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Map of parton evolution in QCD 
x : parton longitudinal momentum fraction 

kT : parton transverse momentum 

the distribution of partons 

as a function of x and kT : 

dilute/dense separation characterized by the saturation scale Qs(x) 

QCD linear evolutions: 

DGLAP evolution to larger kT (and a more dilute hadron) 

BFKL evolution to smaller x (and denser hadron) 

QCD non-linear evolution:  meaning 

this regime is non-linear yet weakly coupled: 

collinear factorization does not apply when x is too small 

and the hadron has become a dense system of partons 

s DIS (xBj,Q
2 ) = dx

xBj
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Single inclusive hadron production 

kT , y transverse momentum kT, rapidity y > 0 

forward rapidities probe small values of x 

values of x probed in the process: 
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   in the absence of nuclear effects, i.e. if the gluons 

in the nucleus interact incoherently as in A protons 

the suppressed production (RdA < 1) was predicted in the  

Color Glass Condensate picture, along with the rapidity dependence 

Kopeliovich et al (2005), Frankfurt et al (2007) 

note: alternative explanations (large-x energy loss effects) have been proposed 

Albacete and CM (2010) 



p+Pb @ the LHC 

good description but not 
much non-linear effects 
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strong non-linear effects 



Best way to confirm RpA 

suppression at the LHC 

- no isospin effects in p+Pb vs p+p (contrary to d+Au vs p+p at RHIC) 

• isolated photons at forward rapidities 

- smallest possible x reach: no mass, no fragmentation 

- no cold matter final-state effects (E-loss, …) 

- large EPS09 / CGC difference in 

forward rapidity predictions 

R
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pA
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⊥
) ((R
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G
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⊥
))/ 2. Fig. 7 (right ) shows the expected photon suppression

in the rapidity bin y = − 3 in the range p
T

= 10–100 GeV. This range would correspond at

RHIC, at similar valuesof x2, to t ransversemomenta p
T

= O
√

s
N N

RHIC/
√

s
N N

LHC × e3 =

5–50 GeV at mid-rapidity. As can be seen from the comparison of Fig. 7 (right ) with Fig. 3

(left ), the expected photon suppression is rather similar. Remarkably, the spread of the

EPS09 theoret ical predict ions proves narrower at the LHC than at RHIC, reflect ing the

fact that quark nPDFs are much bet ter constrained than the gluon nPDFs at large values

of x [13]3.
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Figur e 7. Nuclear product ion rat io Rγ
d A u

of inclusive photon product ion at y = 3 (left ) and y = − 3

(right ) in p–Pb collisions at
√

s
N N

= 8.8 TeV using the EPS09 nPDF set , in comparison to the nDS

and HKN nPDF sets.

3.4 Scale dependence

As discussed in sect ion 2.1, collinearly factorized pQCD cross sect ions depend on the renor-

malizat ion and factorizat ion scales, which all are of the order of the photon p
T

. In the

absolute cross sect ions the sensit ivity to these scales reflects the uncertainty which results

from terminat ing the perturbat ion series at a certain order, and thus neglect ing the higher-

order correct ions (here, NNLO and beyond). In the nuclear modificat ion rat io Rγ
dA u

, such

scale uncertaint ies should nevertheless largely just cancel out . However, since the nPDF

correct ions RA
i (x, M 2) (Eq. (2.3)) do depend on the factorizat ion scale M , also Rγ

dA u
may

exhibit some dependence on M . To quant ify this theoret ical uncertainty, the nuclear mod-

ificat ion rat io of prompt photon product ion at mid-rapidity has been computed using the

EPS09 set and varying all scales, µ = M = M F from p
T

/ 2 to 2p
T

, as was done also in the

calculat ion of the absolute cross sect ion in sect ion 3.1. As shown in Fig. 8 at the RHIC

and LHC energies, the predict ions show very lit t le scale dependence. More important ly,

the scale dependence proves much smaller than the current uncertaint ies in the nuclear

modificat ions of the PDFs; see the band in Fig. 2.

3 In addit ion, larger scales are probed at the LHC, Q2

L H C
∼ 4 × Q2

R H I C
. This is however a rather

moderate effect since the EPS09 gluon nPDF rat ios do not exhibit a st rong Q2-dependence at large x [13].

– 10 –

Jalilian-Marian and Rezaeian (2012) 
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FIG. 4: Nuclear modificat ion factor for direct photon (right ) and inclusive prompt photon (left ) product ion in pA collisions

at various rapidit ies a the LHC
√

S = 8.8 TeV energy. The band (CGC-rcBK -av) similar to Fig. 3 corresponds to the results
obtained from Eq. (12) and the solut ions to the rcBK evolut ion equat ion using dif ferent init ial saturat ion scales for a proton
Q0p and a nucleus Q0A , see the text for the details.

incorporat ion of the isolat ion cut criterion in our framework is beyond the scope of this paper. However, from Fig. 2
it is seen that at higher energy at forward collisions, R

γ

p(d)A
for direct and single inclusive prompt photon becomes

remarkably similar, indicat ing that to a good approximat ion, one may assume that the nuclear modificat ion factor
for direct and isolated prompt photon are equal.

In Fig. 3, we show the minimum-bias nuclear modificat ion factor for the direct photon product ion at RHIC and the
LHC energies

√
S = 0.2, 4.4 TeV at various rapidit ies η obtained from rcBK solut ions Eq. (16) with the init ial proton

saturat ion scale Q2
0p ≈ 0.168 and 0.2GeV2 corresponding to parameter sets I and I I in Eq. (18). For nuclear target

in minimum-bias collisions, we take two init ial saturat ion scales for nuclei (gold and lead) Q2
0A = 3÷ 4Q2

0p which are
ext racted from a fit to other experimental data on heavy nuclear target [5, 6, 30]. For a proton target , we havechecked
that parameter sets I I and I I I give similar results for R

γ

p(d)A
with bet ter than 10% accuracy. Therefore, in Fig. 3 we

only show results obtained from two parameter sets I and II in Eq. (18). The band in Fig. 3 shows our uncertaint ies
arising from a variat ion of the init ial saturat ion scale of the nucleus in a range consistent with previous studies of DIS
structure funct ions as well as part icle product ion in minimum-bias pp, pA and AA collisions in the CGC formalism.
One may therefore expect that the possible effects of fluctuat ions (of nucleons in a nucleus) on part icle product ion is
effect ively contained in our error band.

From Fig. 3, it is seen that the nuclear modificat ion for direct photon product ion is very sensit ive to the init ial
saturat ion scale in proton and nuclei. However, this uncertaint ies will be reduced for more forward collisions at
higher energy at the LHC. The same effect has been observed for the inclusive hadron product ion in pA collisions [6].
This clearly indicates that the nuclear modificat ion in p(d)A collisions is a sensit ive probe of saturat ion effects and
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FIG. 4: Nuclear modificat ion factor for direct photon (right ) and inclusive prompt photon (left ) product ion in pA collisions

at various rapidit ies a the LHC
√

S = 8.8 TeV energy. The band (CGC-rcBK-av) similar to Fig. 3 corresponds to the results
obtained from Eq. (12) and the solut ions to the rcBK evolut ion equat ion using dif ferent init ial saturat ion scales for a proton

Q0p and a nucleus Q0A , see the text for the details.

incorporat ion of the isolat ion cut criterion in our framework is beyond the scope of this paper. However, from Fig. 2
it is seen that at higher energy at forward collisions, R

γ

p(d)A
for direct and single inclusive prompt photon becomes

remarkably similar, indicat ing that to a good approximat ion, one may assume that the nuclear modificat ion factor
for direct and isolated prompt photon are equal.

In Fig. 3, we show the minimum-bias nuclear modificat ion factor for the direct photon product ion at RHIC and the
LHC energies

√
S = 0.2, 4.4 TeV at various rapidit ies η obtained from rcBK solut ions Eq. (16) with the init ial proton

saturat ion scale Q2
0p ≈ 0.168 and 0.2GeV2 corresponding to parameter sets I and II in Eq. (18). For nuclear target

in minimum-bias collisions, we take two init ial saturat ion scales for nuclei (gold and lead) Q2
0A = 3÷ 4Q2

0p which are
extracted from a fit to other experimental data on heavy nuclear target [5, 6, 30]. For a proton target, we havechecked
that parameter sets I I and II I give similar results for Rγ

p(d)A
with better than 10% accuracy. Therefore, in Fig. 3 we

only show results obtained from two parameter sets I and II in Eq. (18). The band in Fig. 3 shows our uncertaint ies
arising from a variat ion of the init ial saturat ion scale of the nucleus in a range consistent with previous studies of DIS
structure funct ions as well as part icle product ion in minimum-bias pp, pA and AA collisions in the CGC formalism.
One may therefore expect that the possible effects of fluctuat ions (of nucleons in a nucleus) on part icle product ion is
effect ively contained in our error band.

From Fig. 3, it is seen that the nuclear modificat ion for direct photon product ion is very sensit ive to the init ial
saturat ion scale in proton and nuclei. However, this uncertaint ies will be reduced for more forward collisions at
higher energy at the LHC. The same effect has been observed for the inclusive hadron product ion in pA collisions [6].
This clearly indicates that the nuclear modificat ion in p(d)A collisions is a sensit ive probe of saturat ion effects and

Arleo, Eskola, Paukkunen and Salgado (2011) 



Problem: NLO corrections are 

not under control at high pT 
• importance of NLO at high-pT Altinoluk and Kovner (2011) 
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FIG. 1: Comparisons of BRAHMS [10] (h− ) and STAR [11] (⇡0) yields data in dAu collisions to results of our numerical

calculat ion, both at leading order (t ree level) and with NLO correct ions included. The edges of the solid bands were computed
using µ2 = 10GeV 2 to 50GeV 2 .

torizat ion formalism has certain theoret ical limitat ions

which only allows it to work up to p? around Qs(xg).

Once the hadron t ransverse momentum p? is larger than

Qs(xg), the NLO correct ion starts to become very large

and negat ive. To cure this problem one would need more

extensive theoret ical study, and one needs to either go

beyond NLO or perform some sort of resummat ion. This

is an important problem but it lies outside the scope of
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FIG. 2: Comparisons of BRAHMS data [10] at ⌘= 3.2 with

our results for four choices of gluon dist ribut ion: GBW, MV
with ⇤= 0.24GeV, BK solut ion with fixed coupling at ↵s =

0.1, and rcBK with ⇤Q C D = 0.1GeV. The edges of the solid
bands show results for µ2 = 10GeV2 to 50 GeV 2 . As in other

figures, the crosshatch fi ll shows LO result s and the solid fi ll
shows NLO result s.

the current work and we will leave this to future study.

Given these limitat ions, we expect this dilute-dense fac-

torizat ion formalism to work much bet ter for more for-

ward rapidity regions. This t rend is indeed observed in

Fig. 1 and Fig. 3. Nevertheless, as shown in all the plots,

our results computed from SOLO are stable and reliable

as long as p? < Qs(xg).

Furthermore, we have also incorporated three other

choices of dipole gluon dist ribut ion in SOLO: the Golec-

Biernat and Wustho↵ (GBW) model [36], the McLerran-

Venugopalan (MV) model [4], and the solut ion to the

fixed coupling BK equat ion. As shown in Fig. 2, all four

parametrizat ions give similar results and agree with the

BRAHMS data in the p? < Qs region. For other plots,

we only use the rcBK solut ion, which is the most sophis-

t icated paramet rizat ion.

Fig. 3 shows predict ions made by SOLO for pPb col-

lisions at high pseudorapidit ies which are accessible at

LHC detectors, in part icular 5.3 ⌘ 6.5 for TOTEM ’s

T2 telescope [31] and ⌘≥ 8.4 at LHCf [32]. Of course,

our predict ion in the left plot should only be valid when

p? < 3GeV, which is about the size of the saturat ion

momentum at the corresponding rapidity.

One of the advantages of our NLO results is the signif-

icant ly reduced scale dependence as shown in Fig. 4. In

principle, cross sect ions for any physical observable, if it

could be calculated up to all order, should be completely

independent of the factorizat ion scale µ. However, as

shown in Fig. 4, the LO cross sect ion is a monotonically

decreasing funct ion of the factorizat ion scale µ. This is

well-known and is simply due to the fact that an increase

of µ causes both the parton dist ribut ion funct ion (in the

region x > 0.1) and the fragmentat ion funct ion (in the
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FIG. 3: Predict ions for the yields at the LHC energy
p

sN N = 5.02TeV in pPb collisions, both at LO and with NLO correct ions
included. On the left , we show results for ⇡− yields at ⌘ = 6.375 (YC M = 5.91 in the center of mass frame) which falls in

the range of pseudorapidit ies detected by TOTEM, and on the right , for ⇡0 yields at ⌘= 8.765 (YC M = 8.3) which falls in
the range detected by LHCf. The edges of the solid bands were computed using µ2 = 20GeV2 to 100 GeV 2 on the left and

µ2 = 2 GeV2 to 10GeV 2 on the right .

region z > 0.2) to decrease. Therefore, one has to choose

the scale µ properly for LO calculat ions. By including

the NLO correct ions, which cancels all the scale depen-

dence up to one-loop order, we find that the dependence

on µ is sharply reduced in the NLO cross sect ion except

for very low µ2 values. In other words, the factorizat ion

scale can be chosen from a large range of values without

changing the cross sect ions much. This great ly increases

the reliability of our calculat ion and reduces the uncer-

tainty of our predict ion. In addit ion, Fig. 4 indicates

that the best choice of factorizat ion scale µ should be

about two or maybe three t imes the average t ransverse

momentum of the produced hadron. This helps us to

choose a reasonable range of µ2 to set the error band for

our numerical analysis.

4. Discussion and Conclusion. As an important first

step towards the NLO phenomenology in the saturat ion

physics, wehavedeveloped a program called SOLO which

allows us to incorporate most of the NLO correct ions for

forward single hadron product ions in pA collisions. We

have used recent theoret ical results for forward hadron

product ion at NLO accuracy, which demonst rate the fac-

torizat ion of collinear and rapidity divergencies, together

with NLO parton dist ribut ion funct ions and fragmenta-

t ion funct ions, as well as the solut ion to the BK equa-

t ion with running coupling. We obtained decent agree-

ment with theexperimental data from RHIC and wehave

made predict ions for the forward product ion in pA colli-

sions at the LHC. The results show the enhancement of

the NLO calculat ion over the LO calculat ion at very low

values of pT , and the reduct ion of the NLO cross sect ion

with respect to the LO calculat ion at higher values of the

hadron t ransverse momentum.

We found that the scale dependence is significant ly re-

duced at NLO as compared to the lowest order result .

We also found that the results turn negat ive for higher

values of pT above some crit ical value. This crit ical value

increases with rising rapidity, thus just ifying the calcu-

lat ion for the forward region. Several extensions of this

work are possible. The large negat ive value of the NLO

correct ion may imply the need to include higher order

correct ions or some resummat ion in order to stabilize the

result beyond the crit ical value of pT . Also, for the com-

plete NLL analysis one would need to evaluate the dipole

gluon dist ribut ion using theNLL BK equat ion. Theseare

important issues that certainly deserve separate studies.

Nevertheless, this calculat ion is important progress in

small-x physics phenomenology beyond LL accuracy, and

it provides predict ions for pA collisions at the LHC with

the theoret ical uncertainty under cont rol.
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Other recent LHC comparisons 

• open charm 

Grazia Luparello SQM2013, Birmingham UK, 22-27 July 2013

• Average RpPb compared 

with predictions from 

MNR + EPS09 shadowing 

parametrization and CGC

• Consistent within statistical 

and systematic uncertainties
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mid-rapidity only 

similar to the charged hadron data 

 

LHCb and ALICE (with planned upgrade) 
can measure charm at forward rapidities 

• quarkonia 

CGC calculations slightly below the data 

 

warning: the production 

mechanism is not fully 

understood already in p+p! 



Di-hadron final-state kinematics 
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=final state : 

scanning the wave functions: 

central rapidities probe moderate x 

xp ~ xA < 1 

forward/central doesn’t probe much smaller x 

xp ~ 1, xA < 1 

xp increases    xA ~ unchanged 

forward rapidities probe small x 

xp ~ 1, xA << 1 

xp ~ unchanged    xA decreases 



Di-hadron angular correlations  

central d+Au collisions 

Df0 
(near side) Dfp 

(away side) 

(rad) 

p+p collisions 

~p 

however, when y1 ~ y2 ~ 0 (and therefore xA ~ 0.03), 
the p+p and d+Au curves are almost identical 
   

xA =
k1 e

-y1 + k2 e
-y2

s
<<1

comparisons between d+Au → h1 h2 X (or p+Au → h1 h2 X ) and p+p → h1 h2 X 

Albacete 

and CM (2010) 



Recent progress and LHC data 
• improved CGC calculations 

Stasto, Xiao and Yuan (2012) 

Lappi and Mantysaari (2013) 

Kang, Vitev and Xing (2012) 

• first non-CGC description 

Symmetric)Ridge)

 Dj Dh

 Dh

 

• recent ALICE mid-rapidity data 

after subtracting the double ridge 
from the data, there is little away-side 
suppression with increasing centrality 

 
forward rapidity data are 

needed here as well 
 

photon-hadron is good too! 



Conclusions 

 

• Fundamental consequence of QCD dynamics: 
 
- at asymptotically small x/large A, QCD evolution becomes non-linear 

 

• Non-linear evolution of gluon density in Au at RHIC: 
 
- suppression of single hadron production in d+Au vs p+p 
 
- suppression of back-to-back correlations of di-hadrons in d+Au vs p+p 

 

• Awaiting more p+Pb forward rapidity data (so far only quarkonia) 

 

• Isolated photons and photon+hadron seem to be the perfect 
measurements 


