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Outline

• HEP and non-perturbative QCD.

• Hagedorn’s theory.

• Experimental verification of the theory.

• Non-perturbative-QCD, lattice-QCD and AdS/CFT.

• Generalization of Hagedorn’s formalism.

• Non-extensive self-consistent theory.

• Experimental evidences of non-extensive self-consistency.

• Thermodynamical functions and lattice-QCD.

• Conclusions.
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The non-perturbative river

QCD is a well-known theory for strong interaction

and works very well for Particle Physics.

In Nuclear Physics it faces some problems: non-perturbative character.

We need a bridge!
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Hagedorn’s theory
A hadronic system is considered as an ideal gas of hadrons a a
temperature T . The partition function is

ln[1 + Z (V0,T )] =
V0T

2π2

∞∑
n=1

1

n2

∫ ∞

0

ρ(m; n)m2K2 (β nm) dm.

The bootstrap idea is:
Fireball is “∗the static equillibrium of a system composed by fireballs,
which on their turn are . . . (goto ∗)”

The partition function can also be written as

Z (V0,T ) =

∫ E

0

σ(E ′)Z0(E
′)dE ′

According to the bootstrap principle, both forms of partition function
must be asymptotically identical with

ln[σ(E ′)] = ln[ρ(m)]
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Self-consistency

Both constraints can be satisfied with

σ(E ) → b Eα−1 eβoE

ρ(m) → m−5/2eβom

And in this case both expression for the partition function reduce to

Z (Vo ,T ) ∼
(

1

β − βo)

)α

with

α =
aV0

(2πβ0)3/2
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Experimental verification
With

ν̄k = − 1

β

∂ln Z (T )±
∂εk

and using the thermodynamical relations we get

ν̄k = e−β0εk ⇒ ln(ν̄k) = −β0εk

It is more usefull to write it in terms of the transversal momemtum.
Using

ε =
√
p⊥ + p2z +m2

we get, for p⊥ >> T0 >> m,

w(p⊥) ≈ C · p3/2⊥ exp

(
−p⊥
T0

)
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Phase transition
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Validade da Teoria de Hagedorn
Hagedorn’s works nicely up to

√
s ≈ 10 GeV. For higher energies:
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Other possible bridges

Lattice QCD

Duality AdS/CFT

trace-anomaly

speed of sound

viscosity

η

s
=

1

4π
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Hadron Resonance Gas Models

EPJC 2003

Mod. Phys. Lett A 2011

J. Noronha-Hostler et al.
arXiv:1206.5138

for a recent comparison of different
mass spectra.
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Hadron Resonance Gas Models -
problems
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Introducing non-extensivity:
Bediaga’s generalization

Bediaga:
xij = (1 + (q − 1)βεij)

−q/(q−1)

Partition function:

logZ = −
∑
ij

log(1− xij) +
∑
i ′j′

log(1 + xi ′j′)

and ...

w(p⊥) ≈ const· p⊥
∫ ∞

0

dpL(1 + (q − 1)β
√
p2⊥ + p2L +m2

0)
− q

q−1

Transverse momentum distribution (C. Beck):

1

σ

dσ

dp⊥
= c (2(q−1))−1/2B

(
1

2
,

q

q − 1
− 1

2

)
u3/2(1+(q−1)u)−

q
q−1+

1
2

with

B(x , y) =
Γ(x)Γ(y)

Γ(x + y)
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Comparison of Bediaga’s formula
with experiment
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Self-consistency in the
non-extensive thermodynamics

Zq(Vo ,T ) =

∫ ∞

0

σ(E )[1 + (q − 1)βE ]−
q

(q−1) dE

and

ln[1 + Zq(Vo ,T )] =
Vo

2π2

∞∑
n=1

1

n

∫ ∞

0

dm

∫ ∞

0

dp p2ρ(n;m)

× [1 + (q − 1)β
√

p2 +m2]−
nq

(q−1) ,

The bootstrap principle

Zq(Vo ,T ) =

∫ ∞

0

σ(E )[1 + (q − 1)βE ]−
q

(q−1) dE

=exp

{
Vo

2π2β3/2

∫ ∞

0

dmm3/2ρ(m)[1 + (q − 1)βm]−
1

q−1

}
− 1

At the same time we must have

ln[σ(E )] = ln[ρ(m)]



Non-extensivity
of hadronic
systems

Airton Deppman

HEP and
non-perturbative
QCD

The Hagedorn’s
theory

Experimental
verification

Phase transition
of the hadronic
medium

HRG models,
lattice-QCD and
AdS/CFT duality

Generalization of
the Hagedorn’s
formula

Self-consistency
in the
non-extensive
thermodynamics

Consistency with
thermodynami-
cal
functions

Experimental
evidences for the
limiting
temperature

Thermodynamical
functions

Conclusions

Mass spectru and density of states

The self-consistency principle is satisfied if

m3/2ρ(m) =
γ

m

[
1 + (qo − 1)βom

] 1
qo−1 =

γ

m
[1 + (q′o − 1)m]

βo
q′o−1

and

σ(E ) = bE a
[
1 + (q′o − 1)E

] βo
q′o−1

Using properties of Γ(z) function it results that for (q′o − 1) → 0,

Zq(Vo ,T ) → bΓ(a+ 1)

(
1

β − βo

)a+1

Then both expression for the partition function Zq converge if

a+ 1 = α =
γVo

2π2β3/2

Limiting temperature: βo and entropic index: qo .
A. Deppman, Physica A 391 (2012) 6380–6385.
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Consistency with thermodynamical
functions

Tsallis → Thermodynamical relations → Bediaga formula?

J.M. Conroy, H.G. Miller and A.R. Plastino
Phys. Lett A 374 (2010) 4581 → No!

ni =
(
1 + [1 + (q − 1)β(E − µ)](1/(q−1)

)−q

But for E → ∞ it reduces to Bediaga formula!

Also: J Cleymans e D Worku: JPG 39 (2012) 025006.

dN

dpT
= gV

dN

dy

pTmT coshy

4π2

[
1 + (q − 1)

mT coshy − µ

T

]−q/(q−1)

However STAR, PHENIX, ALICE, CMS still use

dN

dpT
= pT

dN

dy

(n − 1)(n − 2)

nC [nC +mo(n − 2)]

(
1 +

mT −mo

nC

)−n
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Evidences from e+e− collisions

Bediaga (2000).
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Evidences from pp collisions
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Evidences from AA collisions
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q as a function of energy and of
centralityarxiv:1208.2952
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q and T as a function of m

J Cleymans e D Worku: J. Phys. G: Nucl. Part. Phys. 39 (2012)
025006.

(k) (l)
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To = (60±7) MeV qo =1.103±0.007
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Hadron mass spectrum

L. Marques, E. Andrade and AD, Phys. Rev. D 87, 114022 (2013)
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Correlation between T and q

Wilk e Wlodarczyk: Cent. Eur. J. Phys. 10 (2012) 568-575

Teff = To − (q − 1)c

TH = (192±15) MeV c =-(950±10) MeV
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Thermodynamical functions

1

V
ln[Z (V , β)] =

γ(q − 1)

2π2β3/2

(
1

(β − βo)M(q − 1)

) 1
q−1

×2 F1

[
1

q − 1
,

1

q − 1
,

q

q − 1
,

−1

(q − 1)(β − βo)M

]
pressure:p =

T

V
ln[Z (V , β)] entropy density: s =

∂p

∂T

energy density: ε =
T 2

V

∂

∂T
ln[Z (V , β)]

trace anomaly: a(T ) =
ε− 3p

T 2
= T

∂

∂T

(
p

T 4

)
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Map between non-extensive and
extensive quantities

Mapa entre T e τ :
τ(To) = τo
τ(0) = 0
τ(T1 + T2) = τ(T1) + τ(T2)

A função que satisfaz essas condições é:

τ(T ) = kT =
τo
To

T

From here we get the following relations:
p

T 4
= k−3 k−1p

(k−1T )4
= k−3 π

τ 4

s = σ

ε = k−1ε

a = k−3α ,
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Comparison to lattice-QCD
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Conclusions

• It is possible to obtain a self-consistent theory for fireballs in the
non-extensive thermodynamics.

• Self-consistency leads to a limiting effective temperature, To ,
and a limiting entropic index, qo .

• Experimental data for pT -distributions give support for the
existence of To and qo .

• The mass-spectrum formula describes very well the known
hadronic states (mesons and barions).

• It is possible to find a connection between extensive and
non-extensive thermodynamics functions.

• Thermodynamics functions resulting from the non-extensive
self-consistent theory are in agreement with lattice-QCD results.
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(THAN)q


