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Motivation
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I Good agreement between SM and experiments
when QCD matrix elements are fitted or current lattice estimates are used.

I Higher precision needed to discover new physics

I Other interest: predictions for spectra ... B-physics tetra-quark states ...
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Errors of typical lattice calculations

I finite volume: exponential: Lmπ
>∼4

light quark masses > physical ones: extrapolation
omission of sea quarks: quenched c

quenched c & s
quenched

discretization errors: usually O(a2)

I sometimes truncation in renormalizations e.g.

not renormalized PT

mMS(µ) = Z m0 = (1 + z1(µa, g0) g2
0 + . . .)m0

I sometimes power divergences e.g.:

FBs
√

mBs CPS(ḡ2(mb)) = Z stat
A [ 〈0|b̄γ0γ5s|Bs〉(1 +

c1(g0)

a mb
)

+〈0|b̄γ5γkDk s|Bs〉
c2(g0)

mb
]

gn
0

a

a→0∼ →∞ : PT is not enough
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In many cases one can avoid [ LPHAA
Collaboration ; . . . ]

* Bare perturbation theory (and renormalized PT at low µ)
* perturbative subtraction of power divergences

by doing a full non-perturbative computation

in practice

I the Schrödinger functional seems to be required

I a simple action (not “highly improved”)

I additional advantage: algorithmic progress, small lattice spacings

our strategy within Coordinated Lattice Simulations
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B-physics: a challenge for lattice QCD

multiple scale problem
always difficult
for a numerical treatment

lattice: Λcut = a−1

light quarks (u,d):

1. Finite size effects:
L > 4/mπ ∼ 6 fm
⇐ extrapolation with ChPT (eff.th.)

2. CPU-time: used to scale
∼ m−n

quark, n ≥ 3

CPU-time now:

0 50 100 150 200 250

(amsea)−1

0

50

100

150

200
t [min]

377618

DD-HMC

485

Accelerated DD-HMC

Mπ ∼ 282 MeV

[Lüscher 2004 - 2007 ]
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lattice: Λcut = a−1

I Heavy quarks: mh � a−1

c: a−1 = 2GeV . . . 4 GeV

b: strategies involving effective theory → this talk
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Interpolation between static limit and charm region.
quenched [M. Della Morte, S. Dürr, D. Guazzini, RS, J. Heitger & A. Jüttner ]

charm region
and beyond
small lattice spacings, cont. limit

Consider the Bs -meson decay constant

FB
√

mB =
√

2 〈B(p = 0)|A0(0)|0〉 , 〈B(p)|B(p′)〉 = δ(p− p′)

Aµ(x) = b̄(x)γµγ5s(x)
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Interpolation between static limit and charm region.
quenched [M. Della Morte, S. Dürr, D. Guazzini, RS, J. Heitger & A. Jüttner ]

I The large mass asymptotics is [Shifmann & Voloshin ]

lim
mb→∞

nˆ
2b0ḡ

2(mb)
˜−γ0/2b0FB

√
mB

o
= ΦRGI = const. ,

I ΦRGI (exactly) calculable in HQET Lstat = ψhD0ψh

ΦRGI =
√

2〈B(p = 0)|(ARGI)0(0)|0〉stat , b0 = (11− 2/3Nf)/(4π)2

(ARGI)0(x) = lim
µ→∞

ˆ
2b0ḡ

2(µ)
˜−γ0/2b0 (Astat

R )0(x , µ) , γ0 = −1/(4π2)

I At finite mass Mb = b-quark mass

FB
√

mB = CPS(Mb)| {z }
⇑

ΦRGI {1 + O(1/Mb)}

PT, small errors: O(α3(Mb)) [Chetyrkin & Grozin ]

when written in a form without the pole mass [Heitger, Kurth & S ]

PT: [Shifmann & Voloshin, . . . , Chetyrkin & Grozin ]
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Interpolation between static limit and charm region.
quenched [M. Della Morte, S. Dürr, D. Guazzini, RS, J. Heitger & A. Jüttner ]

relativistic QCD
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lowest order HQET mass depen-
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Interpolation between static limit and charm region.
quenched [M. Della Morte, S. Dürr, D. Guazzini, RS, J. Heitger & A. Jüttner ]

relativistic QCD /
lowest order HQET mass depen-
dence

cont. limit of ΦRGI

(NP renorm. [Heitger, Kurth & S ])
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Interpolation between static limit and charm region.
quenched [M. Della Morte, S. Dürr, D. Guazzini, RS, J. Heitger & A. Jüttner ]

interpolation
result: FBs = 193(7)MeV
(quenched!)
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for comparison: without CPS

I Difficult for Nf > 0 because of data points beyond the charm region

I → compute slope directly in HQET (1/mb terms) [Heitger & S ]

I → use finite size scaling to compute the slope indirectly
[De Divitiis, Guagnelli, Palombi, Petronzio & Tantalo; Guazzini, S & Tantalo ]
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quenched [M. Della Morte, S. Dürr, D. Guazzini, RS, J. Heitger & A. Jüttner ]
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Non-perturbative HQET

mb � ΛQCD: accurate expansion in ΛQCD/mb

possible stumble stones:

“removed”

Ê statistical precision

[ LPHAA
Collaboration 2003 ]

Ë number of parameters grows
with the order in ΛQCD/mb

Ì parameters have to be fine-tuned

this talk

non-perturbatively

[Heitger, S ; LPHAA
Collaboration 2003 - 2008 ]
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HQET

QCD: LQCD = − 1

2g2
0

tr {FµνFµν}+
∑

f

ψf [Dµγµ+mf ]ψf

HQET: in the
rest frame of
a B-meson

ψb[Dµγµ + mb]ψb → Lstat + L(1) + O(1/m2
b) ,

Lstat = ψh D0 ψh

(∗)

1
2 (1 + γ0)ψh = ψh , “large” components

L(1) =
1

2mb
ψh(−σ · B− 1

2D
2)ψh

easily derived for smooth (classical) fields (FWT trafo)

(*) and EQCD = Estat + mb (universal energy shift)

Similarly: 1/mb-terms for composite fields, e.g. AHQET
0

Rainer Sommer Two related methods for dealing with heavy quarks on the lattice
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1/m corrections

FB
√

mB = CPS(Mb)︸ ︷︷ ︸
⇑

×ΦRGI + O(1/mb)︸ ︷︷ ︸
⇑

in PT: error ∼ α(mb)
n ∼

{
1

2b0 ln(mb/Λ)

}n
mb→∞�

Λ

mb

I general problem: clean computation of power corrections
needs full non-perturbative treatment of the leading term

I in addition, on the lattice: 1/an power divergences need to be
removed non-perturbatively (otherwise a → 0 does not exist)

I put everything on the lattice, including matching
(“Wilson coefficients”)

– renormalization factor of axial curent
– coefficients in the Lagrangian, e.g. ωspin ψhσ · Bψh
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Non-perturbative matching of HQET and QCD

I The trick: start in small volume, L = L1 ≈ 0.4 fm

QCD

1/mb � a

ΦQCD
k = ΦHQET

k

k = 1, 2, . . . ,NHQET

NHQET =
# of parameters

HQET

1/mb � L

−→ HQET-parameters from QCD-observables in small volume
– at small lattice spacing
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The HQET strategy: first view
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�
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The HQET strategy: second view
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I continuum limit can be taken in all steps
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Strategy of the “step scaling method” (Tor Vergata)
[G.M. de Divitiis, M. Guagnelli, F. Palombi, R. Petronzio & N. Tantalo ]
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L = L1 L = L2 = 2 L1 L = L3 = 4 L1

O(mh, L1) ×
O(mh, L2)

O(mh, L1)
×

O(mh, L3)

O(mh, L2)
= O(mh, L3) ≈ O(mh,∞)

O(mh, L1) × σO(x , L1) × σO(x , L2) = O(mh, L3) ≈ O(mh,∞)

x ≡
1

LmPS(mh, L)
=

1

Lmh
+ O

“
1

(L mh)2

”
,

I continuum limit can be taken in all steps
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Relation between RGI quark mass Mh and meson mass mPS (mBs )

start from

ρ(x , L) ≡
mPS(mh, L)

Mh
,

step scaling of mass

σm(x , L) ≡
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Strategy ...

Remember: mh � a−1
x ≈

1

mhL
�

1

L/a
>∼

1

32

but

x3 =
1

L3 mBs

≈
1

2 fm×mBs

≈
1

40
,

x2 = 2σm(x3, L3) x3 ≈
1

20
,

x1 = 2σm(x2, L2) x2 ≈
1

10

Tor Vergata: extrapolate σ(x → x2, L2), σ(x → x3, L3) in x σ = s0 + s1x + O(x2)

[Guazzini, S & Tantalo ] use static limit (x = 0) and interpolate
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... and quenched results
O(mh, L1) × σO(x , L1) × σO(x , L2) = O(mh, L3) ≈ O(mh,∞)
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Non-perturbative HQET: quenched results
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Now compute
σf = σstat

f + σ
1/m
f x

σm = 1 + σstat
m x + σ

1/m
f x2

. . .

Differences to previous strategy:

I At order 1/m need several observables also just to compute the decay constant
one per parameter in the action: δm, ωkin, ωspin

and per term in the current: ZHQET
A , cHQET

A

more than 2 step scaling functions

I But: only smaller (L/a) lattices are needed

I And: in the end one has all the HQET-parameters at a given order in 1/mb and
can in principle compute many observables: mass splittings etc.
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What is the precision of quenched results?

I All in all 12 different matching conditions in volume L = L1

θ0 r0 M
(0)
b r0 Mb = r0 (M

(0)
b + M

(1a)
b + M

(1b)
b )

θ1 = 0 θ1 = 1/2 θ1 = 1
θ2 = 1/2 θ2 = 1 θ2 = 0

Main strategy
0 17.25(20) 17.12(22) 17.12(22) 17.12(22)

Alternative strategy
0 17.05(25) 17.25(28) 17.23(27) 17.24(27)

1/2 17.01(22) 17.23(28) 17.21(27) 17.22(28)
1 16.78(28) 17.17(32) 17.14(30) 17.15(30)

3 % 0.6% � total error

= O(Λ2/m2
b) = O(Λ3/m3

b)

In FB:
O(Λ2/m2

b) =
2(1)%
[Blossier, Della

Morte, Garron & S ]

I Λ3/m2
b corrections expected to be negligible

I mMS
b (mb) = 4.347(48)GeV quenched, r0 = 0.5 fm (4-loop RGE)

[Della Morte, Garron, Papinutto & S ]

I And with previous strategy (static with x ∝ 1/mb interpolations)

mMS
b (mb) = 4.421(67)GeV [Guazzini, S., Tantalo ]

I 1–1.5% precision; uncertainty dominated by ∆ZM, M = ZMm0

Rainer Sommer Two related methods for dealing with heavy quarks on the lattice
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Another comparison

I static with x ∝ 1/mb interpolations of σf

FBs = 191(6) MeV [Guazzini, S & Tantalo ]

I static with 1/mb interpolations to charm region in large volume

FBs = 193(7) MeV [ LPHAA
Collaboration ]

3% precision; largely limited by static results
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“Full” QCD

what is needed?
ppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppppp p p p p p pp p p p p p pp p p p p p pp p p p p p pp p p p p p pp p p p p p pp p p p p p p p p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p pp p p p p p p p p p p p p
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@@R

I fix L1, L2 = 2L1:

ḡ2(L1/2) = 2.989

ḡ2(L1) = σ(2.989) = 4.484(48)

L2/L∗ = 1.620(24)

ḡ2(L∗) = 5.5

[ LPHAA
Collaboration 07 ]

I κ s.t. dynamical quark masses are zero

I fix RGI heavy quark masses:

L M = ZM(g0)× Z(g0)× (1 + bm(g0)amq)× L mq

I for FB in static approximation:

(ARGI)0 = Z stat
A,RGI × Astat

0
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Nf = 2 QCD

non-perturbatively O(a)-improved action, no smearing no twist
(SF likes a simple action)

LM = ZM(g0)︸ ︷︷ ︸
[1]

×Z (g0)︸ ︷︷ ︸
[3,4]

×(1 + bm(g0)︸ ︷︷ ︸
[3,4]

amq)× Lmq

(ARGI)0 = Z stat
A,RGI︸ ︷︷ ︸
[2]

×Astat
0

[1]: [ LPHAA
Collaboration , 2006 ]

[2]: [Della Morte, Heitger, Fritzsch ]
[3]: fixing L from ḡ(L) see below
[4]: in progress: Tor Vergata & LPHAA

Collaboration
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Nf = 2 QCD

M = ZM(g0)︸ ︷︷ ︸
[1]

×Z (g0)︸ ︷︷ ︸
[3,4]

×(1 + bm(g0)︸ ︷︷ ︸
[3,4]

amq)×mq

[4]=
[G. De Divitiis, P. Fritzsch, J. Heitger, N. Tantalo ]
use PCAC-relation in a finite vol-
ume to determine
bm(g0),Z (g0), bA(g0)− bP(g0)

preliminary; in progress
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Full QCD: a look at the effort and the status

L0/a β ḡ2 κ am1 # of configs machine time status

20 6.6380 2.989(43) 0.1351631 +0.000952(26) 32x940 nc 50d finished

16 6.5113 2.878(39) 0.1354410 −0.000203(44) 18000 nc 13.5d finished

12 6.3158 2.893(33) 0.1357930 +0.000452(51) 32x1334 nc 9.7d finished

10 6.1906 2.923(38) 0.1360160 +0.00089(10) 64x347 nu 6.3d finished

Table: Tuning to ḡ2(L) = 2.989. Status: 11Sep07.

L/a β ḡ2 κ am1 machine CPU time

6 5.2638 4.423(75) 0.135985 0.00063(58) u* 28 hrs

8 5.4689 4.473(83) 0.1367 0.00009(19) c* 86 hrs

8 5.4689 4.873(99) 0.13564 0.03628(15) c* 130 hrs

10 5.6190 4.49(10) 0.136785 −0.00043(11) nu* 253 hrs

12 5.7580 4.501(91) 0.136623 0.00189(7) nc* 221 hrs

16 5.9631 4.40(10) 0.136422 −0.000453(34) nc*+nc* 1080 hrs

Table: L = L1: Tuning to ḡ2(L) = 4.484. Status: 20Dec07, final.
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Full QCD: a look at the effort and the status

The most difficult of the small volume computations
(in the pure HQET strategy):

L/a β κ am1 # of configs machine time status

reached

40 6.6380 0.135192285 +0.000016(35) 2x223[0] nc 134.1d running

32 6.4574 0.135521000 +0.000204(53) 1x338[58] nc 81.1d running

24 6.2483 0.135910400 −0.000127(70) 2x280[132] nc 46.0d stopped

20 6.1569 0.136053600 +0.00040(14) 8x41[37] nu 40.3d stopped

Table: SF1QA: T = L, θ = 0.5, ḡ2(L/2) = 2.989. Status: 12Feb08.
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Full QCD

QCD observables in L = L1 = 0.5fm for matching (in progress)

Finite volume PS mass Finite volume V-PS mass-splitting
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Full QCD

QCD observables in L = L1 = 0.5fm: mass-dependence in the continuum
limit

Finite volume PS mass Finite volume V-PS mass-splitting

Confirms expected HQET-behavior
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Full QCD: jump to large volume: Coordinated Lattice Simulations
Teams

* Berlin (team leader Ulli Wolff)
* CERN (L. Giusti, M. Lüscher)
* DESY-Zeuthen (Rainer Sommer)
* Madrid (Carlos Pena)
* Mainz( Hartmut Wittig)
* Rome (Roberto Petronzio)
* Valencia (Pilar Hernández)

Physics planned at present

* Fundamental parameters up to Mb

* Pion interactions
* Baryon physics
* Kaon physics
also with mixed actions

β a[fm] lattice L[fm] masses

5.30 0.08 48× 243 1.9 6 masses CERN, Rome

5.30 0.08 64× 323 2.6 6 masses CERN, Rome

5.50 0.06 64× 323 1.9 5 masses DESY,Berlin,Madrid

5.70 0.04 96× 483 1.9 2 masses DESY,Berlin

5.70 0.04 128× 643 2.6 2 masses DESY,Berlin, started

Table: CLS simulations. Status: Mar08.

Perfect for charm (and beauty)

Rainer Sommer Two related methods for dealing with heavy quarks on the lattice
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Full QCD: large volume simulations

some details on 128× 643, a = 0.04 fm, L = 2.6 fm
at mq = ms/2: (2 trajectories)/hour=(1 MD unit)/hour

on 1024 node BG/P

0 50 100 150 200 250

(amsea)−1

0

50

100

150

200
t [min]

377618

DD-HMC

485

Accelerated DD-HMC

Mπ ∼ 282 MeV
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 0  0.02  0.04  0.06  0.08  0.1

τ in
t [

M
D

 u
ni

ts
]

a [fm] (quark masses shifted)

execution time of
accelerated DD-HMC

2τint = # MD unit per
effective independent measurement

diff quark masses
lattice spacings

→ around 2 effective measurements per day
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Full QCD: large volume simulations
very preliminary: meff(x0) = −∂0 log(C(x0))

Λx0�1∼ mDs
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Conclusion

I Strategies which do not depend on perturbatively computed
parameters in action + renormalization constants exist

I 1-3 % precision proven for selected quenched observables

I Nf = 2 QCD: good progress

I with DD-HMC small (u+d) quark masses on 128× 643 reachable
on BG/P in Jülich

I next time here I hope to talk about some results for Nf = 2
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I next time here I hope to talk about some results for Nf = 2

Rainer Sommer Two related methods for dealing with heavy quarks on the lattice



intro match SSM NP HQET Full QCD Conclusions

Conclusion

I Strategies which do not depend on perturbatively computed
parameters in action + renormalization constants exist

I 1-3 % precision proven for selected quenched observables

I Nf = 2 QCD: good progress

I with DD-HMC small (u+d) quark masses on 128× 643 reachable
on BG/P in Jülich
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