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   EZ  Enterprises are proud to present:-

QCDLoop™

 One stop shopping for all your one-loop needs!

Never calculate a scalar one-loop integral ever again!

Operators are standing by, call 1-800-QCDLoop today

“If you need one-loop, do yourself a favor, make it EZ”

Free shipping! but wait, there’s even more …



PV library

Full calculation of one-loop tensor
integrals

Coming soon!



The calculation of one loop amplitudes

• The classical paradigm
for the calculation of
one-loop diagrams was
established in 1979.

• Complete calculation of
one-loop scalar integrals

• Reduction of tensors
one-loop integrals to
scalars.

Neither are adequate for present-day purposes.



QCDloop: One-loop integrals
• Finite one-loop diagrams (in general with internal masses)

solved in 1979. (‘t Hooft and Veltman).
• In QCD one has massless (or effectively massless lines) leading

to one loop diagrams with divergences. In QCD these
divergences are normally regulated using dimensional
regularization (D=4-2 ε).

• We have identified the 6 triangles and 16 boxes with soft and/or
collinear divergences as basis sets.

• We have completed the calculation of the divergent diagrams (5
new boxes) and sorted the literature.

• Results are given at the webpage http://qcdloop.fnal.gov.



 Basis set of scalar integrals

In addition, in the context of NLO calculations, scalar higher point
functions, can always be expressed as sums of box integrals.

Passarino, Veltman - Melrose (‘65)

Any one-loop amplitude can be written as a linear sum of
boxes, triangles, bubbles and tadpoles



Basis set for one-loop scalar integrals

• The tadpoles, bubbles, triangles and boxes form a complete
basis set.

• What about higher point functions? Scalar pentagon can be
expressed as a sum of boxes.

•    A general N point scalar integral in D dimensions can be
recursively expressed as a linear combination of box integrals, if the

external vectors can be taken to be in 4-dimensions

Melrose, 1965, Vermaseren and van Neerven (1983), Bern, Dixon and Kosower (1992)



Definition of scalar integrals
Integrals in D
dimensions.

Calculation performed
in space-like region,
below all thresholds.
Analytic continuation
performed afterwards.

Distinguish between
external momenta p

and offsets in
propagators q.



One-Loop Integral and Feynman
parameters

Y is called the modified Cayley matrix. The Cayley matrix has a
special structure for diagrams with a soft or collinear divergence.

(Kinoshita)



Basis set of divergent triangle
integrals

By classsifying the integral in terms of the number of zero 
internal masses, and the number of distinct Cayley matrices
we can create a basis set of divergent integrals

The basis set of divergent
triangles contains 6 integrals



Modified Cayley Matrices for
Box Integrals

There are 16 independent divergent box integrals.
11 exist in the literature.



Integrals with no internal masses

Ellis, Ross and Terrano (2), Bern. Dixon and Kosower (1?,3,4,5)
cf Duplancic and Nizic



The basis set of box integrals contains 16 integrals.



Integrals with one internal mass
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7) W. Beenakker, S. Dittmaier, M. Kramer, B. Plumper, M. Spira and P. M. Zerwas

8) E. L. Berger, M. Klasen and T. M. P. Tait,
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Integrals with 2 adjacent internal
masses

Ellis, Zanderighi 11,12,13



Integrals with 2 opposite masses

Beenakker and Denner using  



Integral with 3 internal masses

Beenakker and Denner using



QCDLoop web page



QCDLoop web page
giving access to hyper-linked
PDF web-pages which give
the  results for the basis
integrals, together with
references, special cases etc.

QCDLoop.fnal.gov

11 of the 16 divergent
box integrals were known
in the literature. The rest
are new.





Credits

ln(x)  (John Napier, 1619)

Li2 (x) (WilliamSpence,1808)



Note that this basis integral encompasses also the case  p3 
2=m2

because this limit does not lead to further singularities.
The cases p4 

2 =m2 or p2
2=0 which do increase the degree of

singularity are covered by different basis integrals.

Non-singular limits of this integral



 QCDloop library

• We have created a numerical code which calculates an
arbitrary scalar integral, (box, triangle, bubble, or tadpole).

• The program performs triage to determine which of the
basis-set integrals can be used to calculate a given
divergent integral.

• For the divergent integrals we use the basis set of
integrals and program returns coefficients of 1/ε2 ,1/ε and
constant.

• For the finite integrals we use the implementation of the
finite integrals due to van Oldenborgh (FF library).

• Further developments are possible, such as the extension
to complex masses, and the inclusion pentagon, hexagon
and other higher point functions.



Dilogarithm (Spence’s function)

• Results of the integrals are given in terms of logarithms ln(x) and
dilogarithms Li2(1-x).

• For positive x both these functions are real.
• Simplification of these integrals using dilogarithm identities, eg

• A glorious example is shown below.  Brandhuber, Spence and Travaglini



Spence’s function

Analytic continuation for -π<arg(xi)< π

for
Beenakker, Denner



Fortran code

Fortran code is available.
It calculates finite integrals
using the ff library for the
finite integrals, and
calculates divergent
integrals using the
QCDLoop library.



Numerical calculation of scalar
box function



Numerical checks
We can perform a numerical check of the code, by using the 
Relation between boxes, triangles and the six-dimensional box.

In D=6, the box integral is finite - no UV,IR or collinear divergences 
So we can check this relation numerically, (even in the physical
region by setting the causal ε equal to a very small number).

   Using above relation to calculate box integrals does not seem 
to be the right strategy



Summary

• We have developed a program which returns a
complex number for an arbitrary one loop integral,
finite or divergent. The problem of divergent one-
loop scalar integrals can now be considered
completely solved.

• QCDloop program available for download.
• Importance of making software freely available
   (cf the Helas, Madgraph, Madevent,

SUSYMadgraph experience).



Similarly, the modified Cayley matrices for 16 divergent box integrals


