1

ln EΘ
Λ

∫ 1

x

duu lnu
∂DA

A0

∂ξ
+O(α2

s).

We can now estimate the order of magnitude of this correction. Taking, for exemple, the
analytic form ofDq

q(u) (non-singlet combination of quark distributions) in theu→ 1 limit



we are aimed to compare

I =

∫ 1

x

duu(1 − u)−1+4CF ξ

and

δI =
4CF

b(` + y + λ)

∫ 1

x

duu ln u ln(1 − u) (1 − u)−1+4CF ξ.

whereξ = 1
b ln
(
YΘ0
YΘ

)

. For instance,ξ(YΘ0 = 6, YΘ = 3) = 0.08 is a typical value at LEP or

Tevatron energy scales. In that caseδI/I × 100 ≈ 4%.


