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Single

meson LbL contribution to (g-2).: state of art

®

Hadronic LbL contribution to (g-2). due to single meson exchanges:

pseudo-scalars | axial-vectors scalars tensors
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Single meson LbL contribution to (g-2).: state of art
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Hadronic LbL contribution to (g-2). due to single meson exchanges:

pseudo-scalars | axial-vectors scalars tensors
BREP 85k 73] s i O —7+2 -
FIKS G20 =i | 7= 3 -
MV 11410 2245 - -
KN QS SE2 - 2 :
J 93.9 £ 124 ~ 7 —6.0+ 1.2 -

BPP (Bijnens, Pallante, Prades)

HKS (Hayakawa, Kinoshita, Sanda)

MV (Melnikov, Vainshtein)

KN (Knecht, Nyffeler)

J (Jegerlehner)

Extended Nambu-Jona-Lasigno model

Hidden local gauge symmetry model

OPE and short-distance constraints

Large-N: and data on meson form factors

Large-N: and data on form factors + off-shell effects
OPE and short-distance constraints



Heavy-meson contributions to the (g-2),.
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Projection technique

a, = lim Tr [(p + m)A, (p', p) (P’ +m)I" (p', p)]
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Projection technique

ay = lim Tr[(p +m)A, (p', p) (F +m)T” (0, )]
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Projection technique

ay = lim Tr[(p +m)A, (p', p) (F +m)T” (0, )]

oL — lim ie6/ dq1 / d*gy 1 1 1
H k—0 2m)* ) 2m)*gig5(k—q1 —q2)?2 (p+q1)2 —m? (p/ — q2)%2 — m?
x TH 2 (q1, k — q1 — q2, @) ao (g1, k — q1 — go, a2)
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q1 — Q2)2,7‘02)
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Projection technique

ay, = Tim Tr [(p + m)A, (p', p) (F +m)T” (p', p)]

a’®l = lim ieb d*qy 4> ! ! !
P kS0 2m)* ) (2m)* q¢igz(k — g1 — ¢2)? (p+ q1)2 —m? (p/ — q2)? — m?
d145 q1 — g2 P T 41 p q2

X TH2 (g1, k — q1 — G2, @2) Lo (g1, k — @1 — g2, 9)

q1 — Q2)2,7€2)

F F k —
( Moy*y* Ql CI2 Moy*y* (( Tg(ql,k—ql—qz,qg)

(@1 +¢q2)? — M?
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Axial-vector meson transition amplitude

'\\Transi’rion form factor ' ( L3 Collaboration )

for 2y decay widths [, , and dipole masses /\a T
. : 3
entering the FF, we use the experimental results i dam: 3
from the L3 Collaboration. ® Datanr'n”
_ --f, A=M(,)
— EEEEEEE —f, T, , A fi
dipole parametrization Dol =35 f1 Cahn
A=y v transition FF: SO .
.ﬂé .....
T e
normalization IS
310 - 0 0 0 1
.
[MeV]
f1(1285) 1281.8 + 0.6 1 i 1
f1(1420) | 14264409 | 3.2+0.9) 107 1
-4 T Q® (GeV?)

tensor & scalar mesons:
no direct phenomenological
information is available

use simple dipole (monopole) parametrizations
estimates based on sum rules



Meson form factors and LbL sum rules



Meson form factors and LbL sum rules




Meson form factors and LbL sum rules

at finite Q2 the SRs imply information

on meson transition form-factors:
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Meson form factors and LbL sum rules

F) Jood 1 at finite Q:* the SRs imply information
= | ds

on meson transition form-factors:

f,(1285), f,(1420) L3
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Meson form factors and LbL sum rules

F) Jood 1 at finite Q:* the SRs imply information
= | ds

on meson transition form-factors:

0
—7

f,(1285), f,(1420) L3

o
—T—

Hnhae e [MeV] keV]

(1270) 1275.1 + 1.2 3.03 & 0.35

(1565) 1562 + 13 0.70 & 0.14

a2 (1320) 13183 +0.6 | | 1.00=0.06
(1700) 1732 + 16 0.30 +0.05

N




Results: axial-vector mesons

¢

LbL __

6
a Aj

po = @2

1%5%7(‘4) fdQl fdQ2 [Zwa(Ql,QQ) + wc(QhQQ)]




Results: axial-vector mesons
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— (2n)2
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AA1/>;L4727£§’7(A) fdQl fdQ2 \wa(QlaQQ) _|_j\wc(?1’Q2)]

GeV

dominating region
D Q~Qz-1 GeV) &




Results: axial-vector mesons

GeV

04

| w(01,02) 10202

dominating region
D Qi-Q.-1 GeV) &

GeV 3 CeV :
f- ma f AA aLbL;A X 1010
i a the contribution of the
axial-vector pole

[MeV] [keV| [MeV]
"4 +0.20
f1(1285) | 1281.8+0.6| 35+08| 1040=78 [ 0.50 o ] orthelGiel]
f1(1420) 1426.4 = 0.9 3.24+0.9 92678 | 0.14 75 J V.P., M. Vanderhaeghen
(2014)




Results: scalar mesons

o o0

3
—%’FMW*V*(()?O)‘Q/dQl /dQ2 2 p1(Q1,Q2) + p2(Q1,Q2)]

0 0




Results: scalar mesons

LbL 4o’ 2 i i
a, :—?]FMW*V*(O,O)\ d@y [ dQ-

0 0

2 p1(Q1,Q2)

(Q1,Q2)]

P2

.....
\\\\\\\\

-

;-O'Olpl

dominating region

Qi1~Q2~0.5 GeV AN

! 1.0° |
[-0.03 - 3
15 Q> [GeV] . A1 S
05" 0 0.5% 10

{=0.02



Results: scalar mesons

LbL 4a” 2 ! !
a, = _?’FM’Y*’Y* (070)‘ d@1 dQ2

0 0

(Q1,Q2)

(Q1,Q2)]

2 p1 P2

TR
\\\\\\

_O'OIPI —0.005p2
ooy dominating region | 0010
EAN Q05 GeV I PN ~0.015
1.0°, , -0.03 1O, By
050, [GeV] 050 [GeV]
0.0 0.0
contribution of the narrow scalar resonances
* N
M [y ay (Amono =1 GeV)|ay (Amono = 2 GeV)
[MeV] ke V] (10~ (10~
fo(980) 980 + 10 0.29 £+ 0.07 —0.19 +0.05 —0.61 =0.15
f6(137()) 1200 — 1500 3.8+ 1.5 —0.54 +£0.21 —1.84 +0.73
ao(980) 980 + 20 0.3+0.1 —0.20 £+ 0.07 —0.63 + 0.21
Sum —0.9+0.2 —3.1+0.8
—)




Results: scalar mesons

LbL 4a” 2 ! !
a, = _?’FM’Y*’Y* (070)‘ d@1 dQ2

0 0

(Q1,Q2)

(Q1,Q2)]

2 p1 P2

-

_O'OIPI —O.()OSp2
ooy dominating region | 0010
EAN Q05 GeV I PN ~0.015
1.0°, , -0.03 1O, By
Q> [GeV] 0'5,.‘ | - 1.5 Q> [GeV] 0.5\ T 1.5
050, [GeV] 050 [GeV]
0.0 0.0
contribution of the narrow scalar resonances
* N
M [y ay (Amono =1 GeV)|ay (Amono = 2 GeV)
[MeV] ke V] (10~ (10~
fo(980) 980 + 10 0.29 £+ 0.07 —0.19 +0.05 —0.61 =0.15
f6(137()) 1200 — 1500 3.8+ 1.5 —0.54 +£0.21 —1.84 +0.73
ao(980) 980 + 20 0.3+0.1 —0.20 £+ 0.07 —0.63 + 0.21
Sum 7—0.9+0.2)<T>"-3.1+0.38) |,
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Results: tensor mesons

3

(LbL_ 20
Uy = 3
T

Pty (0,0)2 / a0, / 405 2 p1(Qr, Q2) + pa(Qr, Q)]
0 0




Results: tensor mesons

3

(LbL_ 20«
QG = 773
0

| Fgers (0,0)] / 40, / 105 |

©.@) ©.@)

contribution of the
narrow tensor resonances

(/‘/

dominating region

Qi~Q2~0.5 GeV
1.0°3 0.00
0:(GeV] | 5 3
050, (Gev)
0.0
M | a, (Agip = 1.5 GeV)
[MeV] [keV] (10~
f2(1270) 1275.1 +1.2 3.03 +0.35 0.79 4+ 0.09
f2(1565) 1562 4+ 13 0.70 +0.14 0.07 £ 0.01
a2(1320) 1318.3 = 0.6 1.00 £ 0.06 0.22 +£0.01
a2(1700) 1732 £ 16 0.30 £ 0.05 0.02+ 0.003
Sum ‘\ 1.1+0.1 S _J
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Summary
E821 measurement of (g-2). (2009) [auexp = (11 659 2089 * 63) x 101 ’
pseudo-scalars | axial-vectors scalars tensors

BRE SHIEELLS 245 S0 —7x2 -
HKS B2 614 |5 o n ] by E -
MV IR0 YYE RS E E
KN SSEEE2 - - -
J 93.9+12.4 ~Lf —6.0+1.2 -

this work - 6.4 + 2.0 —(0.9 ~3.1) £0.8 111 201
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Summary
E821 measurement of (g-2), (2009) [auexP = (11 659 2089 * 63) x 107! ’
pseudo-scalars | axial-vectors scalars tensors

BRE SHIEELLS 245 S0 —7x2 -
HKS B2 614 |5 o n ] by E -
MV IR0 YYE RS E E
KN SSEEE2 - - -
J 93.9+12.4 ~Lf —6.0+1.2 -

this work - bi4d = 2.0 —(0.9 ~3.1) £0.8 111 == 0.1

[ total (6.6~4.4) £+ 29 x 1071 '




Summary

E821 measurement of (g-2), (2009)

" a,o® = (11 659 2089 + 63) x 10! )

pseudo-scalars | axial-vectors scalars tensors
BRE 851313 245 S0 —7x2 -
HKS SRR LA |5 o n ] by E -
MV IR0 YYE RS E E
KN SSEEE2 - - -
J 93.9+124 ~Lf —6.0 =12 -
this work - bi4d = 2.0 —(0.9~3.1)£0.8 111 == 0.1

[ total (6.6~4.4) + 29 x 101 '

new FNAL (g-2), measurement (2015):

factor 4 precision improvement

‘ +16 - 1071 ’
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Summary
E821 measurement of (g-2), (2009) (auexP = (11 659 2089 * 63) x 107! ’
pseudo-scalars | axial-vectors scalars tensors

BRE SHIEELLS 245 S0 —7x2 -
HKS 82.7+ 6.4 |5 o n ] by E -
MV IR0 YYE RS E E
KN SSEEE2 - - -
J 93.9+124 ~Lf —6.0 £ 1.2 -

this work - bi4d = 2.0 —(0.9~3.1)£0.8 111 == 0.1

[ total (6.6~4.4) + 29 x 101 '

new FNAL (g-2), measurement (2015):

+ 16 - 10!
factor 4 precision improvement —

data on meson form factors in a space-like region

decay width of the mesons



F2(t) and dispersion relations




ay from a dispersion relation

1y = lim Fa(k, (p -+ 1)°, p°)

—

Pauli form factor
in the limit of static electromagnetic field



a, = lim Fy(k*, (p+ k)?,p?)

k—0

ay from a dispersion relation

Pauli form factor
in the limit of static electromagnetic field

on-shell conditions
for a muon

(p+k)* =m’

p2:m2

—> (p k) =—k%/2



a, = lim Fy(k*, (p+ k)?,p?)

k—0

ay from a dispersion relation

Pauli form factor
in the limit of static electromagnetic field

on-shell conditions
for a muon

pR e e




ay from a dispersion relation

Pauli form factor

a, = lim Fy(k*, (p+ k)?,p?)

! k—0 in the limit of static electromagnetic field
i (o~ k) =m~
on-shell conditions p > (p-k) = —k2/2
for a muon 2 2




HLbL contribution to (g-2).

projection technique f Fo(k?) = Tr [($ + m)A, (0, p) (' + m)T (¥, p)D

rprL (P’,P)

weighting functions (entire)

d*q d*qs
Fg(k’z) 26 Z (_1)>\+>\1+>\2+>\3/ (27T)4 / (2w)4L>\1,\2,\3>\(p,p/,Q1,k e Q2,Q2)
A1,A2,A3,A

N, doxsn (g1, — g1 — 2, G2, k)
a3k gt =) [(p + a)2 — m3] [(p +k'— )5 —m?]

> X

analytic structure

(10)



(u)

Discontinuity

d*q d*q ,
DQHH+ — 66 Z (_1)>\+>\1+>\2+>\3 / (27_‘_)14 / (27T)24 (_271_,’/)25 ((p i q1)2 ™ m2> 5 ((p A L q2)2 3 i m2>
A1,A2,A3,A

Lyiaarsx(@ 0 a1, k= a1 — g2, q3)
X 202 (ke — o L= )2
7195k — g1 — q2)
X Disc(qlJqu)zH)\l,\Q)\g,\(qh k—aq —q2,q2,k)

( AbsFy(k?) = Dy, + Dg— + Do+ + ij}[

(2) (3) (1) (2) (3)
+ + ‘nyH+ + D’yH+ + D2fyH— + D2fyH— + D2fyH—




Meson pole contributions to (g-2),
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Pole contributions

m° - pole in (gi+q;)? analytical structure of LbL amplitude

q \ T
>_ i <>f vector - poles in g
q2 q4



(1) -

m° - pole in (gi+q;)?

Pole contributions

analytical structure of LbL amplitude

gs

VL S—— vector - poles in g
S REARBEEE

g4

# d4 d*
P (t) = 80|y 0,0, M) [ B [ S22

(2m)* ) (2m)*
J1o1 1 1 1
Gt —Nq505 — A2 (E—q— @) (k—q1 — q2)? — A?
1 1 1
X T ’ ) ak
(p+q)? —m?(p+k—q)?—m?(k—q)>— M 1@, 02, P, F)
d4 d4 Y
2 q1 q2
FP(1) = A%\ For- 00,0207 [ 8 [ 22
J1o1 1 1 1
GE—-N@Gagd—AN(k—q—q)?(k—q—q)?— A2
1 1 1
X T2(Q1aQ2ap7 k)

pP+q@)?—m2(p+k—q2)?—m? (1 +q2)°> — M?




(2)

2-particle discontinuities

Disc'?T?(t) = Discyo, () + Disco, 7 (t)
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(2)

2-particle discontinuities

(Discmff(t) = Disc,0,I'7 (t) + Disco, ' (2) ’

— —

(13)
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3-particle discontinuities

DiSC(S)FT(t) = Disc,,I'7(t) + Discy,I'7 (f) + Discyn 7 (t)  Disc® I (¢) = Discy /'3 (t) + Discyq,I'5(t) + Discy py I'5(2)
+Discy, I (2) + Discy 'y (£) 4 Disc,y, I (2) +Disc,yy L5 (t) + Discy,p 1% (t) + Discyy, 5 ()
+ Disc,p, 4 (t) + Disc,,, I (¢) +Disc,,, 5 (t) + Disc,,, 15 (t) + Disc, I (t)

(2)
583
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3-particle discontinuities

+Discy, I (t) + Discy Iy (£) 4 Discy, I (t) +Discpyy L5 () + Discy,p 1% (t) + Discyy, 5 ()
+ Disc,,, '] (t) + Disc,,, I} (t) +Disc,,, 5 (t) + Disc,,,I'5(t) + Disc,,,. . I'5 ()

(2)

Disc®T?(t) = Discy, % (t) + Discy,I%(t) + Disc, T (t) r)isc(?’)f‘g(t) — Disc.,[4(t) + Discy,[4(t) + Disc.y,, [4(t)

(1)
J¥3 pPpPP

PYY 3P

3P Y Ipp  ¥PY




(g-2)u: 2-particle cuts

rational fraction decomposition

[ B0 = v~ pavoge) - ppon

X

X

67 qi —A?q3 a5 — A (k—q1 — q2)* (k — @1 — g2)? — A?

d4q dq

1 1 2

F{Y(t) = e®A%| Fpoyerye (O’O’M2)|2/ (2m)* / @)
111 : 1

1

1

1

(p+q@1)2—m?(p+k—q2)?—m?(k—q)?— M?

Tl (Q17 qz, p, k)

X

X
(p+aq1)2—m2(p+k—q2)? —m? (g1 + ¢2)? — M?

22 —Nq2q2— AN (k—q —q2)2 (k—q1 — g2)2 — A2

f d4q d*q h
F2(2)(t) = 66A6|FP’Y*7*(07 0, M2)|2/ (271')14 / (Qﬂ)24
i 1 i 1 1 1

1

1

1

T2(Q17 q2,p, k)
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(g-2)u: 2-particle cuts

e®| F (0,0, M?)|?

DiSC?FlAlAQAS (t) — <
T

N

N (g2 m2 .t 9
51/dcos(91 . (g7, m*, 11,1, cos 6q)
gi +t1 —t—tp1Bcosb,

J

Im E,(t)/t (in 05 GeV‘z): my cut, diagram a

REr i = m = 0.105 GeV

N R M = 0.135 GeV
S 010078 ke
=L . A=077GeV

“._ sum of 8 terms

G
~
‘e
L)
G5
-
.....
--------

...........
---------------
_____________

(1e)



r

Disc} F1 4243 (t) =

X /dc0891/d02 53

X

(g-2).: 3-particle cuts

dty | dt
27r 432t / ! / 24 —

T

M2

2

0 0

—2m3 + @+t —t —tB1Bcosby

2

2m?2 — 2m3 + g5 — t + to + t323(sin 01 cos O sin 6 + cos 01 cos 6)

L(tq,

L)P(M?, ...

)

)
J




(g-2).: 3-particle cuts

)

r %
F(0,0,M?)|
Di FA1A2A3 t e | /dt /dt
isc; (t) = (2m)432¢ ! t — M2
></7Td 0 /d9 ’
COS
J 10 22m2_2m%+q%+tl_t—tﬂlﬁcosel

) 2 L(ty,..)P(M?,..)
2m? — 2m3 + 3 — t +to + tB2A(sin 0 cos P sin  + cosfy cosB) )

I

I

I

/

/
/
/
/ \
/ i 8
_—7—————/—_-\_-
/ / \

/ /

\




(g-2).: 3-particle cuts

c %|F (0,0, M?)|? )
Disc? pidets gy = S IF ) / dty / dz
(2m)432t t1 —M2
x]d 0 /de 2
COS
L) —amT i — t — tBiBoos s
0 0
X L(ty,...)P(M?, ...
2m?2 — 2m3 + g5 — t + to + t323(sin 01 cos O sin 6 + cos 01 cos 6) (t1, - ) P(MT, )J

)

/ 711X
AR NS S S A E S R S
/ / \
/ / \

I(q1,92.k — 1 — g2, k) =

P(CI1,CI2,7€ =@l

— g2, k)|(q1—k)2:M2

(g1 — k)2

— M2



(g-2).: 3-particle cuts

Disc? FAA2As (1) = 0 B /dtl/dtQ
(27)432t t; — M?
X/dcos@l/deg 53 5 5 2
J J m* —2m3y +qi +t1 —t —tB1B cos by
X - , : L(ty,..)P(M?,..)
2m?2 — 2m3 + g5 — t + to + t323(sin 01 cos O sin 6 + cos 01 cos 6) y

Im F,(t)/t (in 107" GeV‘z): 3y cut, diagram a

8 - m = 0.105 GeV
A M = 0.135 GeV

T =0.0078 keV
A Yy

A =0.77 GeV

-
!---
.
-
.
-
.

“sum of 8 terms
L IR A LA AR W i SR
16k | 10 10°

t/M>



(18)

Real parts
1 [t 1 [t
Fiafefs gy — 5 / " DiSCJE2)F1A1A2A3 () + 57 / " DiSCE?’)FlAlAQA?’ (t)
) )
(A1+M)? (A1+A2+A3)2

L M’/(a T (in GeV?): diagram a

0.025 -

A =0.77 GeV

0.02 *
0.015 *
0.01 *

0.005 *

-0.005 *

001 [

le |l ‘ | ‘ I [ ‘ [l 4| ‘ [ ‘ R S| ‘ | ‘ (Ll | ‘ | ‘ RS
0O 01 02 03 04 05 06 07 08 09 1
M (GeV)
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Real parts
1 [t 1 [t
FlA1A2A3 (0) = 5 / " DiSCE2)F1A1A2A3 () + 57 / " Discé?’)FlAlAZA?’ (t)
) )
(A1+M)? (A1+A2+A3)2

L M’/(a T (in GeV?): diagram a

2-particle
04023~tr1-1 . fferdeat
- A =077 GeV discontinuities
002 -
0015 -
001 L / dlspers!ve
E evaluation
0.005 -
: &
0
0.005 -

_0.01
0 01 02 03 04 05 06 07 08 09 1 :
3-particle

M (GeV)
discontinuities
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Real parts
1 [t 1 ot
A1AsA A1AgA A AsA
Foe 3(0):2—m / " DISC,E )Fll 2 3()—|—2—m / " Dlscé >F11 285 (1)
(A1+M)? (A1+A2+A3)2
a *M/(aT.) (in GeV?): diagram a
u Y ;
2-particle
0.025 | ; RN
C A =0.77 GeV discontinuities
002
Lk constant FF
001 ~ dispersive  Knecht, Nyffeler
/ evaluation (2001);
U & VP, Vanderhaeghen
0 S (2014)
0005 | Feynman integral
: evaluation
2 i A )

01 02 03 04 05 06 0.7 08 09
M (GeV)

‘ 1\ v
3-particle

pole

discontinuities 3OS
contribution!



Conclusions

fotal (6.6~4.4) + 2.9 x 10! axial mesons dominate the single meson channel
T ) beyond pseudoscalar mesons

~

space-like data on single meson transition form-factors
is required fo reduce the uncertainty

model independent implementation of data:

dispersive approaches

direct expression through
the physical phase-space integrals

allows different ways of direct implementation of data:
space-, time-like and on-shell data

freedom to choose a parametrization of hadronic matrix elements



