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Modern methods for trees

1. Color organization (briefly)

2. Spinor variables

3. Simple examples

4. Factorization properties

5. BCFW (on-shell) recursion relations
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How to organize
gauge theory amplitudes

« Avoid tangled algebra of color and Lorentz indices
generated by Feynman rules

P p
q
k .
:z:gi_@mc = igs [ " [Mup(p — D+ Mpu(a — k)w + mw (k= p)]
7}
v ? P structure constants

- Take advantage of physical properties of amplitudes

* Basic tools:
- dual (trace-based) color decompositions
- spinor helicity formalism
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Color

Standard color factor for a QCD graph has lots of structure
constants contracted in various orders; for example:

as
aj
a4 y b o falazb fa3a4c fbca5

a3 ao

Write every n-gluon tree graph color factor as a sum
of traces of matrices T2 in the fundamental (defining)
representation of SU(N,):

Tr(T17%2...7%% )  + all non-cyclic permutations

Use definition: [7¢, T°] = i febe e

be — _ . b :
+ normalization; Tr(79T?) = s 2 for == Tr([T%, T°] T°)
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Double-line picture ('t Hooft)

* In limit of large number of colors N, a gluon is always a
combination of a color and a different anti-color.

* Gluon tree amplitudes dressed by lines carrying color
indices, 1,2,3,...,N..

« Leads to color ordering of the external gluons.

« Cross section, summed over colors of all external gluons

= ¥ |color-ordered amplitudes|?

« Can still use this picture at N_=3.

» Color-ordered amplitudes are 2 J
still the building blocks.

« Corrections to the color-summed

Cross section, can be handled
exactly, but are suppressed by 1/ N_?
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Trace-based (dual) color decomposition

For n-gluon tree amplitudes, the color decomposition is

tree _ —2 : n treesq1h h h
-An ({k’wanhz}) — g? Tr(TalTa2”'T&g)An (1 1:2 2:"'7”’ n)
f [ \ -+ non-cyclic permutations/(
momenta o
color helicities :
h; = +1 color-ordered subamplitude only depends on momenta.

Compute separately for each cyclicly inequivalent
helicity configuration (h1,ho,...,hn)

« Because AY®(1",2"2 ... n") comes from planar diagrams
with cyclic ordering of external legs fixed to 1,2,...,n,
it only has singularities in cyclicly-adjacent channels s;;,, , ...

Similar decompositions for amplitudes with external quarks.
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Far fewer factorization channels
with color ordering

An
3 k+1
1
N 16

(k)
partitions

4

k+2 n n-1 k+2
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Color sums

Parton model says to sum/average over final/initial colors
(as well as helicities):

dotr®® o 3 57 |AYe({k;, as, b))
Insert: @i hy

Agee({ki, aj, b)) = g?_QTF(T&lTGQ LT Agee(lhl, 2h2’ o ,nhn)
+ non-cyclic permutations

and do color sums to get:

1otree N?’ Z Z |Agee(g(1h1), a(2h2), ... ,U(nh”))|2 + O(N;2)
o€Sn/Zn h;

- Up to 1/N_? suppressed effects, squared subamplitudes have
definite color flow — important for development of parton shower
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Spinor helicity formalism

Scattering amplitudes for massless
plane waves of definite momentum:
Lorentz 4-vectors k# ki>=0

Natural to use Lorentz-invariant products
(invariant masses): s;; = 2k; - k; = (k; + k;)>

But for elementary particles with spin (e.g. all except Higgs!)
there is a better way:

Take “square root” of 4-vectors k# (spin 1)
use Dirac (Weyl) spinors u (k) (spin ¥2)
right-handed: (X\;)a = ug(k;) left-handed: (\;)q = u_(k;)

d.9,y, all have 2 helicity states, h = + _0_, _0_,
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Massless Dirac spinors

Positive and negative energy solutions to the massless
Dirac equation, k¢« (k) =0, Fuv(k)=0
are identical up to normalization.
Chirality/helicity eigenstates are

ur (k) = 3(1£5)ulk), vi(k) = 3(1£75)v(k)
Explicitly, in the Dirac representation

\/F v""’ﬂ—_r_i*%
) . 1 VEk—e'Pr . ) 1 — \_/],'+
If_i_(\jl) = E_(AJ — 75 |: \/F H_(\AJ— I_|_(}(z) ——2 |:VT(’I¢k:|
VEk—el¥r Vk+
:‘:E\r’l:-\k o lll'l :|: !;il'lFQ

€

- .\/(\]).1)2_1_(;[.2)2 Lt — 103
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Spinor products

Instead of Lorentz products:  sij = 2k; - kj = (k; + k;)?
Use spinor products: % _ (k;)uy (k;) = gaﬁ()\i)a()\j)ﬁ = (i 7)

iy (ku—(k;) = e (X)a(X;) 5 = [i 7]

Identity 4 (0u)aa = (Fi)aa = ut (k) (k) = (A)a(X)a
—> These are complex square roots of Lorentz products (for real k.):
(ij)ljil = 5Tr [/éz ]éj} = 2k; - kj = 345

(i) = \/s5¢" %0 [ji] = /s 'V
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~ Simplest Feynman diagram of all

2 ¢ ar add helicity information,
Y numeric labels
. .
o g Ag = 2’1,82@6@(](5?::144
1 L L
A = v (k) u (k) w(ka)uon (ka) Flerz identty |
112 e (0Maa (o) =2 8365
= 5 (aa(2)* (D) (07 (R3)5(Na)g
512
1 ary Q& Ky — " y
= i (A2)*(A1)"(Aa)a(A3)s = T
) 4
(24)[13] 513 —el? helicity suppressed
Ay = 510 = 61@5: (1—cosb) as 13 or 2|4
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Useful to rewrite answer

1+
(24)[1 3]

2->mm< )
A

Ay =
512

(24)[13](13)

Crossing symmetry more manifest
if we switch to all-outgoing helicity labels

(flip signs of

Incoming helicities)

useful identities:

(12)[21] (13)
(2 4) [2 4] (2 4)

(12)[24](4 3)

(24)2

(12)(34)

“holomorphic”

[13]°

or [12][3 4]

Ay =

Beyond Feynman Diagrams

“antiholomorphic”

Lecture 2

(i) = —(?)
[ij] = —lj1]
(i1y = [ii] =0
(@g) [Gi]l = sqj
Y (iHlikl = 0
j=1
S12 = 834
$13 = 824
(@g)(kl) — (ik)(Gl) = (i)(kj)
Schouten
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Symmetries for all other helicity config’s

pang

(14)2
— T {12y(34)

—

[24]° 1
A4 — [12][34] 4 — [1[2]1-3 4]
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Unpolarized, helicity-summed cross sections

(the norm in QCD)

do(etTe™ = qq) > (24)2 |2 (14)2 2
d cos 6 O<h§ez|.|A4| o 2“(12}(34)‘ +‘(12)(34)‘}
— 2334"‘3%4
<2
12

— % [(1 — cos8)? + (1 + cos8)?]
— 1+ cos?0
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Helicity formalism for massless vectors

Berends, Kleiss, De Causmaecker, Gastmans, Wu (1981); De Causmaecker, Gastmans, Troost, Wu (1982);
Xu, Zhang, Chang (1984); Kleiss, Stirling (1985); Gunion, Kunszt (1985)

ey = etk q) = (T [yula ™) reference vector gt
o e \/§<7’Q> is null, g2 =0
V289 dlg) =0
(FD)ae = £ (kiyg) = Y2212
(i q)
obeys ez-+ -k; =0 (required transversality)

s,fr +q=20 (bonus)

under azimuthal rotation about k; axis, helicity +1/2 5\? — €i¢/25\?
helicity -1/2 A& — e ~/2)¢
+ A e | i
SO 7 X xE e'? ¢ as required for helicity +1
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Next most famous pair
of Feynman diagrams

(to a higher-order QCD person)

g 4

e T, _ (25 1FI(kst Ka) #4137
> $12 V2 s34
& q L (13127 (Kat k) #4 15T)
::::>“AA£AAK<;%§ﬁ‘Q v12 V2 545
e q
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Ag =

eTe” — qgg (cont)

(25) (1F|(f3+ Ka) #5137
$12 V2 834

L (13127 (Kt Fs) #4157
$12 V2 sas

_(25) (1T (K3+ Ka)laT)[4 3]

$12 s34(45)
4 13127 |(Kat Ks)47)(a5) )

$12 s45(45)

Choose ¢ = ks
to remove 2" graph

(25) (1T|(K3+ k4)[5T)[43]

512 534(45)
(25)[12](25)[4 3]

(12)[21](34)[43](45)

~ (12)(34)(45)

(25)°
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Properties of As(eTe™ — qgq)

1 softguonberavor 14 [

A — (25)2 _ (35) (2 5)2
5 T 12)(34)(45)  (34)(45) « (12)(35)

— 8(3,47,5) x A4(1FT,27.37,57)

Universal “eikonal” factors S(a,st,b) = mS 2 )
for emission of soft gluon s - [0 b]
between two hard partons a and b S(a,s7,b) = — [a s][s b]

Soft emission is from the classical chromoelectric current:
iIndependent of parton type (g vs. g) and helicity
— only depends on momenta of a,b, and color charge:

e (ka5 (q)-kp (aq) (bg) _ (ab)

ka-ks Foks & (sq)(as) — (sq)(bs) — {as){sb)

Beyond Feynman Diagrams Lecture 2 April 25, 2013 19




Properties of As(eTe™ — qgg) (cont.)

BNCHRERBRAN = '+ 's==br o= (1 )k

kp=ks+ ks, k%—0
)\3%\/5)\p, A~ /1 —zAp, etc.

A — (25)2 N 1 (25)2
5 T 12)(34)(45)  VI-2(34) " (12)(P5)

— Split_(3],4,) x A4(1F,27,P1,57)

a p a Z Square root
of Altarelli-Parisi
° b 1z splitting probabilility

Universal collinear factors, or splitting amplitudes
Split_y,,(a"e, b™) depend on parton type and helicity %
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Simplest pure-gluonic amplitudes

Note: helicity label assumes particle is outgoing; reverse if it's incoming

Strikingly, many vanish: * oS .

A}Lree(]_i, 2‘{" o ’n—l—) _ + . : _ - . : _ O

iy +

Maximally helicity-violating (MHV) amplitudes:

A, MHV . — - ptreeq 4 oF i i, nT)
. 1 ¥
J +
2 C a4
= 7 T = (1])
, . (12)(23)---(n1)
i- (-1 Parke-Taylor formula (1986)

Beyond Feynman Diagrams Lecture 2 April 25, 2013 21



MHV amplitudes with massless quarks

more vanishing ones: Afee(1z, 28,37, .,

the MHV amplitudes:

Agree(lg,Qj,...,r,...,n+) —

Related to pure-gluon MHV amplitudes by a secret supersymmetry:
after stripping off color factors, massless quarks ~ gluinos

Grisaru, Pendleton, van Nieuwenhuizen (1977);
Parke, Taylor (1985); Kunszt (1986); Nair (1988)
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Properties of MHV amplitudes
1. Soft limit. (i) _ey) (i)*

(12)---(as)(sb)---(n1l) (as)(sb)(12)---(ab) --(nl)
ks — O — Soft(a,sT,b) x A% MHV

T e L

(i5)* (i)*
(12)---(a—1,a)(ab)(b,b+ 1) --(n1) 1/z(l—z Yab)y(12) --(a—1,P)(P,b+1)---(nl)
— Split_(a™,bH) x 4% MAV

So

Split_(a™,67) = \/ﬁw)

2

. — 14y — z
and  Splity(a™,b7) = V7z(1—2) (ab) plus parity conjugates

Sp|it_|_((l+; b™) = \/zgii—g@w
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Spinor Magic

Spinor products precisely capture
square-root + phase behavior in collinear limit.
Excellent variables for helicity amplitudes

0 1
~N — N —

scalars S
0 p Sij

1
Y

gauge theory

angular momentum
mismatch

1 1

.

(i3) ~ lij]
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Utility of Complex Momenta -

» Makes sense of most basic process: all 3 particles massless k+mi
sij = 2ki-kj= (ki + k)2 =0 Vij  (ij)[ji]=s; i-

real (singular)

/

(ij) = [ij] = s;53, = O Vi, ]

|

complex (nonsingular) i/l =0 but (ij) % 0
1] = t]
(i 5)*

/\ (12)(23)(31)

makes sense

use conjugate kinematics for (++-): Ai X Aj < A (ij) = 0,[ij] # O
Beyond Feynman Diagrams
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Tree-level "plasticity”
- BCFW recursion relations

 BCFW consider a family of on-shell amplitudes A.(z)
depending on a complex parameter z which shifts the
momenta to complex values

S)

* For example, the [n,1)> shift:
A1—>5\1=)\1+2)\n j\1_>)v\1 ~

o 3
. On-shell condition; 1“0y = (F1)*(F1)ae 2
= (M1 +22)(M1 +220))[11] =0

similarly, % = 0
« Momentum conservation:
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Analyticity = recursion relations

=X o A0) = A(2) /\
m meromorphic function, )
each pole corresponds °

to one factorization

Cauchy: If A(oco) =0 then

fd= 23 = 4(0) + ), Res[ 22| __

A=A+ 2\

s
> 3

0=

27TZ

Where are the poles? Require
on-shell intermediate state,

0 = (k1(2) +kha+ -+ k)% = (2Anh1 + Kq 1)?
— — 2 —
— Z(’)’L | Kl,k'l >+K1,k < o
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Final formula

Britto, Cachazo, Feng, hep-th/0412308

n—2
An(1,2,...,0) = - Ak+1(1,2,...,k,—K£2)
h=d+ k=2
) ~ _
1.k

A..;and A_ ., are on-shell color-ordered tree amplitudes with fewer legs,
evaluated with 2 momenta shifted by a complex amount
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To finish proof, show A(x) =0

Britto, Cachazo, Feng, Witten, hep-th/0501052

Propagators: n-
1 B 1 1 0000 %0
—~ - ~- -
Kik(z) K]?,k + ZA%(Kl,k)ad)\(ib 2 'l' N
. . ~ ~J 000
3-point vertices: o« kH(z) x z S S
>, S
Polarization vectors: SOV (=
X1\ 1 AnX 1 =
;zq'_ X 179 £ X e o = s
2 =
Total: 0
1 1\" 1 1 OV ’
— X (z—) ax = = = ':' ‘g‘ Q-
z z z z O ~+
S 1
»
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MHYV example

Apply the [n,1> BCFW formula to the MHV amplitude

(jn)*

AIMBAV — p (1t ot T nT) =

The generic diagram vanishes J (k+1)*

because 2+2=4>3

So one of the two tree

amplitudes is always zero

The one exception is k = 2,

which is different because +
Az(1T,27.37) %0

3)
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<12>

MHV example (cont.) C\

 For k=2, we compute the value of z:
B 512 _ (12)[21] _ (12
(n=[(L+2)]17) (n2)[21] (n2)
« Kinematics are complex collinear
(12) = (12)+20(n2)=0 [12]=[12]#0

Sy == <f[ 2>[2 j:] =0

) —

* The only term in the BCFW formula is:

An_1(P,3T,. .57, ..., nT)——Ag(1t, 2t - 2y
S12
_ (j iy 1 [12]°
(P3)(34) - (n— 1,m)(n P) 5122 PI[P1] S
— (i) L _[12F As(+,4.+) =0

(P3)(34)---(n—1,n)(nP)sip[2 P][P1]
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MHV example (cont.)

 Using (n~[(1 4 2)[27) 4+ 2(nn)[12] = (n1)[12]
(3 (371(1+2)[17) + 2(3n)[11] = (32)[21]

one confirms

(n)* 1 [12)°

(P3)(34)---(n—1,n)(nP)s12[2 P][P1]

(jn)*[12]°

((12)[21])([1 a]<23>)(<n 1[12])(34) - - (n—1,n)
(Jn)

(12)(23)---(n—1,n)(n1)

— Agln,I\/IHV

« This proves the Parke-Taylor formula by induction on n.
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0 by SUSY

\/ \/

Initial data

o+
5 4
oo @,@ .. 4
- i7
65 .

- (12)(23)---(n1)

i * Parke-Taylor formula

ny + n_4t

YA
AN

"/

0 by SUSY

= 0
l l l l l l l l l l
“ ] ] 1 ] ] ] ] ] —
—6 —2 0 2 4 6
nye —n—
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A 6-gluon example

220 Feynman diagrams for gggggg

Helicity + color + MHV results + symmetries

= only|Ag(11,27.31t 4= 57 67)

, Ag(1T,27,37, 47,57 ,67)

3 BCF diagrams — 2

— 1

related by symmetry

Beyond Feynman Diagrams
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The one 4s(1t+,2+,3%,4757,67) diagram
R =ki +kp — £36)[1]
6] = 6] + 1%]

1P (& 3]°
= T512 [2R|[K1] [34][45][58][6 K]

- 12)° ({6 K)[K 3])°
812 (2R](K6))((6 K)[K 1]) [34][45][56]([6 K|(K 6))

— (6-](142)[37)°
(61)(12)[34][45]s612(27|(6+1)|57)
(6K)[Ka] = (61)[1a]+ (62)[24]
= (67|(1 +2)]a™)
5 + +
[56] = [56] + <1<26>[25>” =5 '<§°"g;1>>'2 )
[6RI(K6) = (6T|(1+2)|6T)+ 510 = se12

Beyond Feynman Diagrams Lecture 2 April 25, 2013 35



Simple final form

__if16(1:+7:?+}:34_94:_15__96__) -

(6-1(1+2)[37)°

(61)(12)[34][45]s612(27|(6 4+ 1)|57)

4_

(47|(5 4 6)]17)°

(23) (34)[56][61] s561(27|(6+1)[57)

Simpler than form found in 1980s Mangano, Parke, Xu (1988)
despite (because of?) spurious singularities (271(6 +1)|57)

([12](45)(67|(1 +2)[37))?

—idg(1T,27,37,47 57 67) =

5615125345455612

+([2 3] (56) (47[(2+ 3)[17))?
5238345565615561
4 5123 [12][23](45)(56) (6 [(1+2)[3 )4 [(2+3)[17)

512523534545556561

Relative simplicity much more striking for n>6

Beyond Feynman Diagrams
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