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Starting point

2

I assume that

‣ we know what we expect form the LHC

‣ we believe that NLO calculations might be crucial 

‣ we agree that the common aim in NLO calculations is to be 
able to do N-leg one-loop calculations for a general process 
(“N” is the key)  ⇒ e.g. Alpgen@NLO

‣ we know the bottleneck at NLO are virtual corrections
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Merging analytical & numerical 
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Numerical “brute-force” approaches: plagued by 
factorial growth, difficult to push methods beyond N=6, 
high demand on computer power 
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Analytic approaches: cumbersome, complexity growths 
with N, can’t rely on pen & paper... need efficient 
automation, but some analytic approaches are not suitable 

Numerical “brute-force” approaches: plagued by 
factorial growth, difficult to push methods beyond N=6, 
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Merging analytical & numerical 
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This work: merge analytical & numerical techniques, 
build a general, fully automated algorithm of polynomial 
complexity for the evaluation of one-loop amplitudes

Analytic approaches: cumbersome, complexity growths 
with N, can’t rely on pen & paper... need efficient 
automation, but some analytic approaches are not suitable 

Numerical “brute-force” approaches: plagued by 
factorial growth, difficult to push methods beyond N=6, 
high demand on computer power 
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1. Introduction

The current TEVATRON collider and the upcoming Large Hadron Collider need a good
understanding of the standard model signals to carry out a successful search for the Higgs
particle and physics beyond the standard model. At these hadron colliders QCD plays an
essential role. From the lessons learned at the TEVATRON we need fixed order calculations
matched with parton shower Monte Carlo’s and hadronization models for a successful
understanding of the observed collisions.

For successful implementation of numerical algorithms for evaluating the fixed order
amplitudes one needs to take into account the so-called complexity of the algorithm. That
is, how does the evaluation time grows with the number of external particles. An algo-
rithm of polynomial complexity is highly desirable. Furthermore algebraic methods can be
successfully implemented in efficient and reliable numerical procedures. This can lead to
rather different methods from what one would develop and use in analytic calculation.

The leading order parton level generators are well understood. Generators have been
constructed using algebraic manipulation programs to calculate the tree amplitudes directly
from Feynman diagrams. However, such a direct approach leads to an algorithm of double
factorial complexity. Techniques such as helicity amplitudes, color ordering and recursion
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One-loop virtual amplitudes
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One-loop amplitudes can be decomposed into a cut-constructable 
part (coefficients times scalar master integrals) + rational terms 

Get cut constructable part by taking residues: in D=4 up to 4 
constraints on the loop momentum (4 onshell propagators) 
⇒ get up to box integrals

* if non-vanishing masses: tadpole term

*

Want rational part: need to think about D ≠ 4
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Generic D dependence
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Two sources of D dependence 

dimensionality of loop 
momentum D

nr. of spin eigenstates/
polarization states Ds ( ≥ D )
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Two key observations
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1. External particles in D=4 ⇒ no preferred direction in the extra space

☛ in arbitrary D up to 5 constraints ⇒ get up to pentagon integrals
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2. Dependence of     on Ds is linear 
(appears from closed loops of contracted metrics)
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D∑

i=5

l2i (10)

1
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=
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∑
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∑
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∑
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Two key observations
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1. External particles in D=4 ⇒ no preferred direction in the extra space
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∑
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∑
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∑
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∑
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∑
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2 − l̃2 = l21 − l22 − l23 − l24 −

D∑

i=5

l2i (6)
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2. Dependence of     on Ds is linear 
(appears from closed loops of contracted metrics)

[Ds = 4 - 2ε ‘t-Hooft-Veltman scheme, Ds = 4 FDH scheme]

☛ evaluate at any (integer!) Ds1, Ds2 ⇒ get   0 and    1, i.e. full 

AD({pi}, {Ji}) =
∫ dD l

i(π)D/2

N ({pi}, {Ji}; l)
d1d2 · · ·dN

(1)

di = di(l) = (l + qi)
2 − m2

i =



l − q0 +
i∑

j=1

pi




2

− m2
i (2)

AD =
∑

[i1|i5]
ei1i2i3i4i5I

(D)
i1i2i3i4i5 +

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4

+
∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3 +

∑

[i1|i2]

bi1i2I
(D)
i1i2 +

∑

[i1|i1]
ai1I

(D)
i1 (3)

AD =
∑

[i1|i5]

ei1i2i3i4i5I
(D)
i1i2i3i4i5+

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4+

∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3+

∑

[i1|i2]
bi1i2I

(D)
i1i2 +

∑

[i1|i1]

ai1I
(D)
i1

(4)

ID
i1···iM =

∫ dDl

i(π)D/2

1

di1 · · · diM

(5)

l2 = l
2 − l̃2 = l21 − l22 − l23 − l24 −

D∑

i=5

l2i (6)

AD ⇒ A(D,Ds) (7)

N (l) = N (l4, l̃
2) l̃2 = −

D∑

i=1

l2i (8)

NDs(l) = N0(l) + (Ds − 4)N1(l) (9)

N (10)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

1

AD({pi}, {Ji}) =
∫ dD l

i(π)D/2

N ({pi}, {Ji}; l)
d1d2 · · ·dN

(1)

di = di(l) = (l + qi)
2 − m2

i =



l − q0 +
i∑

j=1

pi




2

− m2
i (2)

AD =
∑

[i1|i5]
ei1i2i3i4i5I

(D)
i1i2i3i4i5 +

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4

+
∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3 +

∑

[i1|i2]

bi1i2I
(D)
i1i2 +

∑

[i1|i1]
ai1I

(D)
i1 (3)

AD =
∑

[i1|i5]

ei1i2i3i4i5I
(D)
i1i2i3i4i5+

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4+

∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3+

∑

[i1|i2]
bi1i2I

(D)
i1i2 +

∑

[i1|i1]

ai1I
(D)
i1

(4)

ID
i1···iM =

∫ dDl

i(π)D/2

1

di1 · · · diM

(5)

l2 = l
2 − l̃2 = l21 − l22 − l23 − l24 −

D∑

i=5

l2i (6)

AD ⇒ A(D,Ds) (7)

N (l) = N (l4, l̃
2) l̃2 = −

D∑

i=1

l2i (8)

NDs(l) = N0(l) + (Ds − 4)N1(l) (9)

N (10)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

1

AD({pi}, {Ji}) =
∫ dD l

i(π)D/2

N ({pi}, {Ji}; l)
d1d2 · · ·dN

(1)

di = di(l) = (l + qi)
2 − m2

i =



l − q0 +
i∑

j=1

pi




2

− m2
i (2)

AD =
∑

[i1|i5]
ei1i2i3i4i5I

(D)
i1i2i3i4i5 +

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4

+
∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3 +

∑

[i1|i2]

bi1i2I
(D)
i1i2 +

∑

[i1|i1]
ai1I

(D)
i1 (3)

AD =
∑

[i1|i5]

ei1i2i3i4i5I
(D)
i1i2i3i4i5+

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4+

∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3+

∑

[i1|i2]
bi1i2I

(D)
i1i2 +

∑

[i1|i1]

ai1I
(D)
i1

(4)

ID
i1···iM =

∫ dDl

i(π)D/2

1

di1 · · · diM

(5)

l2 = l
2 − l̃2 = l21 − l22 − l23 − l24 −

D∑

i=5

l2i (6)

AD ⇒ A(D,Ds) (7)

N (l) = N (l4, l̃
2) l̃2 = −

D∑

i=1

l2i (8)

NDs(l) = N0(l) + (Ds − 4)N1(l) (9)

N (10)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

1

AD({pi}, {Ji}) =
∫ dD l

i(π)D/2

N ({pi}, {Ji}; l)
d1d2 · · ·dN

(1)

di = di(l) = (l + qi)
2 − m2

i =



l − q0 +
i∑

j=1

pi




2

− m2
i (2)

AD =
∑

[i1|i5]
ei1i2i3i4i5I

(D)
i1i2i3i4i5 +

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4

+
∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3 +

∑

[i1|i2]

bi1i2I
(D)
i1i2 +

∑

[i1|i1]
ai1I

(D)
i1 (3)

AD =
∑

[i1|i5]

ei1i2i3i4i5I
(D)
i1i2i3i4i5+

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4+

∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3+

∑

[i1|i2]
bi1i2I

(D)
i1i2 +

∑

[i1|i1]

ai1I
(D)
i1

(4)

ID
i1···iM =

∫ dDl

i(π)D/2

1

di1 · · · diM

(5)

l2 = l
2 − l̃2 = l21 − l22 − l23 − l24 −
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NDs(l) = N0(l) + (Ds − 4)N1(l) (9)

N (10)

N (11)

1

εC = log10

|Av,unit
N − Av,anly

N |
|Av,anly

N |
(1)

τtree =

(
N

3

)

E3 +

(
N

4

)

E4 ∝ N4 (2)

τone−loop,N ∼ ntree · τtree,N ∝ N9 (3)

AD({pi}, {Ji}) =
∫ dD l

i(π)D/2

N ({pi}, {Ji}; l)
d1d2 · · ·dN

(4)

di = di(l) = (l + qi)
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i =
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i∑

j=1

pi




2

− m2
i (5)

AD =
∑

[i1|i5]
ei1i2i3i4i5I

(D)
i1i2i3i4i5 +

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4

+
∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3 +

∑

[i1|i2]

bi1i2I
(D)
i1i2 +

∑

[i1|i1]
ai1I

(D)
i1 (6)

AD =
∑

[i1|i5]

ei1i2i3i4i5I
(D)
i1i2i3i4i5+

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4+

∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3+

∑

[i1|i2]
bi1i2I

(D)
i1i2 +

∑

[i1|i1]

ai1I
(D)
i1

(7)

ID
i1···iM =

∫ dDl

i(π)D/2
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di1 · · · diM

(8)

l2 = l
2 − l̃2 = l21 − l22 − l23 − l24 −

D∑

i=5

l2i (9)

l̃2 = −
D∑

i=5

l2i (10)

1

AD ⇒ A(D,Ds) (11)

N (l) = N (l4, l̃
2) l̃2 = −

D∑

i=1

l2i (12)

NDs(l) = N0(l) + (Ds − 4)N1(l) (13)

N (14)

N (15)

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)
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N (Ds)(l)

d1d2 · · ·dN
=

∑
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i1i2i3i4i5(l)

di1di2di3di4di5
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∑
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+
∑
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∑
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∑
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−gµν + kµkν

k2 − m2
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∑
εν(k)εµ(k)δ(k2 − m2) (11)
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∑
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(
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+
∑
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+

∑
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∑
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+

∑
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+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)
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∑
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+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+
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Av = cΓ

(
N
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+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)
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V5: function of the 4 
inflow momenta

ni: span trivial space, 
⊥ to physical one
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Pentagon residue:

⇔
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ijkmn(lijlmn) ≡ ēDs,(0)
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Solution: (trivial algebra)
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V5: function of the 4 
inflow momenta

ni: span trivial space, 
⊥ to physical one
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Practically: boxes cuts

8

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





di(lijkm) = · · · = dn(lijkm) = 0

2

Box residue:

⇔

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

2
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8

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

d
FDH
ijkn (l) = d(0)

ijkn + d(1)
ijkns1 + (d(2)

ijkn + d(3)
ijkns1)s

2
e + d(4)

ijkns
4
e

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

d
FDH
ijkn (l) = d(0)

ijkn + d(1)
ijkns1 + (d(2)

ijkn + d(3)
ijkns1)s

2
e + d(4)

ijkns
4
e

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−li)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

Solution: V4: function of the 3 
inflow momenta

ni: span trivial space, 
orthogonal to physical one

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) = ēDs,(0)
ijkmn

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

2

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





di(lijkm) = · · · = dn(lijkm) = 0

2

Box residue:

⇔

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

2
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8

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

d
FDH
ijkn (l) = d(0)

ijkn + d(1)
ijkns1 + (d(2)

ijkn + d(3)
ijkns1)s

2
e + d(4)

ijkns
4
e

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

d
FDH
ijkn (l) = d(0)

ijkn + d(1)
ijkns1 + (d(2)

ijkn + d(3)
ijkns1)s

2
e + d(4)

ijkns
4
e

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−li)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

Solution: V4: function of the 3 
inflow momenta

ni: span trivial space, 
orthogonal to physical one

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) = ēDs,(0)
ijkmn

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

2

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





di(lijkm) = · · · = dn(lijkm) = 0

2

Box residue:

⇔

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

e(Ds)
ijkmn(lijkmn) = Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

di(lijkmn) = · · · = dn(lijkmn) = 0

lµijkmn = V µ
5 +

√√√√ −V 2
5 + m2

n

α2
5 + · · ·+ α2

D

(
D∑

h=5

αhn
µ
h

)

∀αi

Resijkmn

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

Resijkmn

(
N (Ds)(l)
d1···dN

)
=

∑M(li; pi+1, . . . , pj,−lj)×M(lj ; pj+1, . . . , pk;−lk)×
M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−ln) ×M(ln; pn+1..., pi;−li)

ēDs
ijkmn(l) = ēDs

ijkmn(lijlmn) ≡ ēDs,(0)
ijkmn

se ≡ −
D∑

i=5

(l · ni)
2

ēDs
ijkmn(l)

d
(Ds)
ijkn(l) = Resijkn



N (Ds)(l)

d1 · · ·dN
−

∑

[i1|i5]

e(Ds,(0))
i1i2i3i4i5

di1di2di3di4di5





lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

2

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

dijkn(l) = d(0)
ijkn + d(1)

ijkns1 + (d(2)
ijkn + d(3)

ijkns1)s
2
e + d(4)

ijkns
4
e

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−li)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

dijkn(l) = d(0)
ijkn + d(1)

ijkns1 + (d(2)
ijkn + d(3)

ijkns1)s
2
e + d(4)

ijkns
4
e

s1 = l · n1

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−li)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−d(4,0)

i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−b(2,0)

i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

3

Most general parameterization of quadrupole cut:

➥ make 5 choices of αi and solve for the 5 coefficients! 
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Triangles and bubbles

9

Triangle and bubble residue: 

✓follow exactly the same procedure with appropriate changes in the 
dimensions 

✓get infinite solutions of the unitarity constraints and solve in both 
cases for 10 coefficients

✓box and pentagon coefficients feed back in the form of subtraction 
terms



lµijkn = V µ
4 +

√√√√ −V 2
4 + m2

n

α2
1 + α2

5 + · · · + α2
D

(

α1n
µ
1 +

D∑

h=5

αhn
µ
h

)

dijkn(l) = d(0)
ijkn + d(1)

ijkns1 + (d(2)
ijkn + d(3)

ijkns1)s
2
e + d(4)

ijkns
4
e

s1 = l · n1

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj)×M(lj; pj+1, . . . , pk;−lk)×M(lk; pk+1, . . . , pm;

Resijkm

(
N (Ds)(l)

d1 · · · dN

)

=
∑

M(li; pi+1, . . . , pj,−lj) ×M(lj; pj+1, . . . , pk;−lk)

×M(lk; pk+1, . . . , pm;−lm) ×M(lm; pm+1, . . . , pn;−li)

∫ dDl

(iπ)D/2

s2
e

di1di2di3di4

=
D − 4

2
ID+2
i1i2i3i4 → 0

∫ dDl

(iπ)D/2

s4
e

di1di2di3di4

=
(D − 2)(D − 4)

4
ID+4
i1i2i3i4 → −1

6
∫ dDl

(iπ)D/2

s2
e

di1di2di3

=
(D − 4)

2
ID+2
i1i2i3 →

1

2
∫ dDl

(iπ)D/2

s2
e

di1di2

=
(D − 4)

2
ID+2
i1i2 → m2

i1 + m2
i2

2
− 1

6

(
q2
i1 − q2

i2

)2

∫ dDl

(iπ)D/2

si

di1 · · · diN

= 0

A(D) =
∑

[i1|i5]
e(0)

i1i2i3i4i5 I(D)
i1i2i3i4i5

+
∑

[i1|i4]

(

d(0)
i1i2i3i4 I(D)

i1i2i3i4 −
D − 4

2
d(2)

i1i2i3i4 I(D+2)
i1i2i3i4 +

(D − 4)(D − 2)

4
d(4)

i1i2i3i4 I(D+4)
i1i2i3i4

)

+
∑

[i1|i3]

(
c(0)
i1i2i3 I(D)

i1i2i3 −
D − 4

2
c(9)
i1i2i3 I(D+2)

i1i2i3

)

3

+
∑

[i1|i2]

(
b(0)
i1i2 I(D)

i1i2 −
D − 4

2
b(9)
i1i2 I(D+2)

i1i2

)
+

N∑

i1=1

a(0)
i1 I(D)

i1

ACC
N =

∑

[i1|i4]
d̃(0)

i1i2i3i4 I(4−2ε)
i1i2i3i4+

∑

[i1|i3]
c(0)
i1i2i3 I(4−2ε)

i1i2i3 +
∑

[i1|i2]
b(0)
i1i2 I(4−2ε)

i1i2 +
N∑

i1=1

a(0)
i1 I(4−2ε)

i1

RN = −
∑

[i1|i4]

d(4)
i1i2i3i4

6
+

∑

[i1|i3]

c(9)
i1i2i3

2
−

∑

[i1|i2]

(
(qi1 − qi2)

2

6
−

m2
i1 + m2

i2

2

)

b(9)
i1i2

A = O(ε)

AFDH =
(

D2 − 4

D2 − D1

)
A(D,Ds=D1) −

(
D1 − 4

D2 − D1

)
A(D,Ds=D2)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (12)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (13)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (14)

R =
∑

[i1|i4]
−

d(4,0)
i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−

b(2,0)
i1i2

6
q2
i1,i2 (15)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (16)

4
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Putting it all together

10

Need to evaluate loop integration, use:

N (Ds)(l)

d1d2 · · ·dN
=

∑

[i1|i5]

e(Ds)
i1i2i3i4i5(l)

di1di2di3di4di5

+
∑

[i1|i4]

d
(Ds)
i1i2i3i4(l)

di1di2di3di4

+
∑

[i1|i3]

c(Ds)
i1i2i3(l)

di1di2di3

+
∑

[i1|i2]

b
(Ds)
i1i2 (l)

di1di2

+
∑

[i1|i1]

a(Ds)
i1 (l)

di1

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−d(4,0)

i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−b(2,0)

i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

2

Need to combine the two evaluations:



+
∑

[i1|i2]

(
b(0)
i1i2 I(D)

i1i2 −
D − 4

2
b(9)
i1i2 I(D+2)

i1i2

)
+

N∑

i1=1

a(0)
i1 I(D)

i1

ACC
N =

∑

[i1|i4]
d̃(0)

i1i2i3i4 I(4−2ε)
i1i2i3i4+

∑

[i1|i3]
c(0)
i1i2i3 I(4−2ε)

i1i2i3 +
∑

[i1|i2]
b(0)
i1i2 I(4−2ε)

i1i2 +
N∑

i1=1

a(0)
i1 I(4−2ε)

i1

RN = −
∑

[i1|i4]

d(4)
i1i2i3i4

6
+

∑

[i1|i3]

c(9)
i1i2i3

2
−

∑

[i1|i2]

(
(qi1 − qi2)

2

6
−

m2
i1 + m2

i2

2

)

b(9)
i1i2

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)

R =
∑

[i1|i4]
−d(4,0)

i1i2i3i4

6
+

∑

[i1|i3]
+

c(2,0)
i1i2i3

2
+

∑

[i1|i2]
−b(2,0)

i1i2

6
q2
i1,i2 (14)

Av = cΓ

(
N

ε2
+

1

ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))

Atree , (15)

4

+
∑

[i1|i2]

(
b(0)
i1i2 I(D)

i1i2 −
D − 4

2
b(9)
i1i2 I(D+2)

i1i2

)
+

N∑

i1=1

a(0)
i1 I(D)

i1

ACC
N =

∑

[i1|i4]
d̃(0)

i1i2i3i4 I(4−2ε)
i1i2i3i4+

∑

[i1|i3]
c(0)
i1i2i3 I(4−2ε)

i1i2i3 +
∑

[i1|i2]
b(0)
i1i2 I(4−2ε)

i1i2 +
N∑

i1=1

a(0)
i1 I(4−2ε)

i1

RN = −
∑

[i1|i4]

d(4)
i1i2i3i4

6
+

∑

[i1|i3]

c(9)
i1i2i3

2
−

∑

[i1|i2]

(
(qi1 − qi2)

2

6
−

m2
i1 + m2

i2

2

)

b(9)
i1i2

A = O(ε)

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (11)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (12)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+R (13)
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Final result

11

“Cut-constructable”

Rational part:

Full one-loop amplitude:

Vanishing contributions: Basis integrals: QCDloop 
⇒ see talk of K. Ellis
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Rocket

12

Rocket: an F90 package which fully automates the calculation 
of virtual amplitudes via tree level recursion + D-unitarity 

Apollo 15 was the ninth manned mission in the Apollo program and the fourth mission to land on the Moon. It was the first of what were termed 
"J missions", long duration stays on the Moon with a greater focus on science than had been possible on previous missions. [Wikipedia]

http://en.wikipedia.org/wiki/Apollo_program
http://en.wikipedia.org/wiki/Apollo_program
http://en.wikipedia.org/wiki/Moon
http://en.wikipedia.org/wiki/Moon
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Rocket

12

Rocket: an F90 package which fully automates the calculation 
of virtual amplitudes via tree level recursion + D-unitarity 

Currently: uses only three and four-gluon vertices 
         ⇒ pure gluonic amplitudes 

Input: arbitrary number of gluons and their arbitrary helicities (+/-)

Output: (un)-renormalized virtual amplitude in FDH or t’HV scheme

*

* From the Italian Rucola, Recursive Unitarity Calculation of One-Loop Amplitudes
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Computer automated one-loop

13

Issues:

‣ numerical stabilities at special points (thresholds/coplanarities): is 
there a problem? how severe? how can one deal with it? 

‣ numerical efficiency: how fast is the algorithm? how does time 
scale with N (for large N)? 

‣ checks of the results  
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Checks on the results
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NB: single pole checks coefficients of two-point functions, which because of 
subtraction terms are sensitive to higher-point coefficients as well

‣pole structure
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‣results are independent of all auxiliary vectors used to construct 
both the orthonormal basis and the polarization vectors (gauge inv.)



Giulia Zanderighi − One-loop gluonic amplitudes /24

Checks on the results

14

NB: single pole checks coefficients of two-point functions, which because of 
subtraction terms are sensitive to higher-point coefficients as well

‣pole structure

Contents

1. Introduction 1

2. Method of calculation 3
2.1 Notation 3
2.2 Calculating residues 4
2.3 The parametric form of the residues 5
2.4 Solving for the residue coefficients 7

3. Orthonormal basis vectors and D-dimensional polarization vectors 9
3.1 Generalized Kronecker delta tensors 9
3.2 Construction of orthonormal basis vectors 9
3.3 D-dimensional polarization vectors 10

4. Results 10
4.1 Checks of the results and study of the accuracy 11
4.2 Time dependence of the algorithm 12
4.3 Results for fixed phase space points 14

5. Conclusions 19

−gµν + kµkν

k2 − m2
→

∑
εν(k)εµ(k)δ(k2 − m2) (1)

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (2)

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (3)

R =
∑

[i1|i4]

−
d(4,0)

i1i2i3i4

6
+

∑

[i1|i3]

+
c(2,0)
i1i2i3

2
+

∑

[i1|i2]

−
b(2,0)
i1i2

6
q2
i1,i2 (4)

Av = cΓ

(
N

ε2
+

1
ε

(
N∑

i=1

ln
−si,i+1

µ2
− 11

3

))
Atree , (5)

– 1 –‣∃infinite solutions of the unitarity constraints, results independent 
of the specific choice 

‣results are independent of all auxiliary vectors used to construct 
both the orthonormal basis and the polarization vectors (gauge inv.)

‣results independent of the dimensionality run with any Ds=Ds1,Ds2, 
where Ds1, Ds2 are any integers larger than 4
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– 1 –‣∃infinite solutions of the unitarity constraints, results independent 
of the specific choice 

‣results are independent of all auxiliary vectors used to construct 
both the orthonormal basis and the polarization vectors (gauge inv.)

‣results independent of the dimensionality run with any Ds=Ds1,Ds2, 
where Ds1, Ds2 are any integers larger than 4

‣checks with some known analytical results (all N=6, finite and MHV 
amplitudes for larger N)
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Study of the accuracy 
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Define: similar for 
εDP and εSP

based on 105 flat phase space points with minimal cuts

‣peak position of:
-double pole: 10-12.8

- single pole: 10-11.6

- constant: 10-10.8
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Define: similar for 
εDP and εSP

based on 105 flat phase space points with minimal cuts

‣peak position of:
-double pole: 10-12.8

- single pole: 10-11.6

- constant: 10-10.8

‣single pole and constant part, little 
tail at high ε ⇒ well known 
exceptional configuration issue
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Define: similar for 
εDP and εSP

based on 105 flat phase space points with minimal cuts

‣peak position of:
-double pole: 10-12.8

- single pole: 10-11.6

- constant: 10-10.8

‣single pole and constant part, little 
tail at high ε ⇒ well known 
exceptional configuration issue

‣switching to quadrupole precision 
kills the problem
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Figure 1: Accuracy on the double pole, single pole and constant part of the MHV amplitude with
adjacent negative helicities for 6 up to 20 external gluons. Double and quadrupole precision results
for 100,000 phase space points are shown. See text for more details.

and the constant term. This lack of agreement is due to numerical instabilities. The well-
known sources of instabilities are vanishing Gram determinants or other small intermediate
denominators. Several techniques have been developed in the past do deal with such
exceptional points, such as developing systematic expansions [65–67] or interpolating across
the singular regions [68]. Similarly to what is done in [5, 48, 52], we adopt here a more
brute force approach and recur to quadrupole precision. In (fig. (1), top left) we see three
more curves: they correspond to the numerical accuracy on the same 100,000 phase space
points when the one-loop amplitude is computed in quadrupole precision3. One sees that
the positions of the peaks move even more to the left, the peak of the double pole is now
at εDP = 10−15.6 (magenta, dot-dashed line, labelled X = DP[qp]), of the single poles is at
εSP = 10−15.2 (light blue, dot-dashed, labeled X = SP[qp]) and of the constant part is that
εC = 10−13.2 (black, dot-dashed, labelled X = C[qp]). More importantly, out of 100,000
phase space points samples, not a single phase space point has an accuracy worse than
10−4.

We can now examine what happens when the number of external gluon is increased.
At double precision we can see from the position of the peaks that the accuracy slowly
worsens with increasing N . This is due to a slow accumulation of errors when more terms
are added together and to the fact that there are potentially more instabilities. However,

3Only the coefficients of the master integrals are computed in quadrupole precision, master integrals are

still calculated in double precision.
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☛ accuracy gets worse with increasing N, but only very slowly



1

10

10
2

10
3

10
4

-20 -16 -12 -8 -4 0 4

N
u
m

b
e
r 

o
f 
e
v
e
n
ts

log10(!X)

N=6: Av(--++++)

X=DP [qp]
X=SP [qp]

X=C [qp]

1

10

10
2

10
3

10
4

-20 -16 -12 -8 -4 0 4

N
u
m

b
e
r 

o
f 
e
v
e
n
ts

log10(!X)

N=11: Av(--+++++++++)

X=DP [qp]
X=SP [qp]

X=C [qp]

Giulia Zanderighi − One-loop gluonic amplitudes /24

 N=6 vs N=11

17

‣peak position of:
-double pole: 10-15.6

- single pole: 10-15.2

- constant: 10-13.2

‣peak position of:
-double pole: 10-15.2

- single pole: 10-14.8

- constant: 10-12.8

☛ out of 105 not a single event has accuracy worse than 10-4

☛ up to N=11 (probably more) QP more than enough
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Case study: N=6 MHV amplitudes
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Figure 2: Relative accuracy of the constant part versus the accuracy on the single poles in double
precision (left) and quadrupole precision (right) for N = 6 MHV amplitudes when sampling 1,000
phase space points.

at quadrupole precision we see no appreciable worsening of the accuracy with increasing
N . Up to N = 11 (and probably even for more gluons) quadrupole precision is sufficient
to guarantee an accuracy needed for any next-to-leading order QCD correction. If higher
precision is desired one can choose to evaluate the few phase space points which have
insufficient precision using an arbitrary precision packages such as [69], at the cost of
higher computation time. We note that while the plots here presented are for the MHV
amplitudes, we performed a similar study for the finite amplitudes (A[1]

N (+ · · ·+), A[1]
N (−+

· · ·+)) and obtain very similar results. This indicates that the accuracy is essentially
independent of the helicities of the external gluons.

Of course, while in the above plots we choose to rerun all events in quadrupole precision
to get an overall picture, in practice only a small fraction of phase space points require
a quadrupole precision treatment (this fraction can be read off the plots in fig. (1) and
depends on N and on the target accuracy). Therefore one needs a systematic procedure to
decide which events should be re-evaluated in quadrupole precision. One possible way is to
verify the accuracy of the single poles. The analytic single pole result is given in eq. (3.4)
for arbitrary number of gluons. Since two-point functions contain single poles, this checks
the coefficients of the two-point master integrals as well as the coefficients of the higher
point master integrals. In fig. (2) we investigate the correlation between the accuracy
of the single pole contribution and the constant part. We plot the relative accuracy of
the constant part log10(εC) versus the accuracy on the single poles log10(εSP) in double
precision (left) for N = 6 MHV amplitudes when sampling 1,000 phase space points. The
high correlation between the accuracy of the constant part and the single pole is evident.
In fig. (2) (right) we show the improvement when running the same points in quadrupole
precision (note the different scale on the y-axis). This leaves us with a straightforward
estimate of the accuracy of the one-loop evaluation. Based on this we can decide to switch
to quadruple precision to re-evaluate the one-loop amplitude and get the required precision.
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Double precision Quadrupole precision 

High correlation between accuracy of single pole and constant part 
⇒ exploit it do decide which points need to be run in QP

Alternative criterion (or additional one?): run in QP whenever there is 
a small denominator  
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Constructive implementation of tree-level amplitudes (or recursive 
with memory)

E3 (E4) → time for 
the evaluation of a 
3 (4) gluon vertex
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Figure 3: Same as fig. ? but with N=8.
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Figure 4: Same as fig. ? but with N=9.

Within a so-called constructive implementation of Berends-Giele recursion relations (or a
naive recursive implementation “with memory”) the time required to compute tree level
amplitudes grows as τtree,N ∝ N4 [6]. Altogether the number of tree-level amplitudes that
one needs to evaluate at one-loop is simply given by

ntree =
{
(Ds1 − 2)2 + (Ds2 − 2)2

}

×
(

5 c5,max

(
N

5

)
+ 4 c4,max

(
N

4

)
+ 3 c3,max

(
N

3

)
+ 2 c2,max

[(
N

2

)
− N

])
,(4.3)

where the first factor is due to the sum over polarization of the internal cut gluons in Ds1

and Ds2 dimensions respectively, cm,max denotes the number of times one needs to perform
a multiple cut in order to fully constraint the system of equations determining the master
integral coefficients. Explicitly we have c5,max = 1, c4,max = 5, c3,max = 10, c2,max = 10.
The integer number in front counts the number of amplitudes per multiple cut, finally the
binomial coefficients corresponds to the number of possible cuts (for two point functions
we subtract vanishing contributions).
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Number of tree level amplitudes needed at one-loop

E3 (E4) → time for 
the evaluation of a 
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τtree =

(
N

3

)

E3 +

(
N

4

)

E4 ∝ N4 (1)

τone−loop,N ∼ ntree · τtree,N ∝ N9 (2)

AD({pi}, {Ji}) =
∫ dD l

i(π)D/2

N ({pi}, {Ji}; l)
d1d2 · · ·dN

(3)

di = di(l) = (l + qi)
2 − m2

i =



l − q0 +
i∑

j=1

pi




2

− m2
i (4)

AD =
∑

[i1|i5]
ei1i2i3i4i5I

(D)
i1i2i3i4i5 +

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4

+
∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3 +

∑

[i1|i2]

bi1i2I
(D)
i1i2 +

∑

[i1|i1]
ai1I

(D)
i1 (5)

AD =
∑

[i1|i5]

ei1i2i3i4i5I
(D)
i1i2i3i4i5+

∑

[i1|i4]
di1i2i3i4I

(D)
i1i2i3i4+

∑

[i1|i3]
ci1i2i3I

(D)
i1i2i3+

∑

[i1|i2]
bi1i2I

(D)
i1i2 +

∑

[i1|i1]

ai1I
(D)
i1

(6)

ID
i1···iM =

∫ dDl

i(π)D/2

1

di1 · · · diM

(7)

l2 = l
2 − l̃2 = l21 − l22 − l23 − l24 −

D∑

i=5

l2i (8)

AD ⇒ A(D,Ds) (9)

N (l) = N (l4, l̃
2) l̃2 = −

D∑

i=1

l2i (10)

NDs(l) = N0(l) + (Ds − 4)N1(l) (11)

1

☛ [to be compared with 
factorial growth!]

E3 (E4) → time for 
the evaluation of a 
3 (4) gluon vertex
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Time dependence of the algorithm
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☛ time for each cut ∝ N4 (with different coefficients)



Final BG BCF CSW

State CO CD CO CD CO CD
2g 0.24 0.28 0.28 0.33 0.31 0.26
3g 0.45 0.48 0.42 0.51 0.57 0.55
4g 1.20 1.04 0.84 1.32 1.63 1.75
5g 3.78 2.69 2.59 7.26 5.95 5.96
6g 14.2 7.19 11.9 59.1 27.8 30.6
7g 58.5 23.7 73.6 646 146 195
8g 276 82.1 597 8690 919 1890
9g 1450 270 5900 127000 6310 29700
10g 7960 864 64000 - 48900 -

Tab. 3: Computation time (s) of the 2 → n gluon amplitudes for 104 phase space
points, sampled over helicity and color. Results are given for the color-ordered
(CO) and the color-dressed (CD) Berends-Giele (BG), Britto-Cachazo-Feng
(BCF) and Cachazo-Svrček-Witten (CSW) relations. Numbers were generated
on a 2.66 GHz XeonTM CPU.

It is apparent that the computation times in the color-dressed BCF and in the color-dressed

CSW case grow very fast. In the case of the CSW relations the reason is the number of types
of internal lines, which is larger than in the Berends-Giele and in the BCF approach. In this

respect it is important to note that each double line may eventually carry zero, one or two

indices of attached negative helicity gluons. Additionally, in most cases two vertices exist

for either of these lines (cf. Table 1), yielding a large amount of lines that finally have to be

computed. However, the growth we encounter by employing this method is still not factorial

but exponential. Nevertheless the factor in the exponent is still too large for the method to
be competitive with the Berends-Giele approach. This fact is illustrated in Table 4, where

we list the average number of nonzero internal lines counted either by value or by origination

vertex. The former corresponds to the average number of nonzero currents in the Berends-

Giele approach.

Employing the color-dressed BCF relations, we encounter a factorial growth of the compu-

tation time. We have identified three main reasons:

- The subamplitudes are linked by the spinor shifts.

- The natural color basis is the adjoint basis.

- The amplitudes are decomposed down to three-point vertices.

We address these points in order.

In the color-dressed as well as in the color-ordered BCF relations, Eqs. (4.1) and (4.12),

the subamplitudes of a given decomposition are linked via the shifts Eqs. (4.2-4.4). Thus

19

n 4 5 6 7 8 9 10 11 12

Berends-Giele 0.00005 0.00023 0.0009 0.003 0.011 0.030 0.09 0.27 0.7

Scalar 0.00008 0.00046 0.0018 0.006 0.019 0.057 0.16 0.4 1

MHV 0.00001 0.00040 0.0042 0.033 0.24 1.77 13 81 —

BCF 0.00001 0.00007 0.0003 0.001 0.006 0.037 0.19 0.97 5.5

Table 1: CPU time in seconds for the computation of the n gluon amplitude on a standard PC (2

GHz Pentium IV), summed over all helicities.

3 Performance and numerical stability

3.1 Performance

We have implemented all four methods into numerical programs. For an unbiased comparison of

the efficiencies of the different methods, each author has programmed all four methods indepen-

dently, in order to eliminate possible dependencies on the programming skills of the programmer.

It turned out that all programs gave the same pattern in the study of efficiency and accuracy.

All methods give identical results within an accuracy of 10−12 for randomly chosen non-
exceptional phase space points and up to 12 external particles. To investigate the performance in

terms of CPU time we study the quantity M n defined in eq. (3):

M n = !
"1,...,"n

∣

∣

∣
An

(

k
"1
1 , ...,k"nn

)
∣

∣

∣

2

. (41)

It is clear from the algorithms that the first two methods (Berends-Giele and scalar diagrams)

need a constant amount of CPU time for each helicity configuration, whereas the last two meth-

ods (MHV and BCF) are very efficient if the helicities are predominately all plus or all minus,

but take more CPU time if the helicity configuration contains roughly the same number of plus

and minus helicities. To compare the different methods, the quantity M n sums over all helicity

configurations. This corresponds to the situation encountered in the calculation of cross-sections

and observables. Table 1 shows the CPU time needed for the computation ofM n as n varies from

4 to 12. The test was done on a standard PC with a 2 GHz Pentium IV processor.

As can be seen from the table, the Berends-Giele type recurrence relation is the fastest

method, as the number of external gluons increases. In second place comes the method with

scalar diagrams. As already discussed in the presentation of the algorithms, these two methods

are fast due to the fact that they can work with a static list of four-momenta and helicities. This

avoids copying large amounts of data at each step of the recursion. The scalar diagram technique

allows for a higher degree of optimisation in the subroutines, but this is out-weighted by the fact

that in the Berends-Giele method each three- or four-valent vertex is called exactly once, whereas

in the scalar diagram method each vertex is called three times with different helicity configura-

tions. Table 2 shows the timings for the Berends-Giele method and the scalar diagram method

for the computation ofM n as n varies from 13 to 20. It should be noted that for n= 20 the results
of the two methods agree within 10−11. It can be seen from tables 1 and 2 that the time required

10
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Time dependence: recall tree level status

21

[Duhr et al.’06]

[Dinsdale et al.’06]
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☛ time ∝ N9  as expected
☛ independent of the 
     helicity configuration
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Comparison with BlackHat: N=6 and N=7,8 MHV: slightly longer times (e.g for N=6 
72ms vs 90ms), related to us using recursive tree amplitudes rather than analytic ones



Helicity amplitude cΓ/ε2 cΓ/ε 1

|Atree
10 (+ + + + + + + + ++)| - - 7.645214091184737 · 10−14

|Av,unit
10 (+ + + + + + + + ++)| 2.616999209810146 · 10−13 7.453142378465002 · 10−07 18.4349011284670

|Av,anal
10 (+ + + + + + + + ++)| 7.645214091184737 · 10−13 3.853184186191476 · 10−12 18.4349011284671

|Atree
10 (− + + + + + + + ++)| - - 3.138928592085274 · 10−13

|Av,unit
10 (− + + + + + + + ++)| 1.729567134060808 · 10−11 3.462486730362966 · 10−06 14.1180690283674

|Av,anal
10 (− + + + + + + + ++)| 3.138928592085274 · 10−12 1.582018484813023 · 10−11 14.1180690283692

|Atree
10 (−− + + + + + + ++)| - - 489.972695666341

|Av,unit
10 (−− + + + + + + ++)| 4899.72695665607 24694.6000400099 75844.9101458089

|Av,anal
10 (−− + + + + + + ++)| 4899.72695666341 24694.6000476827 75844.9101457814

|Atree
10 (− + − + − + − + −+)| - - 9.34611372008902

|Av,unit
10 (− + − + − + − + −+)| 93.4611371998759 471.043678702711 1481.27447605664

|Av,anal
10 (− + − + − + − + −+)| 93.4611372008902 471.043677247939 N.A.

|Atree
10 (+ − + − + − + − +−)| - - 9.34611372008902

|Av,unit
10 (+ − + − + − + − +−)| 93.4611371995618 471.043674005742 1503.97025803111

|Av,anal
10 (+ − + − + − + − +−)| 93.4611372008902 471.043677247939 N.A.

Table 5: Results for tree level and one-loop virtual (unrenormalized) amplitudes in the FDH
scheme for some helicity configurations for the case of seven external gluons for the phase space
point of eq. (4.18). Comparison with analytical results, when available, is also shown.

N=15 We randomly choose the following phase space point:

p1 = (−7.500000000000000, 7.500000000000000, 0.000000000000000, 0.000000000000000)

p2 = (−7.500000000000000, −7.500000000000000, 0.000000000000000, 0.000000000000000)

p3 = (0.368648489648050, 0.161818085189973, 0.125609635286264, −0.306494430207942)

p4 = (0.985841964092509, −0.052394238926518, −0.664093578996812, 0.726717923425790)

p5 = (1.470453194926588, −0.203016239158633, 0.901766792550452, −1.143605551298596)

p6 = (2.467058579094687, −1.840106401193462, 0.715811527707121, 1.479189075734789)

p7 = (0.566021478235079, −0.406406330753485, −0.393435666409983, −0.020556861225509)

p8 = (0.419832726637289, −0.214182754609525, 0.074852807863799, −0.353245414886707)

p9 = (2.691168687878469, 1.868400546247601, 1.850615607221259, −0.571568175905795)

p10 = (1.028090983779864, −0.986442664896249, −0.193408556327968, 0.215627155388572)

p11 = (1.377779821947130, −0.155359745837053, −1.074009172530291, −0.848908054184264)

p12 = (1.432526153404585, 0.621168997409793, −0.290964068761809, 1.257624811911176)

p13 = (0.335532948820133, 0.244811479043329, 0.138986808214636, 0.182571538348285)

p14 = (1.085581415795683, 0.330868645896313, −0.756382142822373, −0.704910635118478)

p15 = (0.771463555739934, 0.630840621587917, −0.435349992994295, 0.087558618018677) (4.19)

5. Conclusions

We presented here first results obtained with the program AutoLoop, a Fortran 90 code
which implements D-dimensional unitarity to compute oneloop amplitudes. Currently, only
gluon amplitudes have been considered and no internal fermion loops have been included.

We considered N-gluon one-loop amplitudes for N ranging from 4 to 15. We studied
the scaling of the computation time with the number of external gluons N and showed
that it scales as the ninth power of N, while tree level scales as N4. We performed a first
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Rocket can compute any N-gluon amplitude with arbitrary helicities, 
consider e.g. 15 gluon momenta random generated: 

* up to N=20 given in 0805.2152

*
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Sample results at fixed points

23

Rocket can compute any N-gluon amplitude with arbitrary helicities, 
consider e.g. 15 gluon momenta random generated: 

* up to N=20 given in 0805.2152

*

* Mahlon ’93; Bern et al ’05; ** Forde, Kosower ’05

N = 15 We randomly choose the following phase space point:

p1 = (−7.500000000000000, 7.500000000000000, 0.000000000000000, 0.000000000000000)

p2 = (−7.500000000000000, −7.500000000000000, 0.000000000000000, 0.000000000000000)

p3 = (0.368648489648050, 0.161818085189973, 0.125609635286264, −0.306494430207942)

p4 = (0.985841964092509, −0.052394238926518, −0.664093578996812, 0.726717923425790)

p5 = (1.470453194926588, −0.203016239158633, 0.901766792550452, −1.143605551298596)

p6 = (2.467058579094687, −1.840106401193462, 0.715811527707121, 1.479189075734789)

p7 = (0.566021478235079, −0.406406330753485, −0.393435666409983, −0.020556861225509)

p8 = (0.419832726637289, −0.214182754609525, 0.074852807863799, −0.353245414886707)

p9 = (2.691168687878469, 1.868400546247601, 1.850615607221259, −0.571568175905795)

p10 = (1.028090983779864, −0.986442664896249, −0.193408556327968, 0.215627155388572)

p11 = (1.377779821947130, −0.155359745837053, −1.074009172530291, −0.848908054184264)

p12 = (1.432526153404585, 0.621168997409793, −0.290964068761809, 1.257624811911176)

p13 = (0.335532948820133, 0.244811479043329, 0.138986808214636, 0.182571538348285)

p14 = (1.085581415795683, 0.330868645896313, −0.756382142822373, −0.704910635118478)

p15 = (0.771463555739934, 0.630840621587917, −0.435349992994295, 0.087558618018677). (A.4)

The results are given in Table 6.

Helicity amplitude cΓ/ε2 cΓ/ε 1

|Atree
15 (+ + + + . . .)| - - 0

|Av,unit
15 (+ + + + . . .)| 0 0 1.07572071884782

|Av,anly
15 (+ + + + . . .)| 0 0 1.07572071880769

|Atree
15 (− + + + . . . + +)| - - 0

|Av,unit
15 (− + + + . . . + +)| 0 0 0.181194659968483

|Av,anly
15 (− + + + . . . + +)| 0 0 0.181194659846677

|Atree
15 (−− + + + . . . + +)| - - 7.45782101450887

|Av,unit
15 (−− + + . . . + +)| 111.867315217633 586.858955605213 1810.13038312828

|Av,anly
15 (− − + + . . . + +)| 111.867315217633 586.858955605213 1810.13038312852

|Atree
15 (− + − . . . + −)| - - 5.851039428822597 · 10−3

|Av,unit
15 (− + − . . . + −)| 8.776559143021942 · 10−2 0.460420629357800 1.52033417713680

|Av,anly
15 (− + − . . . + −)| 8.776559143233895 · 10−2 0.460420661976678 N.A.

|Atree
15 (+ − + . . . − +)| - - 5.851039428822597 · 10−3

|Av,unit
15 (+ − + . . . − +)| 8.776559143021942 · 10−2 0.460420565320471 1.52960647292231

|Av,anly
15 (+ − + . . . − +)| 8.776559143233895 · 10−2 0.460420661976678 N.A.

Table 6: Results for tree level and one-loop virtual (unrenormalized) amplitudes in the FDH
scheme for some helicity configurations for the case of fifteen external gluons for the phase space
point of eq. (A.4). Comparison with analytical results, when available, is also shown. The present
results have been obtained by running in quadrupole precision.
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Conclusions

Giulia Zanderighi − One-loop gluonic amplitudes /2424

I have improved on the technology to tackle a variety of relevant problems.

‣ the time dependence of the algorithm is polynomial (as expected)

‣ results of excellent accuracy can be obtained

‣ N-gluon case fully solved: all helicity amplitudes computed easily, 
efficiently and precisely with Rocket (only limitation computer power)

We developed an algorithm of polynomial complexity for the 
evaluation of one-loop amplitudes and implemented it in Rocket.
First step presented here: the gluon case. 

‣ Next: include other interaction vertices and internal masses
⇒ application to SM & BSM LHC processes 

Results presented demonstrate that:



I have improved on the technology to tackle a variety of relevant problems.



I have improved on the technology to tackle a variety of relevant problems.
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Colour decomposition

Atree
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σ∈Sn/Zn

Tr(T aσ(1) · · ·T aσ(n)) Atree
n (pλσ(1)

σ(1) , . . . , p
λσ(n)

σ(n) )

tree level decomposition
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Colour decomposition

Atree
n ({pi,λi, ai}) = gn−2

∑

σ∈Sn/Zn

Tr(T aσ(1) · · ·T aσ(n)) Atree
n (pλσ(1)

σ(1) , . . . , p
λσ(n)

σ(n) )

tree level decomposition

A[J]
n ({pi, hi, ai}) = gn

!n/2"+1∑

c=1

∑

σ∈Sn/Sn;c

Grn;c(σ) A[J]
n;c(σ)

one-loop decomposition

Grn;c(1) = Tr(T a1 . . . T ac)Tr(T ac . . . T an)

Grn;1(1) = NcTr(T a1 . . . T an)leading in color:

subleading in color: 
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Colour decomposition

Atree
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∑

σ∈Sn/Zn
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σ(n) )

tree level decomposition

A[J]
n ({pi, hi, ai}) = gn

!n/2"+1∑

c=1

∑

σ∈Sn/Sn;c

Grn;c(σ) A[J]
n;c(σ)

one-loop decomposition

Grn;c(1) = Tr(T a1 . . . T ac)Tr(T ac . . . T an)

Grn;1(1) = NcTr(T a1 . . . T an)leading in color:

subleading in color: 

A[1]
n;1⇒  need only leading color amplitudes

A[1]
n;c>1(1, 2, . . . , c− 1; c, c + 1, . . . , n) = (−1)c−1

∑

σ∈OP{α}{β}

A[1]
n;1(σ1, . . . ,σn)

A[1]
n;csubleading amplitudes in color       fully determined by the 

leading color ones

[Kleiss Kuijf ’89, Bern at al. ’93]



Six parton processes

               numerical                                                           [Ellis, Giele, GZ ‘06]

               analytical                   [Bern et al. ’06; Britto et al. ’06; Xiao et al. ’06]
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History of pure QCD amplitudes at one-loop

qq̄q′q̄′

qq̄gg, gggg

Four parton processes

                                                      [Ellis, Furman, Haber, Hinchliffe 1980]

 [Ellis, Sexton 1985]

Five parton processes

 [Bern et.al 1993]

  [Bern et. al 1994]

 [Kunszt 1994]

ggggg

qq̄ggg

qq̄q′q̄′g

gggggg

gggggg


