
Perturbative QCD  
Lecture 3 

Aude Gehrmann-De Ridder 

Academic Training Lectures, CERN, May 2013 



  Present essential characteristics of hard scattering observables 
for LHC  

  Present results for hard scattering processes  
    which are measured and calculated (at fixed order)  
    with high accuracy 

  Z-boson production 
  Higgs production 
  Di-Photon production 

  Study: perturbative convergence and phenomenology for these 
hadronic processes 
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Outline of the third lecture  
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  Large production rates for 
processes with 
  Jets 
  Top-quark pairs 
  Vector bosons  

  Allow precise determinations for 
  coupling constants 
  parton distributions 

  Require theoretical description 
for hard scattering cross sections 
to be at least as precise as the 
experimental measurements  

Expectations at LHC  
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  Hard scattering cross section 

with parton-parton centre-of-mass energy 
  Presence of longitudinal momentum fractions of partons: x1,x2  
 ➞Parton-parton centre-of-mass system boosted along beam  
axis with respect to proton-proton centre-of-mass system 

  Describe final state kinematics in terms of variables that 
are boost-invariant  (or transform trivially) 
  e.g.: transverse momenta, polar angles, rapidities 
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Kinematics at LHC  

d�P1P2!X(s) =
X

i,j

Z
dx1dx2fqi/P1

(x1)fqj/P2
(x2)�̂ij!X(ŝ)

ŝ = x1x2s



  Four-momentum of a massless particle 

  Transverse momentum: 
  Pseudo-Rapidity:  

  Polar angle: 

  Four-momentum of a massive particle  

  Transverse mass                        and rapidity 
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Kinematics at LHC 
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4.4. KINEMATICS AND DATA ANALYSIS METHODS 49
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Figure 4.19: Definition of the longitudinal scattering angle ✓
CM

(a) and definition of par-
ticle distance in the ⌘-� plane (b). Source: [10].
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Figure 4.20: Pseudorapidity as a function of ✓
CM

(a) and pseudorapidity for various values
of ✓

CM

(b). Source (b): [11].

and is Lorentz invariant under longitudinal boosts (see Fig. 4.19(a)). Momenta in the
transverse plane are also invariant under longitudinal relativistic transformations. There-
fore, the distance between single particles or jets of particles is usually measured in the
⌘� plane, as shown in Fig. 4.19(b).

Particles produced at ✓CM = 90� have zero pseudorapidity. As visualized by Fig. 4.20(a)
and 4.20(b), high |⌘| values are equivalent to very shallow scattering angles. Typical
coverage of central detectors extends to |⌘| ⇠ 3. Coverage of high rapidities (✓CM < 5�)
can be achieved with detectors placed at large z positions.

4.4.2 Momentum conservation in particle jets

Experiments in hadron colliders usually deal with particles at high transverse momentum.
This is because the incoming particles collide head-on and have no transverse momentum
before scattering and therefore, the final state particles must have zero total transverse
momentum. Processes involving large momentum transfer produce particles in the center
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  Transverse momentum and polar angle: boost-invariant 
  Rapidity transformation from parton-parton (ab) frame to 

proton-proton (pp) frame: 

  Rapidity differences are boost-invariant 
  Highest parton-parton centre-of-mass energy obtained for 

production at central rapidity (x1 = x2) 
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Kinematics at LHC 
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1
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  LHC probes new range in (x, Q2)   
  E.g. Z-boson production at                                                                

central rapidity (y=0): 
  Tevatron (2TeV) x1=x2⋍0.05 
  LHC (14TeV): x1=x2⋍0.0065 

  Different combinations of                                                    
parton distributions dominate 
  Larger x: valence quarks 
  Smaller x: gluons and sea quarks 

  Phenomenology of the same                                         
process can be substantially                                     different 
different for LHC and Tevatron   
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Kinematics at LHC 
254 CHAPTER 10. HADRON COLLIDER PHYSICS

Figure 10.12: Q2-x range of LHC, Tevatron and HERA.

Figure 10.13: Di↵erential cross section for jet production at zero rapidity as a function of
the transverse momentum for the Tevatron and the LHC.

The relevant elementary processes (represented by ŝ in Fig. 10.9) for jet production are
shown in Fig. 10.14. These processes can all be achieved at both Tevatron and LHC since
sea partons are dominant at low x. Since the color factor for a three-gluon vertex (3) is

ŝ = x1x2s



  Parton distributions determined from experimental data 
  Evolution determined by                                                  

perturbative QCD (AP eqs.) 
  Input distributions are                                                          

non-perturbative objects 
  Usually from global fit to                                                           

multiple observables (HERA,                                                   
fixed target, Tevatron, LHC) 

  Various groups (MRST, CT10,                                               
NNPDF, JR, ABM, HERAPDF,…)                                              
provide parametrizations of the                                     
distributions and errors on them 

  Challenge at LHC: Probe new territory for PDF extraction 
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Parton distributions at LHC  
10.5. JETS 253

(a)
H. Jung, QCD & Collider Physics, Lecture 5  WS 05/06 15

Extraction of pdfs from DGLAP fits ...

Solve DGLAP equations
adjust input parameters (starting 
distributions) such that F2 is best 
described
extract pdf's as fct of x
then DGLAP gives pdfs at any 
Q2

(b)

!"#$%&'()*$#)+,$)%&*-'%&.'./"012. 345'6%,#*.'%&'72%+"2'

"&"28*)*'"&9'!(:*

(c)

Figure 10.11: (a) PDFs for Q2 = 10 GeV2 from Botje. (b) PDFs for Q2 = 10 GeV2 from
HERA collaborations. (c) PDFs for Q2 = 5 GeV2 from CTEQ.

Finally, they represent a part of the background for other more rare processes and must
thus be extensively understood in order to be able to filter out the signal.

Fig. 10.13 shows the di↵erential production cross section at zero rapidity (center of the
detector) as a function of the transverse momentum of the jet for the Tevatron and the
LHC (note the logarithmic scale). We see that the Tevatron almost cannot produce jets
with transverse energy bigger than 800 GeV, whereas the LHC can access for the same
rate about 4.5 TeV.



  Jet production 
  Low multiplicities: large cross section, precision QCD study 
  High multiplicities: potential signature of BSM physics 

   Use boost-invariant jet definition 

  p=1: kT, p=0: Cambridge/Aachen, p=-1: anti-kT 

  Single jet inclusive cross section 
  Double differential: (pT,y)  
  Measured to per cent accuracy up to                               

transverse momenta pT ⋍ 2 TeV  
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Jet observables at LHC 
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Figure 7: Inclusive jet (left) and dijet (right) cross sections for the five different rapidity bins,
for data (markers) and theory (thick lines) using the NNPDF2.1 PDF set.

and Research; the Belgian Fonds de la Recherche Scientifique, and Fonds voor Wetenschap-
pelijk Onderzoek; the Brazilian Funding Agencies (CNPq, CAPES, FAPERJ, and FAPESP); the
Bulgarian Ministry of Education, Youth and Science; CERN; the Chinese Academy of Sciences,
Ministry of Science and Technology, and National Natural Science Foundation of China; the
Colombian Funding Agency (COLCIENCIAS); the Croatian Ministry of Science, Education
and Sport; the Research Promotion Foundation, Cyprus; the Ministry of Education and Re-
search, Recurrent financing contract SF0690030s09 and European Regional Development Fund,
Estonia; the Academy of Finland, Finnish Ministry of Education and Culture, and Helsinki
Institute of Physics; the Institut National de Physique Nucléaire et de Physique des Partic-
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  Remember cross section formula for a hard scattering process 

 
  Sources of uncertainty 

  Parton distributions fa/h(x,μF): determined from data, inherent errors 
  Partonic cross section dσab→cd: expanded in perturbation theory to 

finite order, uncertainty from missing higher orders 

  Quantify theoretical uncertainty through scale variations 
  Renormalization scale dependence: αs(μR) 
  Factorization scale dependence: fa/h(x,μF), σab→cd(x,μF) 

  Expect: Scale dependence decreases including more and more 
higher order terms 
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Theoretical uncertainties  

248 CHAPTER 10. HADRON COLLIDER PHYSICS

Figure 10.9: Basic Feynman graph for the description of a hard scattering process in a
hadron-hadron collision.

At high energies (� ⇤QCD), we can view the resulting interaction as the incoherent sum
of the interactions for any combination of the constituents 2, yielding the master formula,

d�h1h2!cd =

1Z
0

dx1

1Z
0

dx2

X
a,b

fa/h1(x1, µ
2
F )fb/h2(x2, µ

2
F )d�̂ab!cd(Q2, µ2

F ) (10.4)

Here µ2
F is the factorization scale and Q is the typical scale of the process, e.g. the

momentum transfer in a t-channel or Q =
p

ŝ in an s-channel process. Examples of
parton-parton processes with a cross section �̂ can be found in Sect. 9.10, p. 230. The
calculation of such cross sections can be achieved by using a given interaction theory,
typically QED, QCD, electroweak theory, supersymmetry, etc.

We proceed by demonstrating that heavy particle states are produced more centrally in the
detector, i.e. at low rapidity, compared to soft-particle production. For this, we consider
the production of a hypothetical heavy gauge boson, Z 0, with mass M ⇠ 1 TeV � mp,
energy E and rapidity y at a proton-proton collider. The heavy gauge boson can appear
in the propagator of an s-channel quark-antiquark annihilation diagram. From the mass
shell condition (which gives the largest cross section) in this propagator we have,

ŝ = x1x2s
!
= M2.

Since each proton has an energy Ebeam =
p

s/2 � mp, it is straightforward to see that
(we assume w.l.o.g. that x1 � x2),

E =

p
s

2
(x1 + x2)

pL =

p
s

2
(x1 � x2).

2This is nothing else than Eq. (9.49) in Sect. 9.10



  LO predictions usually give a qualitative understanding of 
the behaviour of observables but are often not enough to 
describe the data accurately 

  NLO needed to  
  reduce scale uncertainty of LO theory prediction  
  Have a reliable estimation of normalization and shape as it 

accounts for effects of extra radiation 

  Example: Z+j at Tevatron  
  NLO error: ~15% 
  substantial NLO effect 
  correction not constant 
 
 

Fixed order predictions  
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the NLO CTEQ6.1M [20] is chosen. For both alpgen

and sherpa, jets from the matrix element calculation
are required to have pT > 15 GeV, and a separation
∆R > 0.4, to ensure full coverage of the measured phase
space. For all three event generators, the boson kine-
matics are calculated from the muons after QED FSR,
for consistency with the measured observables. After ap-
plying our stated particle level Z/γ∗+ jet selection, the
predicted cross sections are 11.6 pb (alpgen), 15.0 pb
(sherpa), and 12.1 pb (pythia).
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FIG. 2: (a) The measured cross section in bins of leading pjet
T

for Z/γ∗ + jet + X events. Predictions from NLO pQCD
and alpgen are compared to the data. (b) The ratio of data
and predictions from NLO pQCD + corrections, sherpa, and
pythia to the prediction from alpgen.

The differential cross sections are shown binned in
leading pjet

T (Fig. 2), leading jet y (Fig. 3), pZ
T in events

with at least one jet (Fig. 4), and yZ in events with
at least one jet (Fig. 5). Data points in each bin are
placed where the differential cross section in simulation
is equal to the bin average [21]. The data are shown
with statistical uncertainties (inner error bar) and sum
in quadrature of statistical and systematic uncertainties
(outer error bar), excluding the uncertainties on the mea-
sured integrated luminosity and the muon identification
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FIG. 3: (a) The measured cross section in bins of leading |yjet|
for Z/γ∗ + jet + X events. Predictions from NLO pQCD
and alpgen are compared to the data. (b) The ratio of data
and predictions from NLO pQCD + corrections, sherpa, and
pythia to the prediction from alpgen.

and trigger efficiencies. These final two uncertainties are
completely correlated between bins and with the muon
and luminosity uncertainties on the measured inclusive
Z/γ∗ cross section; however, they are included to form
the total uncertainty, shown as the shaded region. For
clarity, only the predictions of NLO pQCD and alpgen

are shown in part (a) of each figure, though the prediction
from NLO pQCD is not shown at low pZ

T (Fig. 4) where
non-perturbative processes dominate over the NLO con-
tribution. The data results are also provided in Tables V,
VI, VII, and VIII. In part (b) of each figure, the distri-
butions from data, NLO pQCD, sherpa and pythia are
shown divided by the prediction from alpgen. The NLO
pQCD prediction is shown with the scale and PDF uncer-
tainties combined in quadrature as a hatched region; the
scale uncertainty is approximately a factor of two larger
than the PDF uncertainty across all distributions.

In summary, we have measured differential cross sec-
tions for Z/γ∗+jet+X production with 0.97 ± 0.06 fb−1

of integrated luminosity recorded by the D0 experiment
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  Require two principal ingredients (here: pp →2j) 
  one-loop matrix elements 

  explicit infrared poles from loop integral   
•  known for all 2 → 2 processes 
•  known for many 2 → 3 processes 
•  current frontier 2 → 7 (major challenge) 

  tree-level matrix elements 
  implicit poles from soft/collinear emission 
 

  Infrared poles cancel in the sum (KLN, factorization theorems)  
  Subtraction methods used to extract infrared poles and combine 

contributions to evaluate NLO observables are well-established 
  Several program packages for NLO:                                    

MCFM, MC@NLO, POWHEG, NLOJET++ … 
  

NLO calculations 

11 Aude Gehrmann-De Ridder        Perturbative QCD - Lecture III 



  NNLO corrections needed:  
  For processes measured to few per cent accuracy 

  jet production 
  vector boson (+jet) production 
  top quark pair production 

  For processes with potentially large perturbative corrections 
as new channels or new phase space regions open up 
   Higgs or vector boson production 

  Expectations for NNLO predictions:  
  Per-cent level accuracy (as required for a meaningful 

interpretation of collider data and extraction of parameters)  
  First reliable estimation of theoretical uncertainties  
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NNLO predictions 



  Require three principal ingredients (here: pp → 2j) 
  two-loop matrix elements 

  explicit infrared poles from loop integral   
  known for all massless 2 → 2 processes  

  one-loop matrix elements 
  explicit infrared poles from loop integral 
  and implicit poles from single real emission 

  usually known from NLO calculations 

  tree-level matrix elements 
  implicit poles from double real emission 

  known from LO calculations 

  Infrared poles cancel in the sum: 
  Challenge: combine contributions into parton-level generator 

  Need methods at NNLO to extract implicit infrared poles  
 

NNLO calculations 
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  Z-boson production at LHC  
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  Experimentally: Z bosons events (decaying into leptons) 
observed at large rate at LHC 
  At design luminosity (1034 cm-2s-1):100 Z bosons per second 
  Leptons yield clean final state signature 
  Measured with high accuracy (per cent level and below)  

  Theoretically well understood 
  Perturbative corrections up to NNLO as fully differential event 

generator 
  Resummation of large logarithmic corrections 
  Process evaluated with per cent level accuracy  

  Precision physics 
  Electroweak masses and couplings 
  Parton distributions 
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Z boson production at LHC   



  Only one partonic contribution at LO: qq →Z 

 
  Including NLO and NNLO corrections 

  Sum over the flavours i,j of the initial partons 
  Include gluon-induced processes 

  Inclusive cross section:  Z+X production 
   Any number of jets is allowed with the Z boson 
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a drawback, but in some respects it’s a blessing in disguise because it provides a useful handle on the
uncertainties. This is why scale variation has become a standard procedure. It’s worth bearing in mind
that it isn’t a failsafe mechanism: a trivial example comes from the LO curve in Fig. 21. It doesn’t have
any scale variation because they don’t depend on αs, yet it differs significantly from the higher-order
results.

4.1.2 Example 2: pp → Z

At LO the pp → Z cross section involves a single underlying hard partonic process, namely qq̄ → Z ,
which is purely electroweak. To go from the qq̄ → Z squared matrix element to the pp→ Z result, one
must integrate over the quark distributions

σLOpp→Z =
∑

i

∫

dx1dx2 fqi(x1, µ
2
F) fq̄i(x2, µ

2
F) σ̂0,qiq̄i→Z(x1p1, x2p2) , (61)

for which one must choose a factorization scale µF. A natural choice for this scale is µF = MZ , but as
with the renormalization scale it is conventional to vary it by a factor of two either side of the central
choice in order to obtain a measure of the uncertainties in the prediction.

Adding NLO and NNLO terms, the structure becomes

σNNLOpp→Z+X =
∑

i,j

∫

dx1dx2 fi(x1, µ
2
F) fj(x2, µ

2
F)

[

σ̂0,ij→Z(x1, x2) + αs(µR)σ̂1,ij→Z+X(x1, x2, µF)

+ α2
s (µR)σ̂2,ij→Z+X(x1, x2, µF, µR)

]

. (62)

We now have a sum over the flavours i and j of the initial partons, because starting from NLO there are
contributions from (say) gluon-quark scattering [cf. Fig. 22(left)]. The cross section is written as being
for Z+X, where theX means that we allow anything (e.g., quarks, gluons) to be produced in addition to
the Z-boson. AtO (αs) the µF dependence of the σ1 coefficient partially cancels the dependence present
at O

(

α0
s

)

coming from the µF dependence of the PDFs. That dependence is further cancelled atO
(

α2
s

)

,
as is part of the µR dependence that is introduced in theO (αs(µR)) term. The plot on the right of Fig. 22
shows the Z-boson cross section as a function of its rapidity [47]. The bands indicate the uncertainty
due to scale variation (taking 1

2MZ < µR = µF < 2MZ )6 and show how this uncertainty undergoes
important reductions going from LO to NLO to NNLO.

One of the interesting features that comes out of Fig. 22 is that the LO prediction is only good to
within a factor of 1.5 to 2, despite the fact that αs(MZ) " 0.118 would imply 10% accuracy. This is
because the O (αs) corrections come with large coefficients. This is not uncommon in hadron-collider
cross sections. Furthermore the LO uncertainty band seems not to provide a faithful measure of the true
uncertainty. Other aspects of the perturbative expansion do seem to behave as one would expect: the
size of the uncertainty band decreases significantly going from LO to NLO (10–20%) to NNLO (a few
per cent). And the actual shift in the central value in going from NLO to NNLO is substantially smaller
than that from NLO to LO.

Are these characteristics representative of the ‘typical’ situation for collider observables? We only
have predictions up to NNLO in a handful of cases (see below) and in those it is. In cases where we
just have NLO predictions, the features of large ‘K-factors’ (NLO/LO enhancements) with a reduced
NLO uncertainty band are not uncommon, suggesting that beyond NLO corrections should be small.
Exceptions are known to arise in two types of case: those where new enhanced partonic scattering
channels open up at NLO (or beyond); and that involve two disparate physical scales. For example, if you
ask for the Z-boson to have a transverse momentum pt that is much smaller thanMZ , then each power of

6The variation of µR and µF simultaneously, though common, is not the only possible procedure. An attractive alternative is
to vary both independently around a central scale, with the additional requirement that 1

2
< µR/µF < 2 [48].
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Z-boson production at LHC 

  New channels open up at NLO and NNLO 
  qg-induced processes at NLO 

 
  gg-induced processes at NNLO  
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  Scale dependence 
  μF=μR varied between [MZ/2;2MZ] 

  Scale variation is reduced                                                      
at each order 
  LO: 30% , NLO 6%, NNLO <1% 
  But: LO uncertainty band                                             

underestimates higher orders  
 

  Origin of large NLO corrections 
  New partonic channel qg → Zq  
  Large gluon luminosity leads to                                                    

NLO corrections of 15-30%                                                
(depending on rapidity) 

  reliable estimate of theoretical uncertainty only at NNLO 
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Z-boson production at LHC  

Figure 3: The CMS rapidity distribution of an on-shell Z boson at the LHC. The LO, NLO, and
NNLO results have been included. The bands indicate the variation of the renormalization and
factorization scales in the range MZ/2 ≤ µ ≤ 2MZ.

range used in the rest of the paper, µF = µR = µ and M/2 < µ < 2M , provides a good

guide to the perturbative uncertainty remaining from the terms beyond NNLO.

In Fig. 5 we present the rapidity distribution for on-shell Z production at Run II of

the Tevatron. The scale variation is unnaturally small at LO; it is 3% at central rapidities,

and varies from 0.1% to 5% from Y = 1 to Y = 2. This occurs because the direction of

the scale variation reverses within the range of µ considered, i.e., dσLO/dµ = 0 for a value

of µ which satisifes MZ/2 ≤ µ ≤ 2MZ . This value of µ depends upon rapidity, leading to

scale dependences which vary strongly with Y . The scale variation exhibits a more proper

behavior at NLO, starting at 3% at central rapidities and increasing to 5–6% at Y = 2.5.

At NNLO the scale dependence is drastically reduced, as at the LHC, and remains below

1% for all relevant rapidity values. The magnitude of the higher-order corrections is slightly

larger at the Tevatron than at the LHC. The NLO prediction is higher than the LO result

by nearly 45% at central rapidities; this shift decreases to 30% at Y = 1.5 and to 15% at

Y = 2.5. The NNLO corrections further increase the NLO prediction by 3–5% over the

rapidity range Y ≤ 2.

This remarkable stability of the rapidity distribution with respect to scale variation

cannot be attributed to the smallness of the NNLO QCD corrections to the partonic cross

– 29 –

          Rapidity distribution in Z production 
(C. Anastasiou, L. Dixon, K. Melnikov, F. Petriello) 



  Higgs Boson production at the LHC  
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  Standard model Higgs particle 
  scalar boson, mH = 125 GeV 
  couples directly to massive particles, proportional to mass 
  couples indirectly to gluons and photons via loops  
  Dominant production mechanism: gluon fusion gg → H 
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Figure 10.41: Higgs production cross section as function of Higgs mass.

(a) (b)

Figure 10.42: Higgs branching ratios (a) and total width (b).



  Higgs discovery (2012) in multiple decay channels 
  BR(γγ) ⋍ 10-3 

  BR(WW*) ⋍ 0.1 
  BR(ZZ*) ⋍ 0.02 
  BR(𝜏𝜏) ⋍ 0.08 

  Dominant channel: not                                                     
yet observed due to                                                    
large background 
  BR(bb) ⋍ 0.8 
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Higgs boson production at LHC 

_ 



  For gluon fusion process: gg → H 
  LO cross section: already 1 loop! 
  2→1 process: very simple kinematics 

  Parton level cross section 

  Quark loop factor 𝓕(𝜏): smooth and finite function  
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(a) Gluon fusion.
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(b) Weak boson fusion.
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(c) Higgs strahlung.
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(d) Associated production.

Figure 10.40: Higgs production at hadron colliders.

Fig. 9.18(b)). Figure 10.41 shows as functions of mH the corresponding standard model
cross sections �pp!H+X at

p
s = 14 TeV. Again, one observes that the gluon fusion cross

section is dominant; the subdominant mechanisms are important for measuring the Higgs
couplings.

To appreciate the challenges in Higgs detection, we now discuss Higgs decay. Branching
ratios and width predictions are shown in Fig. 10.42(a) and 10.42(b), respectively. The
Higgs couplings to fermions grow with their masses and the coupling of H to W and Z
grows as m2

H . Therefore, the branching ratios strongly depend on the Higgs mass. If mH

is around 120 GeV the dominant channel is decay to b quarks. This basically leads to
two-jet events which compete with a large QCD background. Although the 2� channel
only has a branching ratio of ⇠ 0.002 it is still useful since in this case detection is easier
as in the b quark case. Also, together with jets, the tau channel seems feasible. In the
case of mH = 120� 200 GeV the W and Z channels are dominant. Figure 10.42(b) shows
the total Higgs width as a function of the Higgs mass: Only for mH less than 200 GeV a
narrow resonance is to be expected. In the most likely mass region there is a considerable
spread in possible values for the the total Higgs width.

Combining Higgs production cross sections and branching ratios, we can (in parts reca-
pitulatory) discuss some experimental signatures:

• Two-photon final states.
Excellent detector resolution, isolation and rejection of QCD background jets is
required.
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  Effective Lagrangian approach (mtop → ∞ limit)  
  Top-quark loop reduces to a point-like interaction 
  Coupling to gluons described by an effective Lagrangian: 
                                                                                         
 
 
  gluon field strength Ga

μν 

  Higgs field H 
  Wilson coefficient C1, renormalization Z1, both have series in αs 

  Higgs field vacuum expectation value v ⋍ 246 GeV  

  Feynman rules for the ggH, gggH, ggggH vertices can be 
deduced from this effective Lagrangian  
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The hadronic cross section of Eq. 2 is computed in terms of finite parton densities f̃ and
finite partonic cross sections σ̂,

σ =
∑

ij

∫ 1

0
dx1dx2f̃

(h1)
i (x1)f̃

(h2)
j (x2)σ̂ij→H+X(x1, x2). (4)

The finite and “bare” parton densities are related via

f̃ (h)
i =

∑

j

f (h)
j ⊗ Γij , (5)

where we have introduced the convolution integral

(f ⊗ g)(x) =
∫ 1

0
dydzf(y)g(z)δ(x− yz). (6)

The functions Γij are given in the MS scheme by

Γij(x) = δijδ(1 − x) − αs

π

P (0)
ij

ε

+
(

αs

π

)2
{

1

2ε2

[

∑

k

(

P (0)
ik ⊗ P (0)

kj

)

(x) + β0P
(0)
ij

]

− 1

2ε
P (1)

ij (x)

}

+ O
(

α3
s

)

(7)

where the Altarelli-Parisi kernels P (n)
ij can be found in [63, 64]. We note that the complete

NNLO corrections to these kernels have recently been computed [65]. ε = (4 − d)/2 is
the usual dimensional regularization parameter; all calculations in this paper are performed
using this regularization scheme. Substituting Eq. (6) into Eq. (4) and comparing with
Eq. (2) we find

σij =
∑

kl

∫ 1

0
dy1dy2Γik(y1)Γjl(y2)σ̂kl(x1y1, x2y2). (8)

We compute the finite partonic cross sections σ̂ij by expanding

σ̂ij = α2
s

[

σ̂(0)
ij +

αs

π
σ̂(1)

ij +
(

αs

π

)2

σ̂(2)
ij

]

+ O(α5
s), (9)

and solving Eq. (8) in terms of the coefficients σ̂(n)
ij order-by-order in the strong coupling

expansion. In this procedure, we need to consider the convolution integrals of the partonic
cross sections with the Altarelli-Parisi kernels at each order in the perturbative expansion;
this will be discussed in detail in a later Section.

We now discuss the Lagrangian which describes Higgs boson production. As mentioned
in the previous Section, we consider the gluon fusion mechanism for Higgs production.
The Higgs coupling to two gluons is induced by a top quark loop [40]; if there are other
heavy quark doublets that acquire mass from the Higgs mechanism, they might also give a
substantial contribution to the effective Hgg coupling. We focus here on a light Standard
Model Higgs boson whose mass is smaller than twice the mass of the top quark: mh ≤
2mt ≈ 350 GeV. The interaction of the Higgs boson with two gluons can then be described
by a point-like vertex [40]; this is formalized by introducing the effective Lagrangian

L =
1

4v
C1Z1G

a
µνG

aµνH, (10)

6

⊗ ⊗ ⊗

FIG. 1: Examples of diagrams that contribute to the g + g → H cross section

After the cancellation of singularities is established, we can drop the singular terms from the
expression for the cross section and implement the finite part into a numerical code. This
is the basic strategy which we discuss in detail in the remainder of this paper.

IV. PRODUCTION OF THE HIGGS BOSON IN ASSOCIATION WITH UP TO

ONE PARTON

We start with the partonic cross sections for producing the Higgs boson and no partons
in the final state:

g(p1) + g(p2) → H(ph). (16)

The 2 → 1 phase-space is simple, because of momentum conservation. We derive
∫

dΠ0 =
∫

ddphδ
d(ph − p1 − p2)δ(p

2
h − m2

h) = δ(m2
h − s), (17)

where s = (p1 + p2)2 is the partonic center of mass energy squared.
The most complicated part in computing the partonic channel σgg→H is the evaluation

of the virtual corrections through two-loops (see Fig. 1). Fortunately, these corrections are
known from the analytic calculation of the inclusive Higgs boson production cross section
through NNLO [9, 51, 52, 67], and we use these results in this paper.

We next study the cross sections for partonic processes with the Higgs boson and a quark
or a gluon in the final state: gg → Hg, qg → Hq, and qq̄ → Hg. For these processes,
we must compute the corresponding tree-level and one-loop amplitudes. We consider the
process g(p1)+ g(p2) → H(ph)+ g(p3) as an example. Typical diagrams are shown in Fig 2.

Consider a contribution arising from the interference of two tree-level diagrams to the
differential cross section. It can be written as:

N (s13, s23, FJ)

s13s23
, (18)

where sij = (pi − pj)2 and FJ is the measurement function which defines the observable we
want to compute. The only information we need about the numerator in Eq.(18) is that
it is a finite function in the limits s13 → 0 and s23 → 0. The structure of the infrared
and collinear singularities is fully determined by the denominator of Eq.(18). We use this
observation to derive an expansion in ε for this denominator in terms of delta functions
and plus distributions. Having done that, we treat arbitrary numerators using a numerical

9
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Figure 10.40: Higgs production at hadron colliders.

Fig. 9.18(b)). Figure 10.41 shows as functions of mH the corresponding standard model
cross sections �pp!H+X at

p
s = 14 TeV. Again, one observes that the gluon fusion cross

section is dominant; the subdominant mechanisms are important for measuring the Higgs
couplings.

To appreciate the challenges in Higgs detection, we now discuss Higgs decay. Branching
ratios and width predictions are shown in Fig. 10.42(a) and 10.42(b), respectively. The
Higgs couplings to fermions grow with their masses and the coupling of H to W and Z
grows as m2

H . Therefore, the branching ratios strongly depend on the Higgs mass. If mH

is around 120 GeV the dominant channel is decay to b quarks. This basically leads to
two-jet events which compete with a large QCD background. Although the 2� channel
only has a branching ratio of ⇠ 0.002 it is still useful since in this case detection is easier
as in the b quark case. Also, together with jets, the tau channel seems feasible. In the
case of mH = 120� 200 GeV the W and Z channels are dominant. Figure 10.42(b) shows
the total Higgs width as a function of the Higgs mass: Only for mH less than 200 GeV a
narrow resonance is to be expected. In the most likely mass region there is a considerable
spread in possible values for the the total Higgs width.

Combining Higgs production cross sections and branching ratios, we can (in parts reca-
pitulatory) discuss some experimental signatures:

• Two-photon final states.
Excellent detector resolution, isolation and rejection of QCD background jets is
required.

→ 



  Factorises QCD effects (dynamics of gluons) from heavy 
particle effects 
  heavy quark loop described with Wilson coefficient C1 

  Simplifies calculation of QCD corrections considerably 
  Reduces the number of loops by one at each order 
  Turns a two-scale problem (mt, mH) into a one-scale problem 

  LO cross section: only proportional to ggH vertex 
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FIG. 1: Examples of diagrams that contribute to the g + g → H cross section

After the cancellation of singularities is established, we can drop the singular terms from the
expression for the cross section and implement the finite part into a numerical code. This
is the basic strategy which we discuss in detail in the remainder of this paper.

IV. PRODUCTION OF THE HIGGS BOSON IN ASSOCIATION WITH UP TO

ONE PARTON

We start with the partonic cross sections for producing the Higgs boson and no partons
in the final state:

g(p1) + g(p2) → H(ph). (16)

The 2 → 1 phase-space is simple, because of momentum conservation. We derive
∫

dΠ0 =
∫

ddphδ
d(ph − p1 − p2)δ(p

2
h − m2

h) = δ(m2
h − s), (17)

where s = (p1 + p2)2 is the partonic center of mass energy squared.
The most complicated part in computing the partonic channel σgg→H is the evaluation

of the virtual corrections through two-loops (see Fig. 1). Fortunately, these corrections are
known from the analytic calculation of the inclusive Higgs boson production cross section
through NNLO [9, 51, 52, 67], and we use these results in this paper.

We next study the cross sections for partonic processes with the Higgs boson and a quark
or a gluon in the final state: gg → Hg, qg → Hq, and qq̄ → Hg. For these processes,
we must compute the corresponding tree-level and one-loop amplitudes. We consider the
process g(p1)+ g(p2) → H(ph)+ g(p3) as an example. Typical diagrams are shown in Fig 2.

Consider a contribution arising from the interference of two tree-level diagrams to the
differential cross section. It can be written as:

N (s13, s23, FJ)

s13s23
, (18)

where sij = (pi − pj)2 and FJ is the measurement function which defines the observable we
want to compute. The only information we need about the numerator in Eq.(18) is that
it is a finite function in the limits s13 → 0 and s23 → 0. The structure of the infrared
and collinear singularities is fully determined by the denominator of Eq.(18). We use this
observation to derive an expansion in ε for this denominator in terms of delta functions
and plus distributions. Having done that, we treat arbitrary numerators using a numerical

9
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  Virtual corrections to gg → H 
  Matrix-element 2Re(M0

*M1) 
  After UV renormalisation of coupling αs and                                  

Wilson coefficient C1 

  Pole terms: 1/ε2 (soft) and 1/ε(collinear, ∝β0) 
  Cancel partly with real contributions (1/ε2, 1/ε) and partly 

with mass factorization of incoming gluon distribution involving 
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FIG. 1: Examples of diagrams that contribute to the g + g → H cross section

After the cancellation of singularities is established, we can drop the singular terms from the
expression for the cross section and implement the finite part into a numerical code. This
is the basic strategy which we discuss in detail in the remainder of this paper.

IV. PRODUCTION OF THE HIGGS BOSON IN ASSOCIATION WITH UP TO

ONE PARTON

We start with the partonic cross sections for producing the Higgs boson and no partons
in the final state:

g(p1) + g(p2) → H(ph). (16)

The 2 → 1 phase-space is simple, because of momentum conservation. We derive
∫

dΠ0 =
∫

ddphδ
d(ph − p1 − p2)δ(p

2
h − m2

h) = δ(m2
h − s), (17)

where s = (p1 + p2)2 is the partonic center of mass energy squared.
The most complicated part in computing the partonic channel σgg→H is the evaluation

of the virtual corrections through two-loops (see Fig. 1). Fortunately, these corrections are
known from the analytic calculation of the inclusive Higgs boson production cross section
through NNLO [9, 51, 52, 67], and we use these results in this paper.

We next study the cross sections for partonic processes with the Higgs boson and a quark
or a gluon in the final state: gg → Hg, qg → Hq, and qq̄ → Hg. For these processes,
we must compute the corresponding tree-level and one-loop amplitudes. We consider the
process g(p1)+ g(p2) → H(ph)+ g(p3) as an example. Typical diagrams are shown in Fig 2.

Consider a contribution arising from the interference of two tree-level diagrams to the
differential cross section. It can be written as:

N (s13, s23, FJ)

s13s23
, (18)

where sij = (pi − pj)2 and FJ is the measurement function which defines the observable we
want to compute. The only information we need about the numerator in Eq.(18) is that
it is a finite function in the limits s13 → 0 and s23 → 0. The structure of the infrared
and collinear singularities is fully determined by the denominator of Eq.(18). We use this
observation to derive an expansion in ε for this denominator in terms of delta functions
and plus distributions. Having done that, we treat arbitrary numerators using a numerical
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  Real corrections gg → Hg 
  Matrix element singular if the outgoing gluon is                        

either soft or collinear to one of the incoming gluons  
  Parametrise final state phase space to map these singularities in 

variables (z, λ)(Soft limit z → 1, collinear limits λ→ (0,1)) 
 
  yields phase space regulator 
  Extraction of poles: expansion in distributions (like in DIS) 

  Real + virtual corrections: universal left-over 1/εPgg(z):  
mass factorisation of initial-state collinear gluon singularity used 
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⊗ ⊗

FIG. 2: Examples of diagrams that contribute to the production of the Higgs boson in association
with one parton.

subroutine for FJ , and defining procedures to compute the action of delta functions and plus
distributions on integrable functions.

Therefore, the basic integral we have to consider is

Igg→Hg =
∫

ddphd
dp3δ

+
(

p2
h − m2

h

)

δ+
(

p2
3

)

δd (p1 + p2 − ph − p3)
FJ(s13, s23)

s13s23
. (19)

This integral is potentially singular for s13, s23 = 0. To extract the singularities, we pa-
rameterize the phase-space in terms of variables that range from 0 to 1 in such a way that
the singularities are mapped to the boundaries of the integration region. A convenient
parameterization is in terms of the variables λ1, λ2, where

s13 = −m2
h

λ1

1 + λ1

λ1 + λ2
(1 − λ1) , s23 = −m2

h

λ2

1 + λ2

λ1 + λ2
(1 − λ2) . (20)

In this parameterization the integral in Eq.(19) becomes

Igg→Hg =
Ωd−2

2s

∫ 1

0
dλ1dλ2δ

(

λ1λ2 −
m2

h

s

)

(1 − λ1)
−1−ε(1 − λ2)

−1−ε

1 + λ1λ2

(1 + λ1)(1 + λ2)

[

m4
h(1 + λ1)(1 + λ2)

λ1λ2(λ1 + λ2)2

]−ε

FJ(s13, s23). (21)

The delta function appears because of the momentum conservation s12 +s13 +s23 = m2
h, and

prevents λ1,2 from reaching 0. The singularities that occur as λ1, λ2 → 1 are in a factorized
form. To extract them, we rewrite the singular terms (1 − λ1)−1−ε, (1 − λ2)−1−ε using

λ−1+ε =
δ(λ)

ε
+

∞
∑

n=0

εn

n!

[

log(λ)n

λ

]

+

, (22)

and expand in ε. The result contains delta functions and plus distributions and can be
integrated numerically with the functions FJ .

Finally, we must discuss the computation of the interference terms of the one-loop and
tree-level amplitudes for Higgs boson production in association with a single parton. These
terms require the calculation of the one-loop amplitude, and integrations over the 2 → 2
phase-space variables. Using standard reduction methods, we write the one-loop amplitude
in terms of master integrals that are known analytically. The integration over the phase-
space then proceeds in a way described above.
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  State-of-the-art theory for Higgs production: NNLO  
(FeHIP: C. Anastasiou, K. Melnikov, F. Petriello; HNNLO: S. Catani, M. Grazzini)  

  Bin integrated Higgs boson rapidity distributions  
  with and without a jet veto 

  Hard radiation at higher orders suppressed with a jet veto 
  large NLO corrections, perturbative convergence observed at NNLO 
  scale variation at LO underestimates missing higher orders  
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FIG. 3: Bin-integrated Higgs boson rapidity distribution at the LHC. The bands indicate the scale

choice mh/2 ≤ µ ≤ 2mh.

consequently, the two photon signal can not be used as the primary trigger for the Higgs.
Searching for the Higgs boson in the W+W− decay mode requires the introduction of addi-
tional cuts to suppress the background due to the production and subsequent decay of a pair
of top quarks. Since the hadronic jets in top pair production have, on average, larger trans-
verse momenta than hadronic jets in Higgs hadroproduction, the significance of the Higgs
signal can be enhanced by imposing a jet veto on the recoiling hadronic system [71, 72]. In
Fig. 4 we present the rapidity distribution of the Higgs boson with mass mh = 150 GeV,
when all jets in the final state of the reaction pp → H + X are required to have transverse
momenta smaller than pjet

T,veto = 40 GeV. The jets are identified with the cone algorithm,
using a cone size R = 0.4.

FIG. 4: Bin-integrated Higgs boson rapidity distributions at the LHC with a jet veto applied.
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  Total di-photon production cross section normalized to 
branching fraction 
  with cuts on the two photons, to improve signal/background ratio 
  Observe: perturbative corrections to di-photon signal follow same 

pattern as the inclusive Higgs production cross section 
  NLO/LO large, NNLO/NLO moderate    
  scale dependence:  stabilized at NNLO  

  NNLO corrections smallest for μ=MH/2  
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Results for pp → H → 𝜸𝜸  selecting µ = mh/2 expedites the convergence of the perturbative expansion. Fig. 7 shows
the dependence of the Higgs signal on the choice of the scale for mh = 120 GeV. As expected,
we find that the NNLO perturbative corrections are small for µ ∼ 40 − 50 GeV. We note
that the threshold resummed results for the Higgs hadroproduction cross section [53] agree
very well with the fixed order results for smaller scale choices such as µ ∼ mh/2, while
they differ from the fixed order results by up to several percent for larger scale choices. It
appears, from the stability of the perturbative series and the agreement with the resummed
result, that µ ∼ mh/2 is a better scale choice for Higgs hadroproduction.

FIG. 7: The Higgs channel pp → H +X → γγ+X with the standard cuts imposed on the photons,
as a function of scale choice.

In Table II we present several comparisons between the inclusive NNLO cross section, and
the NNLO cross section computed with the standard cuts. Our goal in doing this is two-fold:
to understand how the cross section is affected by the standard cuts, and to see how well the
realistic cut cross section can be approximated if only the inclusive NNLO result is known.
We adopt µ = mh/2 for these comparisons. These results are valid to approximately 2%. In
the second column of Table II we have presented the ratio of the NNLO cross section with
the standard cuts over the inclusive NNLO result. The reduction of the cross section caused
by the cuts ranges from 40% for mh < 120 GeV to 30% for mh > 150 GeV. We note that
most of this reduction comes from the p⊥ and η cuts; the isolation cuts decrease the ratio
by less than 3%. This is expected; there is no cross section enhancement when a parton
is emitted along the photon direction, so this phase-space region contributes minimally to
the total result. We note that the cuts become less effective at larger mh, i.e., the ratio
increases. For larger Higgs masses, the average photon p⊥ increases, and therefore more
events pass the cuts.

In the third column of Table II we present the ratio of the K-factor K(2) = σNNLO/σNLO.
This is interesting for the following reason. Suppose only the differential NLO cross sec-
tion and the inclusive NNLO result are known. The best approximation for the exact
NNLO differential result would then be dσapprox

NNLO = dσNLO ×K(2)
inc , where K(2)

inc is defined with
the inclusive cross sections. Calculating the cut cross section with this distribution gives
σapprox,cut

NNLO = σcut
NLO × K(2)

inc . The ratio of this result with the exact NNLO cross section with

the standard cuts imposed is σcut
NNLO/σapprox,cut

NNLO = K(2)
cut/K

(2)
inc ; the deviation of this ratio from

unity measures the error made by using dσapprox
NNLO to approximate the actual differential cross
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  Di-photon transverse momentum (pT𝜸) distribution  ) distribution  
  consider average pT of the two photons 
  Observe: large perturbative corrections                                          

close to the leading order                                                 
kinematical bound: pTγ<mH/2 

 
 

  General feature of fixed order predictions: not accurate at 
phase space edges   
  At low pT𝜸: resummation is required  : resummation is required  

  Background has completely different kinematical features 
  can use transverse momentum distribution as discriminator 
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section at NNLO. We see that this deviation is less than about 5%.
In order to optimize the experimental cuts, it is desirable to have a good understanding

of the kinematic distributions of the photons, since they can provide good discriminators
between the signal and the background. While we do not discuss cut optimization in this
paper, we present two differential distributions that illustrate the range of observables that
can be studied using our calculation. In Fig. 8, the p⊥ = (pγ,1

⊥ + pγ,2
⊥ )/2 distribution is

shown for mh = 120 GeV. We observe large perturbative corrections close to the kinematic
boundary at leading order, p⊥ < mh/2 = 60 GeV, where resummation of large logarithms
is required. However, the presence of a large peak near the LO kinematic boundary ap-
pears to be a reliable result, as it appears without drastic modification at both NLO and
NNLO. Since the background should not contain any such feature, this is potentially a useful
discriminating variable.

FIG. 8: The p⊥ = (pγ,1
⊥

+ pγ,2
⊥

)/2 distribution for the di-photon Higgs signal at the LHC.

In Fig. 9, we present the distribution of the pseudorapidity difference Ys = |ηγ,1 − ηγ,2|/2
between the two photons. This distribution is interesting since a similar distribution from the
prompt photon production background is flatter; this information can be used to enhance
the statistical significance of the Higgs signal [46]. From Fig. 9 we see that the peak at
|ηγ,1 − ηγ,2| = 0 is also present when the NNLO effects are included.

The results presented in this Section are for the di-photon Higgs signal. There are other
Higgs decay modes that are of significant interest. In particular, for moderately heavy Higgs
bosons, decays into ZZ → 4l and W+W− → l+l−νlν̄l might provide suitable channels for
discovery. Since our calculation retains all the information about the Higgs boson kinematics,
it is in principle straightforward to include Higgs decays into arbitrary final states. However,
in reality, some care must be exercised to generate the final-state decay efficiently, especially
for decays with high multiplicities and sophisticated cuts. We plan on adding additional
Higgs decay channels to our code in the future.

X. DESCRIPTION OF THE FORTRAN CODE

In this Section we describe a FORTRAN program, FEHiP, which we have written to obtain
the results described in the previous Section. As can be seen from the examples presented
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  Essential to establish the properties of the newly 
discovered Higgs boson  

  Experiments select events according to number of jets 
  Different backgrounds for different jet multiplicities 
  H+0jet and inclusive H production known at NNLO               

(C. Anastasiou, K. Melnikov, F. Petriello; S.Catani,M. Grazini) 

  H+1jet and H+2jet  known at NLO  
  H+0jet and H+1jet samples of comparable sizes  

  NNLO for H+1jet needed  
  gluons-only total cross section just completed recently                            

(R. Boughezal, F. Caola, K. Melnikov, F. Petriello, M. Schulze)  

  Full calculation and differential distributions in progress 
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  Di-Photon production at the LHC  



  Di-photon production: irreducible background for H → 𝛾𝛾  
  at present determined from sideband data fits 

  Discrepancy between NLO theory and data in some distributions 

  Require precise theoretical predictions (NNLO)  
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Figure 7: (Left) Diphoton differential cross section as a function of the azimuthal angle be-
tween the two photons, Djgg, from data (points) and from theory (solid line) for the photon
pseudorapidity range |h| < 2.5. (Right) The difference between the measured and theoretically
predicted diphoton cross sections, divided by the theory prediction, as a function of Djgg. In
both plots, the inner and outer error bars on each point show the statistical and total experi-
mental uncertainties. The 4% uncertainty on the integrated luminosity is not included in the
error bars. The dotted line and shaded region represent the systematic uncertainties on the
theoretical prediction from the theoretical scales and the PDFs, respectively.
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Figure 8: (Left) Diphoton differential cross section as a function of the azimuthal angle be-
tween the two photons, Djgg, from data (points) and from theory (solid line) for the photon
pseudorapidity range |h| < 1.44. (Right) The difference between the measured and theoreti-
cally predicted diphoton cross sections, divided by the theory prediction, as a function of Djgg.
In both plots, the inner and outer error bars on each point show the statistical and total exper-
imental uncertainties. The 4% uncertainty on the integrated luminosity is not included in the
error bars. The dotted line and shaded region represent the systematic uncertainties on the
theoretical prediction from the theoretical scales and the PDFs, respectively.
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  Photons need to be isolated from hadrons in events 
  Suppress secondary photons from hadron decays 
  Complete isolation not infrared safe, nor exp. well-defined  

  Isolation criteria 
  Fixed cone isolation 

  Smooth cone isolation (S.Frixione) 

  only soft radiation allowed close to photon 
  experimental implementation difficult (finite detector resolution)   
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Photon isolation 
Photon production

Large Corrections 

Experimentally photons must be isolated

Experimentalist may choose:

Isolation reduces fragmentation component

Using conventional isolation, only the sum of the direct and fragmentation contributions is meaningful.

HP2 – Munich – Germany September  2012
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  Direct process: photon produced in hard interaction 
  perturbatively calculable 
  collinear quark-photon contributions present 

  Fragmentation of parton into photon: 
  described by a non-perturbative parton-to-photon 

fragmentation function 
  absorbs collinear singularities from direct process 
  requires non-perturbative input 

  Fixed cone isolation 
  both processes contribute 
  fragmentation contributions reduced but not eliminated    

  Smooth cone isolation 
  No fragmentation contribution, direct process contribute 

without collinear part  
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Photon production mechanisms 
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  NNLO calculation:  2𝜸NNLO                                        
(S. Catani, L. Cieri, D. de Florian, G. Ferrera, M. Grazzini) 

  parton-level event generator, based on qT-subtraction  
  Analytic cancellation of infrared poles  

  using a smooth isolation criterion to define photons 
  includes all O(αs

2) corrections to direct photon production pp →γγ  

  First fully consistent inclusion of the gluonic box contribution 

    

  Box also included in NLO-type codes (DIPHOX+gamma2MC, MCFM)                
(T. Binoth, J.P. Guillet, E. Pilon, M. Werlen; Z. Bern, L. Dixon, C. Schmidt; J. Campbell et al.)  
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Di-photon production at the LHC 

NNLO QCD corrections in diphoton production

some NNLO terms known to be as large as Born!productionγγ

but     Luminosity O (α2
s ) O (α0

s ) but     Luminosity qq̄gg

Why do we need NNLO corrections?

Box contribution already included in NLO calculation DIPHOX: T.Binoth, J.P.Guillet, E.Pilon, 
M.Werlen

NNLO QCD corrections in diphoton production

some NNLO terms known to be as large as Born!productionγγ

but     Luminosity O (α2
s ) O (α0

s ) but     Luminosity qq̄gg

Why do we need NNLO corrections?

Box contribution already included in NLO calculation DIPHOX: T.Binoth, J.P.Guillet, E.Pilon, 
M.Werlen

O(αs
2), gluon luminosity     comparable size to      O(αs

0), qq luminosity 
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  Partonic contributions to pp→ 𝜸𝜸 up to NNLO 

  

 

  At NLO and NNLO: qg channel dominant  
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Les Rencontres de Physique de la Vallée d'Aoste  March 2013

LO : qq̄ ! ��

NLO : qq̄ ! ��(+g)

qg ! ��q

NNLO : qq̄ ! ��(+gg)

qg ! ��q(+g)

gg ! ��



  Invariant-mass distribution with staggered photon cuts  

  At LO: both 𝜸 produced at equal pT (40 GeV) 
  New phase space region (25GeV < pT𝜸

soft< 40 GeV) opens at NLO   

  NNLO corrections large for low M𝜸𝜸 region  region 
  Main contribution from qg channel (dominant channel at NLO) 

  Box contribution of similar size than LO  
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Di-photon production at NNLO 

(µR) and factorization (µF ) scales are set to the value of the invariant mass of the diphoton system,
µR = µF = Mγγ . The QED coupling constant α is fixed to α = 1/137.

We apply typical kinematical cuts [17] that are used by the ATLAS and CMS Collaborations
in their Higgs search studies. We require the harder photon to have a transverse momentum
pharderT ≥ 40 GeV, while for the softer photon we demand psofterT ≥ 25 GeV. The rapidity of both
photons is restricted to |yγ| ≤ 2.5, and the invariant mass of the diphoton system is constrained
to lie in the range 20GeV ≤ Mγγ ≤ 250GeV.

σ (fb) LO NLO NNLO

µF = µR = Mγγ/2 5045± 1 26581± 23 45588± 97
µF = µR = Mγγ 5712± 2 26402± 25 43315± 54
µF = µR = 2Mγγ 6319± 2 26045± 24 41794± 77

Table 1: Cross sections for pp → γγ + X at the LHC (
√
s = 14 TeV). The applied cuts are

described in the text.

Figure 1: Invariant mass distribution of the photon pair at the LHC (
√
s = 14 TeV): LO (dots),

NLO (dashes) and NNLO (solid) results. We also present the results of the box and NLO+box
contributions. The inset plot shows the corresponding K-factors.

We start the presentation of our results by considering diphoton production at the LHC (
√
s =

14 TeV). In Table 1, we report the results of the accepted cross section at LO, NLO and NNLO.
We have fixed µF = µR = µ and we have considered three values of µ/Mγγ (µ/Mγγ = 1/2, 1, 2).
The numerical errors estimate the statistical uncertainty of the Monte Carlo integration.

We note that the value of the cross section remarkably increases with the perturbative order
of the calculation. This increase is mostly due to the use of very asymmetric (unbalanced) cuts
on the photon transverse momenta. At the LO, kinematics implies that the two photons are
produced with equal transverse momentum and, thus, both photons should have pγT ≥ 40 GeV.

3

Diphoton production at NNLO
First exclusive NNLO with two final state particles

 First results using 
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ATLAS di-photon results 
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Figure 5. Comparison between the experimental cross sections and the predictions obtained with
Diphox+gamma2mc (NLO) and 2γNNLO (NNLO): mγγ (top left), pT,γγ (top right), ∆φγγ (bot-
tom left), cos θ∗γγ(bottom right). Black dots correspond to data with with error bars for their total
uncertainties, which are dominated by the systematic component. The theoretical uncertainties
include contributions from the limited size of the simulated sample, from the scale choice and from
uncertainties on the parton distribution functions and on the hadronization and underlying event
corrections.
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Figure 5. Comparison between the experimental cross sections and the predictions obtained with
Diphox+gamma2mc (NLO) and 2γNNLO (NNLO): mγγ (top left), pT,γγ (top right), ∆φγγ (bot-
tom left), cos θ∗γγ(bottom right). Black dots correspond to data with with error bars for their total
uncertainties, which are dominated by the systematic component. The theoretical uncertainties
include contributions from the limited size of the simulated sample, from the scale choice and from
uncertainties on the parton distribution functions and on the hadronization and underlying event
corrections.

– 20 –



  End of Lecture 3 

39 Aude Gehrmann-De Ridder        Perturbative QCD - Lecture III 


