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Confinement and 4-manifolds

based on:

arXiv:1306.4320 (2d N =(0,2) theories labeled by 4-manifolds)
arXiv:1404.2929 (duality defects and Lefschetz fibrations)
arXiv:1404.5314 (exact solutions of /N'=(0,2) gauge theories)

with A.Gadde and P.Putrov
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Can we quantitatively understand
confinement and the mass gap?

e Extensively tested in computer
simulations
e Paper-and-pencil computation?
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Solvable Gauge Theories




Solvable Gauge Theories

+ 2d Yang-Mills: almost "topological”

+ QED: confinement / screening hﬁsﬁ
+ 2d N'=0 QCD: one Regge trajectory

* QCD with a massive adjoint: higher Regge




Solvable Gauge Theories

+ 2d Yang-Mills: almost "topological”

+ QED: confinement / screening M"ﬁ
+ 2d N'=0 QCD: one Regge trajectory

* QCD with a massive adjoint: higher Regge
» 2d N'=(1,1) SQCD: very similar

» 2d N'=(0,2) SQCD: ? :

» 2d N'=(2,2) SQCD: ?
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free fermions

2d N = (0,2) SQCD

* New (0,2) SCFTs
» Exactly solvable

linear model
. (SQED)

//\/

SUSY

SUSY
breaking

SUOTWIS] o917

SUSY

breaking

string phenomenology

Holographic dual of
the Veneziano limit
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Okay, let us consider fivebranes on a
coassociative 4-manifold in a 62
holonomy space ...
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What are Fivebranes?

* 6-dimensional submanifolds in 11-dimensional
space-time of M-theory




Kaluza-Klein compactification

6d fivebrane theory “effective” theory

on R°"x M ~> TIM, ]
| in 6-n dimensions

depends on
topology and

geometry of AAn




6=3+3

3d /N =2 theory
TIM,]

3-manifold M3 >

complex flat connections 4mm supersymmetric vacua
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6=3+3

3d /N =2 theory
TIM,]

3-manifold M; =

complex flat connections 4m supersymmetric vacua

oW

Example: M3= L(k,'l) 80-2- = U

p = highest weight integrable representation of
the loop group LG at level k



6=3+3

3d /N =2 theory
TIM,]

3-manifold M3 >

complex flat connections 4mm supersymmetric vacua

* Knot complements: A-polynomial

» generalized / quantum / homological Volume
Conjecture ...
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6=3+3

3d /N =2 theory
TIM,]

3-manifold M3 >

complex flat connections 4mm supersymmetric vacua

complex Chern-Simons <mm vortex partition
partition function function

ZCS(MB; G(C) — Vortex M3
AGD) ZIM) - N



6=3+3

3d /N =2 theory
TIM,]

3-manifold M3 >

complex flat connections 4= supersymmetric vacua

complex Chern-Simons <mm vortex partition
partition function function

Knot homology 4@ Q-cohomology



Embedding in 11 dimensions

g-grading homological grading

Ul)p xU(l)p

A

space-time: R x Ry, x T*M;
I U U My =R x Ms
N Mb-branes: M
3 D (open)

H (@) — Hrefined BPS



Embedding in 11 dimensions

g-grading homological grading
U(l)P(X)VU(l)F
space-time: R x Ry, x T*M;
I U U My =R x Ms

N MbH-branes: M
Link ﬁ __fy_r\_qtqr_@

-> Knot
homology

homology



Embedding in 11 dimensions

X"=R x T*Ms5
space-time: R R4 T*Mg

N Mb-branes:
e




cobordism

half-BPS
domain wall




6=2+4

2d N =(0,2) theory
TIM,]

4-manifold M, ==

6d fivebrane theory

e depends on
on |k x M4 | topology and

geometry of M 4




6=2+4

2d N =(0,2) theory
TIM,]

4-manifold M, =




6=2+4

2d N =(0,2) theory
TIM,]

4-manifold M, =)

Z[M, ]= %‘(X}q” X(My, ¢) = equivariant elliptic genus
j of the 2d /N = (0,2) theory

modull space Gitowor(TM4]) = U (1)

of instantons

Fa=0 [ modular ! J




6=2+4

6d fivebrane

on T2 X M4
[C.Vafa, E.Witten] / N\,
N = 4 super-Yang-Mills 2d (0,2) theory T'[My]
on My on T?

Z[M, ]= %‘(@q” X(My, ¢) = equivariant elliptic genus
j of the 2d /N = (0,2) theory

modull space Gitowor(TM4]) = U (1)

of instantons

Fa=0 [ modular ! J




c=9x, c =8,

“ ign = Geography and
Botany of T[M,]
0 sign<o theories

c=2x, —6€

c> 9y,
(unknown)
2Xh —6=<c< 9Xh

surfaces of general type

X, =35 c< 2y, —6

symplectic with (x, — ¢ — 2) basic classes
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>

Surfaces E(n) ((x,,c) = (n,0)) ¢ <0 (unknown)  X»




Instantons on ALE spaces

M, = Ay, ALE space, bounded by M5 = L(k+1,1)

elliptic genus of T[A, ,U(N)]

Zx°q" X(Mnc) = character of alevel N

representation of affine
SU(k+1) labeled by flat

connection p on L(k+1,1)

[H.Nakajima]



First New Results

M, = cobordism between L(k,1) and L(k+1,1)

S RE)

% x°q" X(Mpc) = branching function of a G/H coset

=2 Coxy
p



First New Results

\ : /
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flat connection on L(Kk,1)

w connection on L(k+1,1)
o,



New 4-manifold invariants from
2d N =(0,2) theories

My » T[M4;G] - ZT[M4;G]: .4-m(1!’lif0|d
Invariant

- equivariant elliptic genus = X(Minst)
* Q-cohomology = Donaldson invariants

* moduli space of marginal couplings, etc.

Ve



B-type 34/
boundary + ﬂ\z\ 1
condition T [M,l
20 of=(0,2) 2d A=(02)

T[Mq] TIMy]
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S. Akbulut, 2012



Kirby diagrams
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Intersection form on Ho(My:7Z):

k(K;, K;), ifi# ]
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Plumbing graphs
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does not always work: @ 4-manifold bounded

@ by a 3-torus



et branching function

COS



4-manifold M,

2d (0,2) theory T'|M,]

handle slides

dualities of T'[M,]

boundary conditions

vacua of T'[Ms]

3d Kirby calculus

dualities of T'|M3]

cobordism

from M, to ]\45r

domain wall (interface)

between T[M; ] and T[M;]

gluing

fusion

Vafa-Witten

partition function

flavored (equivariant)

elliptic genus

Zyw (cobordism)

branching function

instanton number

Lo

embedded surfaces

chiral operators

Donaldson polynomials

chiral ring relations




Quiver Chern-Simons theory

a
vertex o <—> U(1) Chern-Simons at level a

a

, S = (ANdA+...)
P.f{- 4
a. a. 1
o—o’/ — S = 5 (A; ANdA; + .. )
s

cf. [D.Belov, 6.Moore]
[A.Kapustin, N.Saulina]
[J.Fuchs, C.Schweigert, A.Valentino]



Quiver Chern-Simons theory

. ax1 +1 1

T 4

(iA/\dA+2B/\dA+(ail)B/\dB+...)

. 1
integrate out A ——4—/(iB/\dB$ZB/\dB+(ail)B/\dBJr...)
70

. Qa 1
.> " (aBNdB +...)
) a blow up a1l =1
> : = - : o
* blow down *




3d Kirby moves
. a; a, . blow up . (llil (lzil .
§>—< “blowdown > i.l <E

(disjoint union)




3d Kirby moves

1
L= o (2A/\dB—|—aB/\dB—|— )
A ;

A is Lagrange mul‘riﬁlier

(disjoint union)

Integrating out A makes B pure gauge
and removes all its Chern-Simons couplings



4d Kirby moves

m) identity for instanton partition function (= equivariant
elliptic genus):

| N
(q; QJm/dze(le) |




4d Kirby moves

m) identity for instanton partition function (= equivariant

elliptic genus)'

(I) Wiy, N, N Ny Fermi multiplets W;_; N,
U(1D)gauge | — 1 +1 with charge 4+1 under U (1)gayor
U(l)ﬂavor +1 0
. - "mesons" | . = ®U.
2d (0,2) "twisted superpotential ! i
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New 2d /N = (0,2) dualities from

4-manifolds
2d N = (0,2) SQCD dual 2d NV = (0,2) SQCD
® v P T v P
U(Ne)gauge 0 O O 1 N U(Ny — N,) gange O O O 1
U(Np)avor O 1 1 O B U (Ny) O 1 1 O
U(Nf)fiavor 1 01 1 UNf—~N,+2N.) |1 O 1 1
UNj—Ny+2N,) |1 1 O O U(Ny) 1 1 0O O

-2d (0,2) analogue of Seiberg duality

‘the very first non-abelian 2d (0,2) duality







