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Lecture 1
motivation
divergence of perturbation theory in QM
basics of Borel summation

the Bogomolny /Zinn-Justin cancellation mechanism



Motivation

Resurgence: e ‘new’ idea in mathematics
e goal: explore implications for physics

» unification of perturbation theory and non-perturbative
physics

» applications to QM, QFT, Strings, ...

» consistent non-perturbative definition of asymptotically free

QFT
» insight into localization
» analytic continuation of path integrals

» exponentially improved (‘exact’) semi-classical analysis



Perturbation theory

e perturbation theory generally produces a divergent
series

e semiclassical (WKB) expansions are generally divergent
e there is a lot of interesting physics encoded in these facts
e perturbation theory has nontrivial ‘hidden’ structure

e perturbation theory and non-perturbative physics are
intricately entwined

e “resurgence” describes these inter-relations

e general mathematical approach to instanton calculus



Perturbation theory generally produces a divergent series

Divergent series are the invention of the devil, and it is
shameful to base on them any demonstration
whatsoever ... That most of these things [summation of
divergent series| are correct, in spite of that, is
extraordinarily surprising. I am trying to find a reason
for this; it is an exceedingly interesting question.

N. Abel, 1802 — 1829

The series is divergent; therefore we may be able to do
something with it

O. Heaviside, 1850 — 1925



Perturbation theory works

QED perturbation theory:
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Resurgence

resurgence = unification of perturbation theory and
non-perturbative physics

e cures inconsistencies in perturbative OR non-perturbative
analyses

e series expansion —» trans-series expansion

e trans-series well-defined under analytic continuation of
parameter

e philosophical shift:
view semiclassical expansions as potentially exact

e applications: ODEs, PDEs, QM, QFT, String Theory, ...



Resurgent Trans-Series

e trans-series expansion:

=S5 oo (2)] ()]

n=0 k=0 [=0

e J. Ecalle (1980): set of functions with these trans-monomial
elements is closed under:

(Borel transform)+ (analytic continuation)+ (Laplace transform)

e “any reasonable function” has a trans-series expansion
o differential equations, iterated maps, ...
e trans-series expansion coefficients are highly correlated

e exponentially improved asymptotic expansions



Resurgence

resurgent functions display at each of their singular
points a behaviour closely related to their behaviour at
the origin. Loosely speaking, these functions resurrect,
or surge up - in a slightly different guise, as it were - at
their singularities

J. Ecalle, 1980



Divergence of perturbation theory in quantum mechanics

e.g. ground state energy:

(0.9}
E = Z ¢n, (coupling)”

n=0

(60)n+1/2

» cubic oscillator: ¢, ~ — e T(n+3)

» quartic oscillator: ¢, ~ (—1)7”r1?’7:3—/\/2g L(n+ 3)

> Zeeman: ¢, ~ (1) ()" 2 (2n+4)!
» Stark: ¢, ~ —% (%)27”1 (2n)!
» periodic Sine-Gordon potential: ¢, ~ n!

» double-well: ¢, ~ 3" n!

note generic factorial growth of perturbative coefficients



Asymptotic Series vs Convergent Series

z fixed

N-1
fx) =) en(x—w0)" + Ru(x)
n=0
convergent series:
|[Ry(z)] =0 , N—=o0o ,
asymptotic series:
[Ry(z)] < |z —zo|Y . z =@

—  “optimal truncation”:

, N fixed

truncate just before least term (z dependent!)



Asymptotic Series vs Convergent Series
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Asymptotic Series vs Convergent Series
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Asymptotic Series vs Convergent Series

optimal truncation: error term is exponentially small
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Divergence of perturbation theory in quantum mechanics

typical large order growth:
cn ~ (£1)" B"I'(yn +9)

Related to factorial growth of number of Feynman
diagrams

e e T = n
21 J oo n=0 !

(n—1)!

= Jp~ (_1)n 4n




Borel summation: basic idea

example: exponential integral function
(http://dlmf .nist.gov/6.2)

- 11 1
Z(—l)" nlg" =— es Ey <)
g

n=0 9

write n! = fooo dte T "

oo

Z(—l)n nlg" = / dte™ = / dte /9
1+gt 0 1

n=0 0 g

integral convergent for all g > 0: “Borel sum” of the series

1

+1


http://dlmf.nist.gov/6.2

Borel Summation: basic idea
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Borel summation: basic idea

example: non-alternating series:
oo
1 1 1
Zn!g" =—¢ 9 Fi ()
g g
write n! = fooo dte t "

oo 00 00
> nlgh= / dtet — 1 / dte=t/s L 99

1—gt:g

pole on the Borel axis!
= non-perturbative imaginary part
i1

+—e ¢
g



Borel Summation: Basic Idea

Borel = Re [Zn'x”

n=0

2.0

-0.5



Borel summation

Borel transform of series f(g) ~ > o2 ¢n g™

new series typically has finite radius of convergence.

Borel resummation of original asymptotic series:

SH) =, /0 " Bl (et

warning: B[f](t) may have singularities in (Borel) ¢ plane



Borel singularities
avoid singularities on R™: lateral Borel sums:

Sof(9) = ;/Oe OoB[f](t)e_t/gdt

go above/below the singularity: § = 0
— non-perturbative ambiguity: +Im[Syf(g)]

challenge: use physical input to resolve ambiguity



Divergence of perturbation theory in quantum mechanics

e.g. ground state energy:

(0.9}
E = Z ¢n, (coupling)”

n=0

(60)n+1/2

» cubic oscillator: ¢, ~ — e T(n+3)

» quartic oscillator: ¢, ~ (—1)7”r1?’7:3—/\/2g L(n+ 3)

> Zeeman: ¢, ~ (1) ()" 2 (2n+4)!
» Stark: ¢, ~ —% (%)27”1 (2n)!
» periodic Sine-Gordon potential: ¢, ~ n!

» double-well: ¢, ~ 3" n!

note generic factorial growth of perturbative coefficients



Borel Summation and Dispersion Relations
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Divergence of perturbation theory

an important part of the story ...

The majority of nontrivial theories are seemingly
unstable at some phase of the coupling constant, which
leads to the asymptotic nature of the perturbative series

A. Vainshtein (1964)



Borel summation: existence theorem (Nevanlinna & Sokal)
f(z) analytic in circle C = {z : |2 — §| < &}

N-1
f(z)=) anz"+Rn(2) ,  |Rn(2)| < Ac™ NI[z|Y
n=0

Borel transform

B(t):Z%t”

n=0

. . . i@
analytic continuation to

Sy ={t:|t—R"| <1/c}

II/U

Re(t)

F(z) = 1/00 /% B(t) dt

zJo



Borel summation in practice

f@~> eng” . e~ B T(yn+0)
n=0

e alternating series: real Borel sum
1 [>dt [ 1 £\ £\

-t 4G )

(9) YJo t \1+t/)\fg By
e nonalternating series: ambiguous imaginary part

1 [~dt [ 1 £\ £\

e« 25 ()l ()
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Borel summation in practice

direct quantitative correspondence between:

rate of growth <+ Borel poles <> non-perturbative exponent

non-alternating factorial growth:

positive Borel singularity:

non-perturbative exponent:

cn ~ B"T(yn+9)
1 1/v
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o 1 3/~
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recall: Divergence of perturbation theory in QM

e.g. ground state energy:

(0.9}
E = Z ¢n (coupling)™

n=0

(60)n+1/2

e cubic oscillator: ¢, ~ — T T(n+3)

e quartic oscillator: ¢, ~ (_1)n+137r”37\//25 T(n+ %)
o Zeeman: ¢ ~ (<1)" ()" s (204 3)!
e Stark: ¢, ~ _% (%)Q"Jrl (2n)!

e periodic Sine-Gordon potential: ¢, ~ n!

e double-well: ¢, ~ 3" n!



recall: Divergence of perturbation theory in QM

e.g. ground state energy:

(0.9}
E = Z ¢n, (coupling)™

n=0

(60)n+1/2

e cubic oscillator: ¢, ~ — T T(n+3)

e quartic oscillator: ¢, ~ (_1)n+13;7/\/25 T(n+ %)
o Zeeman: ¢ ~ (<1)" ()" s (204 3)!
e Stark: ¢, ~ _% (%)Q"Jrl (2n)!

e periodic Sine-Gordon potential: ¢, ~ n!

e double-well: ¢, ~ 3" n!

unstable

stable

stable

unstable

stable 777

stable 777



Bogomolny /Zinn-Justin mechanism in QM

P —
P —_

e degenerate vacua: double-well, Sine-Gordon, ...

_S5
splitting of levels: a real one-instanton effect: AE ~ e 9*

surprise: pert. theory non-Borel summable: ¢, ~ 7(275!)”

» stable systems

» ambiguous imaginary part

_2s
» +ie 9%, a 2-instanton effect



Bogomolny /Zinn-Justin mechanism in QM

P —
P —_

e degenerate vacua: double-well, Sine-Gordon, ...

1. perturbation theory non-Borel summable:
ill-defined /incomplete

2. instanton gas picture ill-defined /incomplete:
7 and 7 attract

e regularize both by analytic continuation of coupling

= ambiguous, imaginary non-perturbative terms cancel!



Bogomolny /Zinn-Justin mechanism in QM
e.g., double-well: V(z) = 2%(1 — gx)?

Eqy ~ ch an

n
e perturbation theory:

_1
cp~—=3"nl — ImEy~Fme 3¢°

e non-perturbative instanton gas:

_o_1_
ImEQ ~ +me “6g7

e BZJ cancellation = FEj is real and unambiguous

“resurgence” = cancellation to all orders



Bogomolny/Zinn-Justin mechanism in QM

e double-well potential: V(z) = 322 (1 — gz)?

e instanton solution: gzo(t) = 1/(1 +et)
e classical Eucidean action: Sy = é

.%'Q(R-i-t) , t>0

approximate ZZ soln. : z4(t) =
pp a(t) {xO(R_t) <0

effective interaction potential: Uin(t1,t2) = —g% e~ lti—tel

1
Zin = a2/dt1/dtg ¢~ Uini(tit2) <a = e
' gvm

1 > 2
1200 §T2 a’® + TaZ/ dt <exp |:2€_t:| — 1) +...
0 g

e as g2 — 0, dominated by t — 0 777



Bogomolny /Zinn-Justin mechanism in QM
1 & 2
Zint i §T2 a? + Ta2/ dt <exp |:2€_t:| — 1) + ...
0 g

BZJ idea: analytically continue g? — —g?

= dominated by finite ¢ = stable instanton gas

o0 2 2 2
/ dt <eXp [—Qe‘t] - 1> ~ =g +In <g> + Fi (—2>
0 g 2 g

e ambiguous imaginary part (from log) when —g? — ¢°

—EoT

e recall Z ~ e = imaginary Ej from instanton gas

BZJ cancellation: cancels against ambiguous imaginary part
from analytic continuation of Borel summation of perturbation
theory



Bogomolny/Zinn-Justin mechanism in SUSY QM

Balitsky/Yung: SUSY double-well

1
Vhosonic = W? = W' = = (14 ga%)" ~ 1

e ground state perturbatively zero (very convergent!)
e SUSY broken non-perturbatively (single-instanton)

77 interaction involves bosonic and fermionic zero modes

7, = L 2/dt6—é J(F2e™)
VT Tg?



Trans-series for Energy Eigenvalues

e perturbation theory: EI()er)t theory (9 =32 g%E,(gN)

e non-Borel-summable: incomplete
e all non-perturbative multi-instanton terms:

“trans-series”

) = Byl theory (9°)

pert. theory

0 1 oo ¢ k 1 I
2
+zzz( s en[-5]) (n[+p]) e

k=1 1=1 p=0

~~ — perturbative fluctuations
k—instanton quasi-zero-mode

precisely of Ecalle’s trans-series form !



Decoding of Trans-series

1= 35 3o oo (3] o ()]

n=0 k=0 ¢g=0

e perturbative fluctuations about vacuum: Zn —0 €n0,09 2n
e divergent (non-Borel-summable): ¢, 0,0 ~ (25)

2
= ambiguous imaginary non-pert energy ~ =i o e 25/9

e but cp21 = —a: BZJ cancellation !
pert flucs about instanton: e=S/9* (1 +a1g® + asg* + .. )

divergent:
ap ~ (275!)” (a Inn+b) = +ime 35/9° (a In L + b)

2
e 3-instanton: e—35/¢° {g (ln (—g%)) +b1n (—g—2> + c}

resurgence: ad infinitum, also sub-leading large-order terms



Lecture 2
» divergence of perturbation theory in QFT
» Euler-Heisenberg effective actions

» curing the IR renormalon puzzle in CPY =1 models



Divergence of perturbation theory in QFT

e Hurst (1952): ¢* perturbation theory is divergent:
(i) factorial growth of number of diagrams
(ii) explicit lower bounds on diagrams

If it be granted that the perturbation expansion does not
lead to a convergent series in the coupling constant for
all theories which can be renormalized, at least, then a
reconciliation is needed between this and the excellent
agreement found in electrodynamics between
experimental results and low-order calculations. It is
suggested that this agreement is due to the fact that the
S-matriz expansion is to be interpreted as an
asymptotic expansion in the fine-structure constant ...

C. A. Hurst, 1952



Dyson’s argument (QED)

e Dyson (1952): physical argument for divergence of QED
perturbation theory

F(e%) = co+ c2€® + cye* + ...

Thus [for e* < 0] every physical state is unstable
against the spontaneous creation of large numbers of
particles. Further, a system once in a pathological state
will not remain steady; there will be a rapid creation of
more and more particles, an explosive disintegration of
the vacuum by spontaneous polarization.

F. J. Dyson, 1952

e suggests perturbative expansion cannot be convergent



Euler-Heisenberg Effective Action (1935) review: hep-th/0406216

e 1-loop QED effective action in uniform background emag
field

e e.g., constant B field:

g e2B? /°° ds th 1 s m?2s
= — — | co ————e R
82 Jy 2 *Ts 3)P| B

o _e*B? i Bonia 2eB\ 2" t?
272 = (2n+4)2n+3)(2n +2) m?



http://inspirehep.net/record/653094?ln=en

Euler-Heisenberg Effective Action

e e.g., constant B field: characteristic factorial divergence

T(2n + 2) & 1
R

8 p (k m)2ntd
e recall Borel summation:
o0
F@)~> eng” . e~ B T(yn+0)
n=0

- ot [T () e (3)]

e reconstruct correct Borel transform:

o0
Z i = L coth s — 1os
— k272 (s? + k2m2) 252 s 3




Euler-Heisenberg Effective Action

B field: QFT analogue of Zeeman effect
FE field: QFT analogue of Stark effect

B? — —E?: series becomes non-alternating

. 22 2
Borel summation = Im S = £~ 5779 k;% exp [_km 77}

873 eE
FE
........... A S,
e~ et

Schwinger pair production from vacuum:
Im S — physical pair production rate

e suggests Euler-Heisenberg series must be divergent



de Sitter/ anti de Sitter effective actions  (pas & G, hep-th/os07168)

e explicit expressions (multiple gamma functions)
2\ 4/2 n
m K
~ e § : (AdSq) |

m2 d/2 K\"
Ls,(K) ~ <47T> Za%dsd) <mg>

e changing sign of curvature: a5 = (—1)”a§Lde)

e odd dimensions: convergent

e even dimensions: divergent

al

AdSy) MNQ(_U”M
" n(2n + d)

(27T)2n+d

e pair production in dSy with d even


http://inspirehep.net/record/722246?ln=en

Euler-Heisenberg and Matrix Models, Large N, Strings, ...

e scalar QED Euler-Heisenberg in self-dual background
(F ==+F):

g F? /°° dt _, 1 1 N 1
= _— — € —_— — —= -
1672 t sinh? (t) 52 3
_ Z Bopo 2F a2
167r2 2n(2n + 2)

e “clectric” self-dual (F — i F):

m2F o= (27 2F 5
ImS = < —mkm?/F
o= 3o k_l(k +k2m2>e




Euler-Heisenberg and Matrix Models, Large N, Strings, ...

e scalar QED EH in self-dual background (F = +F):

5 F?/C’Odtet IR SN
Co16m? Jy ot sinh?(t) s* 3

e Gaussian matrix model: A =g N

1 [>dt 1 1 1
1 /0 t € sinh2(f) 2 3

ec=1 Stringt A\=gN

1 [ dt 111
F== wr—2Xt/g - =
4/0 ¢ sn2(t) 2 3

e Chern-Simons matrix model:

1  dt , 1 1 1
F=_= @b —2(A\2mim)t/g < _+>
4 mze:Z/O t© sinh?(t) s? 3




Euler-Heisenberg and Matrix Models, Large N, Strings, ...

e similar structure arises in more general topological string
theories and matrix models

e resurgence and Borel-Ecalle summation provide a natural
framework for combining perturbative genus expansions with
non-perturbative information

e Marino, Schiappa, Pasquetti, Aniceto, Vonk, ...

key problem: analytic continuation of functional integrals



Resurgence and Analytic Continuation

one view (of many) of resurgence:

resurgence can be viewed as a method for making formal
asymptotic expansions consistent with global analytic
continuation properties

e “alien calculus” (Ecalle)

e median resummation: encodes intricate combinatorics of
cancellations in trans-series



Asymptotic Expansions & Analytic Continuation

Stirling expansion for ¢(z) = L InT(z) is divergent

Y(1+2z) 1n2+i— ! + L1 + +@_
2z 1222 120z% 25226 6600220

e functional relation: (1 + z) = 1(z) + 1
formal series = Imy(1+ dy) ~ —% +3
o reflection formula: (1 +2z) — (1 —2) =1
reflection formula

=  Imy(l+idy) ~ —i + I+ e kY

“raw” asymptotics inconsistent with analytic continuation

e resurgence fixes this

(2n 4 1)! R .
Rey (1+1iy) ~ lny—i-QZ 2n+2§2 +2)—z7rZe rky
k=1



Asymptotic Expansions & Analytic Continuation

e this example arises in many QFT and String Theory
computations:

e Euler-Heisenberg, de Sitter, exact S-matrices, Chern-Simons
partition functions, matrix models, ...

0 L2 cot<L\f/\) 1
ZW_)\ Y Lvx L2

n=1 L2
L LV LVX
“aal () (5))




Divergence of derivative expansion (GD, T. Hall, hep-th/9902064)

e time-dependent E field: E(t) = E sech? (t/7)

mt N (C1) & 2B\ T (2k + 5)T(2k + j — 2)Bok 12
S =— DN (DR (= d
8mr3/2 ]Z:g (mA)2 kZQ( ) (m2> JU2K)T(2k + 5+ 3)

e Borel sum perturbative expansion: large k (j fixed):

I'(2k+3j — 3)

()
%~ (27)2i+2k+2
, 2 1 mir \?
ImS® ~ _mmy L fmr
m S~ exp [ E | 1 \4r2E3

e resum derivative expansion

Im S ~ exp [—m;ﬂ (1 — i (;:_)2>]


http://inspirehep.net/record/495103?ln=en

Divergence of derivative expansion

e Borel sum derivative expansion: large j (k fixed):

) ook D2 + 4k — 2

j (2723 +2k
2\2k
(k) (27TET ) —27mT
Im S TR

e resum perturbative expansion:

Im S ~ exp [—27rm7' <1 — ET)}

m
e compare:

m2m 1 /m\2
fm &~ oxp [_E <1 -1(5)
o different limits of full: Im S ~ exp [—%f (ﬂ)]

e derivative expansion must be divergent



Renormalons

QM: divergence of perturbation theory due to factorial growth
of number of Feynman diagrams

QFT: new physical effects occur, due to running of coupling
constant with momentum

faster source of divergence: ‘renormalons”

= leading non-perturbative exponentials
non-alternating factorial growth: ¢, ~ " I'(yn + 0)

1\
positive Borel pole: te = <>
By

5/ 1/
: : (1 1
non-perturbative exponential: +i— [ — exp |— [ —
v \ By By



UV and IR Renormalons

e.g. QED with Ny massless flavors

e Adler function D(Q?) = 47T2Q2 dH(Q

e bubble-chains, momentum k£ — mterpolating expression

00 2045 2
D@ =@ [ i) 55 o

e running coupling o (k?):

a.(k2) = O‘S(Q2)
s(k ) - 1 500(5 ID(Q2/k‘2)

Bg: first beta-function coefficient

e expand ag(k?) in series in powers of as(Q?):

0o a 2 n 0o 2 n 2 /1.2\\"
D(QQ)ZaS(QQ)Z%(B @) g2 [Tyt ()



UV and IR Renormalons

2\ _ 2 Bo as(Q 2 2 ln QQ/]CQ»
D(Q)—as(Q);( DY @ [Tann S
e IR low momentum: split at k2 = Q? (y = 2In(Q?/k?))

Q2 k‘2 (IH<Q2/1€2)) 11 [e'e) e Y yn
2 2 _ 4 'y
CJ gy " ), Yy

n! (1 2 1
~ z<zn‘3n+0(4n))

e UV high momentum: ( = In(k%/Q?))

o [ 0K (In(Q%/K)" P
@ /Qg 4k (k2 +Q?)3 = /o dy(1+e—y)3

~ (=1)"n! <1 - 2n3-‘r1 +0 <3ln>>




UV and IR Renormalons

renormalon poles:

4

HE = 10 n=2,34,...
Bo
4

o= Ty n=1,2,3,...
Bo

Borel poles due to renormalons are closer to the origin:

“dominant effect”

instanton/ anti-instanton poles

MM
/N

UV renormalon poles IR renormalon poles



IR Renormalon Puzzle in Asymptotically Free QF T

Asymptotically free QFT’s: e.g. Yang-Mills or CPV—1
(i) degenerate classical vacua

(ii) non Borel summable perturbation theory, due to infrared
(IR) renormalons, associated with IR-momentum behaviour of
certain bubble-chain diagrams

» IR renormalons = perturbation theory is ill-defined and
incomplete

» for CPY=1 on R2, or YM on R*, BZJ mechanism does not
work, because Borel poles are in ‘wrong’ locations



IR Renormalon Puzzle in Asymptotically Free QF T

perturbation theory: — +ie25/Po

instantons on R? or R*: — +ie 28

instanton/ anti-instanton poles

MM
/N

UV renormalon poles IR renormalon poles

appears that BZJ cancellation cannot occur

asymptotically free theories remain inconsistent



IR Renormalon Puzzle in Asymptotically Free QF T

resolution: there is another problem with the non-perturbative
instanton gas analysis (Argyres, GD, Unsal, 1206.1890 1210.2423)

e scale modulus of instantons

e spatial compactification and principle of continuity

instanton/anti-instanton poles

UV renormalon poles/ \ IR renormalon poles

neutral bion poles

cancellation occurs !


http://arxiv.org/abs/arXiv:1206.1890
http://inspirehep.net/record/1189994?ln=en

Topological Molecules in Spatially Compactified Theories

CPN—1: regulate scale modulus problem with (spatial)
compactification

R2— Si1xR!

X-

X1

X2_

X1
instantons fractionalize

Euclidean time



Topological Molecules in Spatially Compactified Theories

temporal conpactification: information only about deconfined
phase

Rlx Sgl

R1 3 R

high T low T

spatial compactification: semi-classical small L regime
continuously connected to large L:

principle of continuity

S x R1
R! > G

“continuity”




Weak Coupling Non-Trivial Holonomy and Center Symmetry

(2) (b) ()

» (a) Weak coupling trivial holonomy: Semi-classical
OK, but disconnected from strong coupling regime

» (b) Weak coupling non-trivial holonomy:
Semi-classical analysis OK, and continuously connected to
strong coupling regime

» (c) Strong coupling non-trivial holonomy:
Weak-coupling semi-classical analysis not OK



Topological Molecules in Spatially Compactified Theories

» monopole-instantons, M;, or kink-instantons K;,
1=1,2,...,N.

» Charged biclns (correlated ki{lk-anti—kink events):
Bij = [MiM;], or Bij = [IC;K;], with i # j

» Neutral bions: By = [M;M;], and B;; = [K;K;]

» Neutral bion-anti-bion molecular events such as [B;;B;;],
[BiijkBki]7 etc ...

hierarchy of scales:

e < b < di_x < dp_p,
{ { { l
L < Llog(g%) < Leé% « L2,



Graded Resurgence Triangle

» Perturbation theory is independent of topological ©-angle
= ambiguity due to non-Borel summability of perturbation
theory is also independent of ©.

» = non-Borel summability of large orders of perturbation
theory can never be cancelled by non-perturbative
configurations with non-vanishing topological charge. Can
only be cancelled by topological configurations with zero
topological charge, or equivalently, without any ©-angle
dependence



Graded Resurgence Triangle

saddle points labelled by: [n,m)]

N = NinstantontNanti—instanton > M = Ninstanton —Nanti—instanton
[0,0]
[1,1] 1, —1]
(2, 2] [2,0] (2, —2]
(3, 3] (3, 1] 3, —1] (3, —3]

[47 _4]



Graded Resurgence Triangle

vacuum

I IIT I11

(1+ alg;iai/g‘*?b) eI (1 bﬁég:w’. )
)+€—35/g2(

—0—6_23/92(14—01;] +eagt+ 4. 1+ dig +d294+"'+...>

+... +(log terms)



CPN=1 Model

CPYN~=1 model: two-dim. sigma model analog of Yang-Mills

» asymptotically free: Sy = N (independent of Ny)

» instantons, theta vacua, fermion zero modes, ...

» divergent perturbation theory (non-Borel summable)
» renormalons (both UV and IR)

> large-N analysis

» non-perturbative mass gap: my = A = p e=47/(9*N)
» couple to fermions, SUSY, ...

» ‘unstable’ finite action non-self-dual classical solutions
(path integral saddle points)



Basics of CPY~1 Model
» classical bosonic action: S = g% [ d*z (D,m)Jr D,n
» n = N-component column vector with nfn =1
» local U(1) symmetry , global U(N) symmetry
» D, =0, + 1A, with abelian gauge field A, = inmun

PN—l — U(N)

» target space My1 =C TIN-DxU1)

» N2 —1— (N —1)2=2(N — 1) real fields

» topological charge

; 1
Q = —% /d2.’L‘ 6“1,(9“ (nTayn) = 27 /dQ-'L' 6“1/8/,11411

™

» couple to fermions

Sfermion = ‘922/ [_“E’Y/LDuw + % ((&¢)2 + (&731#)2 - (r&fﬂbw)Q)]



Instantons in CPN~1 Model

Bogomolny factorization:

(DHn)T D,n = |(D, +iewD,) n|®> Fi €0y (nT&,n)

self-dual instanton equations
Dyn = FiewDyn

v
v

homogeneous fields: n =

instanton :v = v(z) , anti-instanton: v = v(2)

e.g., simplest instanton for CP' on R?%:

o ((z —1b>/a) - e=; / P <|ayz+|az|2_ o =




“Center Symmetry” in CPV~!

2(N — 1) angular fields:

n
n2
n3

nn

order parameter:
ei[‘Pl (11 »0)7591 (11 7L)}

0
Qz1) =

twisted b.c.’s: Zn

€1 cos 021

€2 gin 921 cos &2
'3 gin 9—1 sin 92 cos %3
e'PN sin 91 b2 b

Sln2 SlIl2

0
ei[gog (21,0)—p2(z1,L)]

27k

cQ— €N O

ON—1
2

eilen (21,0)—pn (21,L)]



“Center Symmetry” in CPV -1

V0 = :62 Z %(—1 +(—D)"Np)([tr Q" = 1) (thermal)

Vo[ = (Nj — 1) L2 Z (Jtr Q" 1) (spatial)
minima:
1
op 1
Qghermal — . (thermal)
1
1
Qspatial _ i
s _ (spatial)



“Center Symmetry” in CPV -1

» Nf > 1: repulsive interaction between eigenvalues of
holonomy €2: center symmetry preserved

» N¢=1: N = (2,2) SUSY CPY~!: perturbative potential
vanishes to all orders (SUSY). Non-perturbatively induced
potential stabilizes center-symmetry

» N¢ = 0: deformed CPN~!, or integrating out heavy
fermions

(2) (b) ()



Fractionalized Instantons in CPN 1

e untwisted instanton on R x S}J:

1
v (Al + A2 6252)

e spatial twist:

1
Utwisted = ((Al + Ao e—%”z) e%ﬁ 2 z)

27
e twisted boundary condition = factor e’z #2%2
. 27
e but, non-holomorphic: = factor e 7 #27

= twist in x5 also prescribes dependence in non-compact
direction x1



Fractionalized Instantons in CPN !

2
=
2

P
e

TN
P 7 /

y

Ve

R =

N
"’i"".

Figure: @ = 1 instanton in CP!, (N = 2), in weak coupling

center-symmetric background. Small circle: instanton splits into two

Q= % instantons.

Figure: Wilson loop for small @ =1 instanton (purple). Large
instanton (red) splits into two separate kink-instantons. Each wraps
half-way around the cylinder.



Fractionalized Instantons in CPN 1

Figure: @Q = 1 instanton in CP2, (N = 3), in weak coupling

center-symmetric background. Small circle: instanton splits into three

Q= % instantons.

Figure: Wilson loop for small @ = 1 instanton (blue). Large instanton
(black) splits into three separate kink-instantons. Each wraps
one-third-way around the cylinder.



Fractionalized Instantons in CPN !

e fundamental fractionalized instantons with @ = %

e bosonic zero modes:

short-distance
—_—

2N 2+ 1+ (2N —3) = (a; € R?) + (p € RT) + (orient.)

long-distance

2N N[1+1] = Nl(a € R) + (¢ € U(1))]



Fractionalized Bions in CPV—!

e bions: topological molecules of
instantons/anti-instantons

e characterized by (extended) Cartan matrix (as in YM)
e “orientation” dependence of Z7Z interaction:

e charged bions: Aij < 0; repulsive bosonic interaction
B’L] = [,CZIC]] ~ eisi(@)fsj(ﬂo)eia(aifaj)
e neutral bions: fl” > 0; attractive bosonic interaction

%Bu = %[sz:z] ~ 6_2Si(<p)



Fractionalized Bions in CPV—!

e charged bions:

NL
Vi(r) = —85—‘)‘;‘2‘” e £ 2Ner

e characteristic scale dominating the integral:
1 4
T ¢ og <g2NNf> ) Tp = Tk lO0g <g2NNf> f=z

e quasi-zero mode integral:

I(¢g*) = [;"drexp [— ( 4 —er | QNf€7->] _ (%2)21\6” o du et u2Ne1
2

£
= (%E)QNf I'(2Ny) = (g;lr\f> T(2N)




Fractionalized Bions in CPV—!

e neutral bions:

T2 o 86 —&T

I(g°) = drexp |— | ——e > +2Ns&T

0 g

e both bosonic and fermionic zero mode induced interactions are
attractive (as in gauge theory)
e semi-classical [K;K;] configuration seems meaningless
N.B. [K;K;] has same quantum nos. as pert. vacuum

e generalized BZJ-prescription: deform the contour of
integration, or equivalently, rotate g2 — g%e®

27\ 2Vr
J N) T (2N})

a2 Np) = 1=, p) = (-5

e N; = 0: ambiguous result:

I(¢>, Ny = 0) = <log (—g;iv) - v) =I(g%) +im



Fractionalized Bions in CPV—!

e neutral bions: same ambiguity as in bosonic QM
(Bogomolny)

e kink-anti-kink amplitude is two-fold ambiguous:

[Kikilo—o+ = <10g (%N) - 7) 242725 + in2A2e250



Perturbation Theory in Twisted CPV~!

e small radius limit: effective QM Hamiltonian

ch;;ro _ Pg +2 > sin 294 _P2 &= 2n (set L =1)

25n0 N>

e Born-Oppenheimer approximation: drop high ¢-sector modes
effective Mathieu equation:

¢ £
"+ (p + 2 Cos(299)> =0, =2F — 22

e Stone-Reeve (Bender-Wu methods):

2 1\¢ 5
5( = Ep¢ ! Zaq ;g <4£> q! (1—2q+0(q2))

e non-Borel summable!



Perturbation Theory in Twisted CPV~!

e Stone-Reeve (Bender-Wu methods):

2 /1\1 5
E(g%) = Eo& ! Zaq L R Zﬁ 1—271—1—0(
e lateral Borel summation =
_ 4
Soig(gz) = 12/ dt BE(t) e*t/g2 — %85(92) :FZ‘%G g
g Cy g

16 _ 8w
=RByg F 27]7\7-[6 92N



BZJ cancellation in Twisted CPV—1

e perturbative sector: lateral Borel-Ecalle summation

8m

. 1
Betle’) = 92/0 dt BE(t) e~/7" = Re BE(¢%) F i 92?V ¢ EW
+

e non-perturbative sector: bion-bion amplitudes
_ N 16 -8 16 -3n
[ICz'/Ci]i = (ln (9871 ) —7) g2Ne 92N + 47 g2Ne 9z N

exact cancellation !

application of resurgence to nontrivial QFT



Graded Resurgence Triangle and Extended SUSY

extended SUSY: no superpotential; no bions; no

condensates
[0,0]
(1,1] [1,-1]
[2,2] 5} [2,-2]
3, 3] 12 @ [3,-3]
[4,4] o o o [4, —4]

no cancellations can occur

= perturbative expansions must be Borel summable !



Microsopic Origin of Mass Gap in Twisted CPV 1

ar

292 T N(2¢%)

AE, = f(b h?) — an(h?
noT n+l( ) an(h ))

1
_ g* (215 (2 2 ntd an 1_6n2+14n+7+0 1\
2 n! \rm 32h h? ),

4m

mg = NC;Q (1 — 73{;52 + 0 ((Ng2)2)) e NgZ ~ e S1/N




Lecture 3
» Stokes Phenomenon
» Uniform WKB and origin of trans-series structure

» all non-perturbative orders from perturbation theory



The Stokes Phenomenon

VI. On the Discontinuity of Arbitrary Comstants which appear in Divergent
Developments. By G. G. Stokes, M.A., D.C.L., Sec. R.S., Fellow of Pembroke
College, and Lucasian Professor of Mathematics in the University of Cam-
bridge.

[Read May 11, 1857.]

i
VA




The Stokes Phenomenon

e supernumerary rainbows

MA#&
YATAY

_%13/2
e
1 O 1,3 2y/mxl/4 ) T F00
o ez(gt +at) dt ~
T J 00 (2 3/2,m
sin(  (—z +7
(3( ) 4) T — —00



The Stokes Phenomenon

Stokes: e how to reconcile two exponentials in one region
with one exponential in another region?

e how to reconstruct an analytic solution from
non-analytic approximations?

Stokes line: real exponentials
anti-Stokes line: imaginary exponentials

2

—_
LI e s

|
[iN

LIS A T I
-2

[ N R R I
—2 ~1 0 1
X

[N



The Stokes Phenomenon

h2¢,/+Q21[1:0

Stokes phenomenon:

Pj:izs/2
thy ~

L1/4

anti-Stokes line

,, dom
L
wsub

Stokes line

Py ~e

suppose Q has a simple zero at z=0

j:ibg/z(cos( ‘%5)4»71 sin(‘%e))

sub

domi
anti-Stokes line YT

Stokes line
l“ d
K 17b_om
r
"
sub :
J P 2 =bhe's
anti-Stokes line
. dom z = b e—te
b 45

s wiub

Stokes line



The Stokes Phenomenon

Stokes: e how to reconcile two exponentials in one region
with one exponential in another region?

e how to reconstruct an analytic solution from
non-analytic approximations?

N
o
L LA A e

»
Yo



The Stokes Phenomenon

Stokes: e how to reconcile two exponentials in one region
with one exponential in another region?

e how to reconstruct an analytic solution from
non-analytic approximations?

different exponentials turn on/off crossing between sectors

e universal smooth behavior (Stokes, Berry)

The inferior term enters as it were into a mist, is
hidden for a little from view, and comes out with its
coefficients changed. The range during which the
inferior term remains in a mist decreases indefinitely
as the [asymptotic parameter| increases indefinitely.

G. G. Stokes, 1902

e intricate monodromy behaviour



Universal large-order WKB

e Liouville-Green (WKB) approximation:
eti/h [FVQ

Py + Q@) d(x) =0 —  Yu(z)~ QUi

1+...)

e all-orders expansion: Dingle’s universal large-order form:

$(8) ~ i’S/"’Z (im>

e “singulant” variable: S = [*/Q

e exponential asymptotics of special functions, and of
wavefunctions



Resurgence and Analytic Continuation

resurgence can be viewed as a method for making asymptotic
expansions consistent with global analytic continuation
properties

e.g.: asymptotics of special functions



Resurgence: Exponential Asymptotics of Special Functions

e zero-dimensional partition functions

© 1 1
/ dre” a5 sinh?(VAz) _ \F)\ 641>\ Ky (4)\>

Zi(N) =
142
~ \/> Z n 22 Borel-summable
1
n=0 (5)
/v
Zo(N) = / du e (VAD) = \%6 I <41>\>

l
\/7 Z 12 )2 non-Borel-summable
n=0 2

2

e connection formula: Ko(et™ |z|) = Ko(|z|) Fim Io(|2])



Resurgence: Exponential Asymptotics of Special Functions

e Borel summation

™
\/QQ)\/ dte” 2)‘2F1(2525 7>

e lateral Borel summation

1 [ 11 11
= \/?2)\ dteiﬁ |:2F1 <2,2,1,t—l€) — 2F1 (27271,t+25>:|
1
1 oo 11
= —(21)\/2% 621>\/0\ dt@iﬁ 2F1 (272,1,—t)

—2’i67ﬁ Zl()\)

e connection formula: Z;(e*™ \) = Zy(\) Fi e 2 Z1(N)



Resurgence in Nonlinear ODEs

what changes going from linear to nonlinear ODFE’s 7

e Painlevé functions are generalization of special functions to
nonlinear ODE’s: many physical applications: statistical
physics, optics, QFT, strings, ...

e resurgent trans-series are the natural language for their
asymptotics

see: Marino, Schiappa, Aniceto, Pasquetti, Vonk, ...



Resurgence in Nonlinear ODEs

e physical example: Painlevé I:

(i) all-genus solution of ¢=0 2d gravity

(ii) double-scaling limit of quartic matrix model

e perturbative amplitudes generated by series solution of
Painleve I 7”(z) = u(z), where

e non-perturbative results (Shenker, David, ...):

Oy 0| 8VB | (3T 1
F (Z)_8ﬁ33/4z5/8eXp[ 5 ? 1 64\/325/4+

e resurgence framework ...



Resurgence in Nonlinear ODEs: e.g. Painlevé I
Painlevé I: u?(z) — $u” = 2
> u=/zw(z)

> & = 2% matching powers = o = g:

dw  ldw 4w 96, ,
et =@ 1)
g2 ¢d¢ 258 25

> ansatz: w~ &= Zn 0 Ezn = {1, 45 — 1608 J

> large-order behav1or non-Borel-summable:

—2n+1/2

8v/3 31/4 1
O~ 1 (2n—2 ~ (1 =
o <" 2)( 5 ) 2w3/2< +O<n>>

: . ) et At
» imaginary part: Im ~ =+ N A

[
m%
w



Resurgence in Nonlinear ODEs: e.g. Painlevé I

dw  ldw 4w 96
Painlevée I — +-— — —— = —(w? -1
amleve & e g dg pez o U

) a0
» perturbative ansatz: w ~ £~ Zn 0 &-Zn

Ag

» non-perturbative term: Im ~ ie\/é , A=

» nonlinearity = also need e¥!4¢ terms, [ € Z+

» double trans-series ansatz:

[e.o]

s _ 1
Z all Jke (= k)Ag}'(l’k) (f)
1=0

k=0

—£

[

w ~

)

> resurgence =  JFp) ( ) fluctuations entwined

» full resurgent details still being investigated (sectors and
analytic continuation)



Resurgence in Nonlinear ODEs: e.g. Painlevé 11

Painlevé II:
u’ —2u*(2) +22u(z) =0

perturbative solution is non-Borel-summable
= trans-series solution(s)

» Tracy-Widom law for statistics of max. eigenvalue for
Gaussian random matrices

» double-scaling limit in 2d Yang-Mills
» double-scaling limit in unitary matrix models

» all-genus solution of 2d supergravity



Uniform WKB and Resurgent Trans-Series for Figenvalues

e origin of trans-series structure (cp, Unsal, 1306.4405, 1401.5202)

—g" —5(y) + V() (y) = > E(y)
where

Vow(y) =y*(1+y)* . Vsc(y) = sin®(y)
e weak coupling: degenerate harmonic classical vacua
e non-perturbative effects: g2 <> k = exp (—g%)

e approximately harmonic

= uniform WKB with parabolic cylinder functions


http://inspirehep.net/record/1239186?ln=en
http://inspirehep.net/record/1278369?ln=en

Uniform WKB and Resurgent Trans-Series for Figenvalues

Py p*()
dx? h?

P(x) =0
e uniform WKB: “comparison functions”
uniform approxs. are smooth at turning points (p = 0)

1 d*¢  P%(S) _
T M@ = gt 99 =0

» P%(S) = constant — usual WKB: ¢(z) = e/

Y=




Uniform WKB and Resurgent Trans-Series for Figenvalues

e uniform WKB ansatz (v a parameter)

D, (;uw))

) =—) 5

e nonlinear equation for u(y):

V(y)—%ﬁ( ")? —92E+92<v+;>( )+ \F<( ORE

e perturbative expansion — u(y) and energy:
E = E(v, g Z ngEk
e v = N: Rayleigh-Schrédinger perturbatlon theory:

E(Z/:N,gQ) =g (92)

pert. theory
e not Borel summable !

) =0



Uniform WKB and Resurgent Trans-Series for Figenvalues

e global analysis = boundary conditions:

e midpoint ~ %; non-Borel summability =

D,(z) Nz”e_z2/4(1+...)+e

3z _p
25, T

I'(—v)

— exact quantization condition

1
I'(—v)

eiiw )

et 4
g2 ) B T™g

675/92

F(v,g%)

g2 N e:tieg

+imy Vv 2m o €z2/4



Uniform WKB and Resurgent Trans-Series for Figenvalues

e exact quantization condition

1 e A
(£0)

I'(-v) g Vg2

e expand v = N + dv:

+ir o\ —N +im
LHS:—N!<692 2> {51/— [’y—Hn <6922> —hN] (6v)?

= v is only exponentially close to N (here £ = 6_5/922 ):
N ™9
(2) Fwv.g?
v = N+ N 13
2N
2 :
(97) OF et 2 2| ¢2 3
(N1)2 [f8N+<ln< 72 ) ¢(N+1)>]: &+ 0(&)

o insert: £ = E(v,¢%) = > 22, ¢**Er(v) = trans-series!

_|_



Uniform WKB and Resurgent Trans-Series for Figenvalues

conclusion:

for QM problems with degenerate harmonic vacua, the
trans-series form of the exact expressions for energy eigenvalues
arises from the (resurgent) analytic continuation properties of
the parabolic cylinder functions

generic and universal

Zinn-Justin/Jentschura conjecture: generate entire trans-series
from

(i) perturbative expansion £ = E(v,¢?) (v =v(E,g¢?))
(ii) single-instanton fluctuation function F(E, g?)
(iii) rule connecting neighbouring vacua (parity, Bloch, ...)

uniform WKB approach explains why this is the case



Connecting Perturbative/Non-Perturbative Sectors (ap,unsal,

1401.5202)

Zinn-Justin/Jentschura: F(FE, g) ~ exp[—A(E, g)/2]

e perturbative function: (B =v + %)

1 25
Bpw(E,g) = E+g <3E2 + 4> +g° (35E3 + E>

1155 735 175

3 4 2
—E'+°FE .
+g < 5 Bl B > +.

e non-perturbative function:

1 1 187F
Apw(E,g) =—+ g(l?E2 - 12)—1— 92<227E3 + 81)

39
5 <47431E4 N 34121 28829)

12 24 576

e uniform WKB — E = F(B,g)


http://inspirehep.net/record/1278369?ln=en

Connecting Perturbative/Non-Perturbative Sectors

e perturbative function:
Epw(B,g) = B—g|3B +Z —g 17B+4B

375, 459 131 , (10689 . 23405 , 22709
g<B 4B+32> <4B+8B+64B

e non-perturbative function (F ~ exp[—A/2]):

1 19 153B
Apw(B,g) = — +g¢(17B* + +¢%(125B% + —= | +
39 12
17815 23405 22709 87549 50715 217663
3 4 2 4 5 3
—"B B B B B
9(12 LY +576> <4 TP T e )
e simple relation:
0Epw 2 OApw
= —6Bg—3
5B 97395,



Connecting Perturbative/Non-Perturbative Sectors

e similar relations for Sine-Gordon, Fokker-Planck (SUSY DW)
and O(d) AHO, ...

e general expression:

oF g 0A
2 _ 9 (94 g2t
OB 2S< +£’ag>

e reason: consistency with resurgent trans-series structure at
higher non-perturbative order

e implication: non-perturbative function A(B,g) completely
determined by perturbative expression E(B, g)



Uniform WKB and Resurgent Trans-Series for Figenvalues

0 - E5 S ) b
)+e’5/92f1(92)
o—25/4? (f2(92)+1n( 912) ~2(92))
<f3( ) 1>

—3S/g2 2 +1H <_ -
g

= Epert (92

+
+e
+...

uniform WKB =
(i) all f; come from a single function F
(ii) moreover can be deduced immediately from E(N, g?)



Uniform WKB and Resurgent Trans-Series for Figenvalues

Zinn-Justin/Jentschura: generate entire trans-series from
(i) perturbative expansion E = E(v, g?)

(ii) single-instanton fluctuation function F(v, %)

(iii) rule connecting neighbouring vacua (parity, Bloch, ...)

Dunne/Unsal: perturbation theory generates everything!

7 dg® (OF (v+1) g
2\ A B 2
F(v,g°) = exp [S/O o (81/ 1+ 5

dramatic implication: all orders of the multi-instanton
trans-series are encoded in perturbation theory of the
fluctuations about the perturbative vacuum !!!

why ? turn to path integrals ....



v

v

v

v

Lecture 4
Darboux’s theorem and resurgent steepest descents analysis
QM resurgence in terms of saddles
analytic continuation and complex saddles

non-perturbative physics without instantons



The shortest path between two truths in the real domain
passes through the complex domain

Jacques Hadamard, 1865 - 1963

«0O)>» «F>r «=>»

<

it
N

DA



Analytic Continuation of Path Integrals: Darboux Theorem

e zero dimensions: all-orders steepest descents of contour
integrals (Berry/Howls: hyperasymptotics)

10 (k) = / ds ek 1)

e separate out fluctuations:

IRIGE e Ry Mk =VE | dze *UEf)

Vk Chn
e asymptotic expansion of fluctuations about the saddle n:

r=0



Analytic Continuation of Path Integrals: Darboux Theorem

e singulant variable: u =k (f(z) — fn)

M. V. Berry and C. J. Howls

u

A
if2), 1
N
Vi BN
z (e / 2 \l
Va4
’ /
» 2
() // /
G (0 T ACH)
z plane [
AY

5.,
Figure 1. Double-valued mapping {equation (4)) from 2 t0 &, grepnset path ¢,(6,) through saddle x, and loop I',(d,) enclo



Analytic Continuation of Path Integrals: Darboux Theorem

e singulant variable:

e noting double-valuedness

T (k) = / du<f/ ; () f/( 1( )))
- 2#@/ \Fy{n N _fg/k

e now expand in % = fluctuation coefficients:

1
(n) _ (r—3)! 1
= 27”? 7{” dz (f(z) = fo)r+1/2

e universal factorial divergence of fluctuations (Darboux)




e deforming contours:

}4" ()= Y

(=1)em / dz ()
m adjacent m

«0O)>» «F>r «=>»

<

it
N

DA



Analytic Continuation of Path Integrals: Darboux Theorem

deforming contours:




Analytic Continuation of Path Integrals: Darboux Theorem
e deforming contours:
]{ dz(.) = Y (—1)%m/ dz(...)
n m adjacent m
e new singulant variables along each contour Cy,:

1 00 ], —v )
T (k) = O (_1)'7’nm/ dv__ e T(m) (U>
i )

m 0 7 1 - U/(k Fom Fom

e exact resurgent relation between fluctuations about n'®
saddle and about neighboring saddles m

(n)
expand fluctuations 70 (k) = 3 T]:;r

py _ (T =1t 3 (=1)7mm

2
T T —
r 27 i (Fum)" | ° + +

- T2 T




Resurgence

resurgent functions display at each of their singular
points a behaviour closely related to their behaviour at
the origin. Loosely speaking, these functions resurrect,
or surge up - in a slightly different guise, as it were - at
their singularities

J. Ecalle, 1980



Analytic Continuation of Path Integrals: Darboux Theorem

zero dim. partition function for periodic potential
V(z) = sin?(2):

I(k) = / dz et st (e)
0

two saddle points: 29 = 0 and z; = 7.

in. saddle min.
<>
vacuum = vacuum

11




Analytic Continuation of Path Integrals: Darboux Theorem

e zero dim. partition function for periodic potential
V(z) = sin?(2):

10 = [ dzehoe
0

e two saddle points: zg =0 and 21 = 7.
1
19k = —=17O%) |, TO®%) = f/
(k) N (k) (k)
_ Z 1
B fF (n + 1)
e factorially divergent, as expected, and non—alternatmg
—k
mk_eka,ka_lf/

”Fn+) 1
- Z Val(n+1) k»



Analytic Continuation of Path Integrals: Darboux Theorem

e large order behavior about saddle zg:

700 r(r+3)°
’ NZANCESY
(r—1) 1 1
~ & (m«*gzrz*msﬁ*"')
=D 14 9/32 75/128
NG (1 -1 r-0r-2 C-Der-20r-3)

e low order coefficients about saddle z1:

1 9 75
T (k) ~ 1— —+ —
(k) ~ i/ ( T 32 T T8k T )
e fluctuations about the two saddles are explicitly related

e resurgence at work!



Resurgence in Path Integrals: “Functional Darboux Theorem”

e periodic potential: V(x) = g% sin?(g x)

e vacuum saddle point

5 1 13 1
ep~nl [ l—— = — — ————— —
2 n 8 n(n-1)

e instanton/anti-instanton saddle point:

-2-1 5 4 13 4
ImE ~ 2° (1——¢g°— —g" — ...
m Te "2 < 59 g9 )

e double-well potential: V(z) = 2?(1 — gz)?

e vacuum saddle point
53 1 1 1277 1 1
o3l (1-2. o o2 o
no ( 6 3 n 72 3 nm-1 >
e instanton/anti-instanton saddle point:

oL 53 1277
ImE ~ 67 [1— g2 — ——g* — ...
m me 69 ( 6g 72g )



Resurgence in Path Integrals: “Functional Darboux Theorem”

resurgence: fluctuations about the instanton/anti-instanton
saddle are determined by those about the vacuum saddle

“functional Darboux theorem”



Resurgence from path integral perspective

e semiclassical expansion of path integral

26 = [Doc S 3 R

saddles k

Resurgence: asymptotic expansions around different saddles of
path integral influence one another

e in principle exact



Analytic Continuation of Path Integrals: Lefschetz Thimbles

7 = /deS(x)

e critical points (saddle points): 95/0z =0
e steepest descent contour: Im S(z) = constant

e contour flow-time parameter t:

d 1(8S, 0S. d 1/0S . 0S.
e flow along a steepest decent path:

.08 d d aS|?

=0 :>@Im5(z)—0 , aReS(z)— % 0

e monotonic in real part

Z _ G*Simag(m) / dZ G*Sreal(z)
r



Analytic Continuation of Path Integrals: Lefschetz Thimbles

functional version: path integral

/ DA 7% real [A]+’L Simag [AD ~ Z 679% Simag [A] DA efg%Sreal [A]
thimbles k s

thimble = functional [configurational| steepest descents
contour

remaining path integral has real measure: amenable to
(i) Monte Carlo
(ii) semiclassical expansion (resurgent relations between

thimbles)

resurgence: asymptotic expansions about different saddles are
closely related

requires a deeper understanding of complex configurations and
analytic continuation of path integrals ...



Path integrals with complex saddles: “ghost instantons”
e elliptic potential: (Basar, GD, Unsal, arXiv:1308.1108)
V(z|lm) = sd?(z|m)

interpolates between Sine-Gordon (m = 0 and Sinh-Gordon
(m=1)



http://inspirehep.net/record/1246808?ln=en

Path integrals with complex saddles: zero dim. prototype

V(z|m) = 912sd2(gz|m)
e duality property:
V(z]m)\gz =V(z|]1 - m)]_gz
e perturbative series Y a,(m)g?" satisfies duality:
an(m) = (=1)"an(1 —m)
d=0 partition function:

— 25 sd?(z|m)

1 K
Zng:/ dze 9
) =57 Lk



Path integrals with complex saddles: zero dim. prototype

g®>  9g* 75¢5 3675¢% 59535910
Z(g*|0 = 14+ 4+=
(07100 et T T3 T s T 20as 8192
2 4 6 8 10
9 75 3675 59535
2@ = 1=+ 35~ g T
pert 4 32 128 2048 8192
1 2 4 1 6 1 8 481 10
2 <92 ) _ 14T 99" 059 9959 n 8195¢
4) | ert 8 64 512 4096 32768
z(p 3 o g* | 99" 105¢° 1995¢4° 4819547
4) | ert 8 64 512 4096 32768
1 3g* 31548
Z | g = 140+ 4+0¢°+=—"L +0¢"% +...
<g2)pert T Ry T T onus T

e duality relation: Z(g?|m) = Z(—g?*|1 —m)
non-alternating for m < % alternating for m > %

puzzles: Borel summable? “instantons” 7



Path integrals with complex saddles: zero dim. prototype

L sd?(z|m)
Z(gm) / dze ¢%°

e large-order behavior about 0 from saddle point B = K:

1 (n—1)!

= Ay ~V ——————
— 1/2
1—m ﬂ.Sg'i‘/

e compare with actual series:

naive ratio (d=0)

disaster !



Path integrals with complex saddles: zero dim. prototype

resolution: another saddle off the integration path!

21K ------------------------------ ------------------------ IZ
iKleSaddleC QP.‘?.'.‘? ........................
ouSaddeA  sadleB

0 [K 2K

u(snﬂ/? + S”+1/2)

Sc=-1/m = ap~
T



Path integrals with complex saddles: zero dim. prototype

resolution: another saddle off the integration path!

2| I]<, 'E """""""""""""""" E— ------------------------ I.._Z....E.
KeSdeC  poe
Oe ..S.i?.df.i'.?iA _____________ S@QQI_Q_B ________________
0 K 2K
—,
SC = —1/m = ap~ M(SBJrl/Q + (71)n|SC|n+1/2)

™



Path integrals with complex saddles: zero dim. prototype

n—1! . o n
an ~ ST L (1l )

= improved asymptotics:

ratio (d=0)
1.1 7

10 ”“oom' sessss
0.9

0.8

n

0 5 10 15 20 25 30

conclusion: perturbation series feels all saddles, both real and
complex



Path integrals with complex saddles: zero dim. prototype

the bigger picture:

e associated with each critical point z;, there is a unique
integration cycle J;, called a Lefschetz thimble, along which the
phase remains stationary

e around each saddle there is a contribution of the form:

I(k g’m f dZ €7£Sd zlm)

e expansions around different saddles are connected via

exact resurgence relation:

59 ()= % o

ke{B CY}




Path integrals with complex saddles: zero dim. prototype
e most general expansion is a three-term trans-series
Ze(g’lm) = 0a®alg®) +ope T p(g%) + o0 e/ do(g?)

e coeflicients of perturbative expansions are connected

oy = Y ==Y <“§B)<m) ‘ “§0)<m>>

n—j n=j
SB SC

=0

Pole Pole |_Z
€




Path integrals with complex saddles: zero dim. prototype

view from the Borel plane:

u plane m0

TS =-1/m

S=1/m m=1/4

° m:3/4

m=1

|
[
|
° l . m=1/2
|
[
|
[

e ‘distance’ in Borel plane, AS = S; — S; (“relative action”)
controls divergence of perturbation series ®;

e m > 1/2: closest singularity on R™ < alternating series
Q4

e mimics structure of both UV and IR renormalons



Ghost Instantons: Quantum Mechanical Path Integrals

quantum mechanics: ordinary integral — path integral
2(g%m) = / DSl — / Do (18 s golm)

e find real and ghost instantons

2iK

G 2
G
g6
1! I ? 1
= 2
Z
0 2K

e actions:

Sz(m)  2sin™ (\/>) 2 Sg(m) _ 2sin~'(Vm) < 2

92 2 vVm 92 2 @2V T ¢




Ghost Instantons: Quantum Mechanical Path Integrals

EO@0) = 1-L 9 29 29 29

E(O)(gQ\l) = 1+&2_£+E_E_M_
4 16 ' 64 1024 4096
2 4 6 8 10
0 (2t} = o9 Yo 39 889 2359
4 8 128 128 32768 8192
2 11 4 6 8 29 10
J) g2§ _ 149 _Hg 397 889" 2259
4 8 128 ' 128 32768 ' 8192
1 3q* 3948
EO (=) = 140¢°— 22 +0¢° — 222 4 0g'0 — ...
(92 O T T oo TV

e duality relation: F(©)(g2|m) = E©(—¢?|1 —m)
non-alternating for m < % alternating for m > %

e very similar to zero-dimensional protoype!



Ghost Instantons: Quantum Mechanical Path Integrals

e large order growth of QM perturbation theory

naiveratio (d=1) ratio (d=1)
1.0
0.8]
0.6]

0.4

0.2

n

-1 L 0 5 10 15 20 25

without ghost instantons with ghost instantons

N_En 1 B (_1)n+1
anlm) ~ = !((Szf(m))"H |Sgg(m)|"+1>



Ghost Instantons: Quantum Mechanical Path Integrals

the bigger picture:

e vacuum “talks to” the topologically trivial sector:
. [G%G% & [GG] < pertvac & [TI] < [IPT3] < ...
e QM trans-series:

2(g%|m) = { @o(gz) + [I@,@[If] (gz) + [Ii§2]7¢[1212](93) +... —w< arg(g2) <0
CI’O(g ) + [II]+<I>[Zj](g ) + [Z A ]+¢>[sz2](9 ) + ... 0< arg(g ) <7

e ambiguities cancel ad-infinitum (resurgence!)
Im (Sy+ Po + [IZ]o+ ReSo®z7)) =0 up to O(e™*51)
e Similar structure for one instanton, etc.. sector

e [IGPGY & [I6G] < I < [TPI) < [T ...



Ghost Instantons: Quantum Mechanical Path Integrals

Borel plane structure:

u plane M0
?S'g? 525 Sy, 25,35, 4s,; M=1/4
—e = = = > = m=1/2
— ° ° m=3/4
oo oo m=1

Mimics IR and UV renormalon structure of asymptotically free
QFT



Non-perturbative Physics Without Instantons

e.g, 2d Principal Chiral Model:

(Cherman, Dorigoni, GD, Unsal, 1308.0127)

N
Sp = ”\/dzxtrauUa“UT, U € SU(N),

e non-Borel-summable perturbation theory due to IR
renomalons

e but, the theory has no instantons !

resolution: there exist non-BPS saddle point solutions to the
second-order classical Euclidean equations of motion:
“unitons”

ou (U19,U) =0


http://inspirehep.net/record/1246022?ln=en

Non-perturbative Physics Without Instantons: Principal Chiral
Model

e “unitons™ U=(1-2P)
o (UlaU) =0~ [Po2PI=0

e general solutions to CPV~! model (Din/Zakrzewski)

PNfl

e simplest untions: from C instantons

e “fractons”™: twisted & fractionalized solutions in PCM
N fundamental fractons, U(z,z) = /N (1 — 2P),

t
VU
Pij — 7

vTv




Non-perturbative Physics Without Instantons: Principal Chiral
Model

SU(2) fractons




Non-perturbative Physics Without Instantons: Principal Chiral
Model

SU(3) and SU(4) fractons




Non-perturbative Physics Without Instantons: Principal Chiral
Model

_ Bm(piq1—ng) _ 8m

Fi~e 2 ~e N, U=]]F

e perturbation theory: IR renormalon singularities on positive
Borel axis

th =8nk/N =k[g*Su]/Bo,  keZT

e ambiguous lateral Borel sum:
327 _—
So+&(g?) = RBy Fi——e o°N
g

e non-perturbative fracton/anti-fracton amplitude:

2
E g°N 16 _16x 327 _ 16«
R = [oo(ar )~ g iy




Non-perturbative Physics Without Instantons

Yang-Mills, CPN=1 PCM, ... all have non-BPS solutions with
finite action

e “unstable”. negative modes of fluctuation operator
e what do these mean ?

resurgence: ambiguous imaginary non-perturbative terms should
cancel ambiguous imaginary terms coming from lateral Borel
sums of perturbation theory

1 _1
/DAe 051 Z ¢ o7 SMAmaa o (fluctuations) x (qzm)
all saddles



Non-perturbative Physics Without Instantons: Yang-Mills

4d Yang-Mills: Sy = 3 [ diatr (FF)

e Bogomolny factorization:

1 ~ 0\ 2 -
Sym =7 / i tr { (B ¥ B) =+ QFWF,W}
e classical equations of motion:
D,F, =0 — F, =%F,

e “instantons”™ minima of classical action

e non-BPS finite action saddle-points: Sibner, Sibner,
Uhlenbeck (SU(2)): locally m instantons & m anti-instantons,
meZ>2

e ansatz constructions for SU(n), n > 3

e solutions ‘unstable’ : negative modes



Non-perturbative Physics Without Instantons: CPY~1

(Dabrowski, GD, arXiv:1306.0921)

Non-self-dual Solutions in CPN 1
2 1 . 2 . T
S= [ d=x i‘Du” +iewDyn| Fiey (Dyn)' Dyn
e rank-1 projector representation:
P=nnl
P2=P=P TtP=1
d?z Tr [0,P 05P]

action S =

charge Q = / :):TrPaPaP PaPaP]


http://inspirehep.net/record/1237116?ln=en

Non-perturbative Physics Without Instantons: CPY~1
e first-order instanton equations:

Dyn = LiepDyn

0:PP =0 (instanton) , 0,PP =0 (anti-instanton)
e solution: holomorphic projector P = %, with w = w(z)

second-order classical equations:
D,D,n— (n'-D,D,n)n =0 or [0.0:P,P] =0

e non-BPS solutions generated from instantons:

o Z
wl o, w
Z+:w—>Z+w582w—(7z)w , Zyin—Zin= +
wiw | Z1w|
Zy Zy Zy Zy Zy







Non-perturbative Physics Without Instantons: CPY~1

e non-BPS solutions are ‘unstable’: e.g.

n—n=nyV1—-o¢top+o , ¢o=D,n ; QST-n:O

e change in action is manifestly negative:

08 = —/de (Tr [(Dzn)Jf D.n(Dsn)' Dgn} + Tr |:(Dgn)T D.n (D.n)' D;nD




Non-perturbative Physics Without Instantons: CPY~1

physical origin of negative modes:

e single CPV—!

modes

instanton: 2NN parameters: i.e. 2N zero

e Q =2 CPN~!instanton: 4N parameters: i.e. 4N zero
modes

e mapped non-BPS solution also has 4N parameters: i.e. 4N
zero modes

e but, “looks like” 2 instantons and 2 anti-instantons = 8N zero
modes

= 4N zero modes are lifted at finite separation

some become negative modes



Conclusions

e Resurgence systematically unifies perturbative and
non-perturbative world

e there is extra ‘magic’ in perturbation theory

e IR renormalon puzzle in asymptotically free QFT
e multi-instanton physics from perturbation theory
e basic property of steepest descents expansions

e basic property of complex differential equations

e trans-series: sectors are inter-related

e resurgence triangle: network of connections

e moral: consider all saddles, including non-BPS

e resurgence required for analytic continuation



Open Problems

e Resurgence in Chern-Simons theories, Euler-Heisenberg,
dS/AdS, exact S-matrices, matrix models, topological strings,
integrability, localization, ...

e nonlinear differential equations

e natural path integral construction

analytic continuation of path integrals

ODE/IM correspondence

relating strong- and weak-coupling expansions: dualities

relation to SUSY and extended SUSY
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