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Gauge fixation

Main idea : asymptotic symmetries = residual gauge symmetries

0 —e 2P 0
BMS ansatz ghv = | —e=28 —%e_% _UUBe—28
0 _UA€—2B gAB
u r {'UA — ¢7 97 X? c

null coordinate

d-1 gauge conditions ¢~ =0=g

determinant condition detgap = r2(d=2) et NAB ,—YAdeAde — e29d972Q)

conformal to metric
on unit d-2 sphere

=»  fix diffeomorphism invariance in d dimensions



Minkowski and AdS backgrounds

backgrounds g=0= U4 = ©, - —— —1
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Minkowski d =1 — 0 t=u-+r ds? = —dt? + dr? + r2d%2Q
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AdS d t=u-+ larctang ds® = —(r— + 1)dt? + (% + 1) tdr? 4+ r2d9720)

asymptotics  r — 00, u,z’ fixed
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conf. rescaled / ¢
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Residual gauge transformations

( B=o0(1)
A
fall-off conditions < U~ =o(1)
gapdz?dr? = r®yapdx?dz® + o(r?)
F=—i to(r?)
\ r 12
leave class of spacetimes invariant
Legrr =0 &V =F
exact conditions Legra = g A =Y4 — 8_BF froo dr'e?P gAB
g*PLegap = {" = —5(Dp&P — o UP)
fix r dependence up to integration functions F = F(u, :UB), y4A=v4 (u, a:B)

( Efgur — 0(]-)2
asymptotic conditions 4 Eé’guA — O(T ) > { F=7Ff+ fou dU/DBYB

ﬁgguu = 0(7“22 YA — yA + l_2 fOU du’ﬁABé’BF
| Legap = o(r)

fix u dependence up to integration functions f= f(a:B), yA = yA(xB)

9 _
conformal Killing equation d-2 sphere Lyyap = EDBYBWAB



Results

AdS

flat

AdS

flat

flat

: 0
¢ = e cot —

so(d —1,2)

only exact Killing vectors of background
so(d—1,1) x ST

cKv no constraint on f, angle dependent supertranslations

stronger fall-off's = iso(d —1,1) Poincaré algebra
no constraint from cKe  2d conformal algebra
Vect(S1) xaq Vect(Sh)ab contraction of 2d conformal algebra
s50(3,1) x ST = bmsil()b globally well-defined BMS algebra
2 | w2 0742 —2 g% 51 -
S A8 g sin®0de? = PG, P(C,0) = 51+ CO),

standard GR choice: restrict to globally
well-defined transformations



New proposal 4d flat

CFT choice : allow for meromorphic functions on the Riemann sphere

solution to conformal Killing equation VS — YC(C)’ YC_ —Y (C)
0 _ _ 0
l,, = —C””Lla—g, l, = —Cn+1a—c—, n ez superrotations
generators
T _ Cmgtn m.n c 7. supertranslations
m,mn — ’ )

commutation relations

[lm7 ln] — (m - n>lm+n7 [l_ma l_n] — (m - n)lm—l—n7 [lma ln] — Oa

[+ 1 _ [+ 1
[llaTm,n] — (T — m)Tm—i—l,na [llaTm,n] — (T — n)Tm,n—i—l-

Poincaré subalgebra I_1, 1o, U1, 11, 1o, 14, 10,0, 11,0, 10,1, 11,1,



Perspectives for 4d flat

4d gravity is dual to an extended conformal field theory

Proposal : should be relevant for relevant for gravitational S-matrix

scattering theory  between FZ~ and

Penrose, Les Houches 1963

f-{'-

action on gravitational phase space

particles as UIRREPS for BMS4

McCarthy 1972: no continous
spin representations for BMS48°P

Strominger et al. :Ward identities for
soft photon and graviton theorems



Asymptotic symmetries Digression: Asymptotics and soft behaviour

Gervais & Zwanziger 1980

A () = lim M, ()

A (x) = (2m)~32 [ [exp(ik ) a(w, k) +he] Qw) ! a3k, w=Ikl, k=klw.

After rewriting o, as
A, (x) = “"6 %(21:)‘3/2 fdic f dw [wa(w, k) exp[iw(k *x — 1) —et] +hel],
g 0

one obtains by standard arguments

. 1 dk B(k) ]
\ \x) == S he.|,
xﬂ)‘d“ )72 (2n)3/2[e+i(t-k-x)+ ’

[3(1}) = Iimo woa(w, k) .

In practice, new dynamical variables at infinity come into play



Asymptotic solution space

conformally flat metric ds® = WAdeAde = 2P 2d¢d¢
covariant derivative on® = P1_85(PS778), 5778 — P1+88(P_8778)7

= S —
0,0]n" =5 Rn*, R= AP?00In P, Rg =2

conformal Killing vectors Y=P'Y({), Y=P'Y()
- S—w S+ W = -
spin and conformal weights —0y yN = D}8 + V0 + 5 0y — 5 83)} n
asymptotic solution space x(u, ¢, E) = {00, \11(2), \If(f, +c.c.}
. . . Vo4
parametrisation of leading part on-shell behaviour of —, U, vaB
T
evolution equations 70 = —3%50 — 505" ¢V = ovy — 25085
free u dependence oV (u, C, Z) news tensor G (u, C, E)

. —0 =2 _ O — =0
on-shell constraints \Ilg — \112 — 0 o — 5200 -+ 7950 — 595

Y



Conformal transformations

bms4 transformations

i — 1 —
~5c0® = ([0, + V0 + B + 20V — [0V)o° ~ f
| — 1
—0:6° = [fO, + VO + V0 + 206" — 56% ,
0 ] — 3 S J— 0 =0
—0¢Wy = [fOu + YO + Y0+ S0Y + S0V|¥; — 2007
—6:US = [fO, + YO + V0 + 20) + 0Y|¥] + 301V,

f:T—l—%uw Y = (0) + 0))

(field dependent) inhomogeneous pieces, Schwarzian derivatives

Strominger: soft gravitons = Goldstone modes for these transformations



Motivation for current algebra

interpretation requires charges, canonical generators for the
transformations + Dirac bracket algebra

Problem: ADM type charges for superrotations diverge

because of poles on the sphere Ly — 00

Local non integrated version of Ward identities

05 (78, (2)T0, ()X (2)) = i6(x — y){ T, 0. ()X (2)
b — 2) (T, (1)06, X (2))

0L
classical version  dg, : dJg, = Q%wdnx

> 5@1‘]@2 — J[Q17Q2] + 1+ d() + Kq,,q,
T+d(-)~0 Belinfante ambiguities

central extension highly Ko,.0,] € Hn—l(d)
1,2

constrained may be field dependent

1 .
5Q1KQ1,Q2 — QK[Q1>Q2]7Q3 + CyChC (1, 2, 3) — ()



Holographic version

Holography: understand gauge symmetries 5" = RL(f*) = RLf*+ RFOLf* + ...

oL

trivial Noether current S = (R™ fo 55 +... )(dn_lx)u
conserved n-2 form in linearised theor krlogp] = (15(# 0 +...) 0 S
! ! 2°? d0,60 ") adar O
( f;_g _0
dk;[5¢] = 0 < ¢ 5‘;_; —0
\ Ré(fa) =0

in GR, I-I correspondence |kf] +— Kvf of background, charges = ADM type charges

asymptotic case ot = (u,r, :EA) r = cte — o0

k= kgfw] (d""*)x,, —>  current of lower dimensional theory
a __ A
integrability ? k;ur] ~ 5J}a7 k}élr ~ 5J}4 z* = (u,z")



Results

No news = no superrotations 9}y =0= §3y
u 1 0 0=0 0 023=0 1 0—=0
Je' = 87TG[(f(\I/2+J g )+ YU+ o0 0o +25(00 )))—FC.C.}

Bondi mass & angular momentum

current algebra represents BMS4 (global) —0¢, J¢, = ._7[2?1’52] + trivial
integrable, no problem with integration of Qe = / d*Q VA
charges S2

mass and angular momentum for Kerr

news s non conserved & non integrable currents

N 1 -0 u 1 1_
O (0x) = e C {fa 6o + C.C.}, Ke, e, = C [(500]‘153)/ —(14+2))+ C.C.]

field dependent central charge = use in Cardy-type formula for Kerr BH ?



Symmetries and solutions

residual symmetries  [~! #£ 0

E=YT(aN), +Y (z7)d. % = % + ¢
IT1=0 ¢=Y(¢)0s + (T +uY')o,

2
general solution to EOM  ds® = (_% + /\/l) du? — 2dudr + 2N dudd + r*dg?

A0 M(ug) = 2(Es +E),

F—
bt
[ S—

N(u.¢) = U1+ —E__)
closed form

14 =Zga(2™)
_ u
I“l—0 M=06(), N=Z(¢)+ 5(%@
1
transformations |71 #£0 —0yEiy = Y 0LE L +20,.YTEL L — iﬁiYi

7t =F*(2Y), Eip = (0.FF)2E+ {FF2%))

Schwarzian derivative, EM tensor
O =YO +2Y’'0 — 2y —OE=YE 4+2Y'E+ %T@’ L+ 7' 1"
gy Y = 7 ~._o9[— «
6(9) = (&) 72[0(0) +2{d:0}]  E(@) = (9)*|E }

L _(_)/ _a/®+a///
2

=1 =0



Charge algebra

) 2m B s
Qe = %/0 dp[Y T2y + Y E__]

no need for current algebras

1 27
= do|TO + Y=
Qe = 167 /O ¢[TO+YE]
+
Fourier modes  i{LEt LT} = (m — n)Lf,iJrn + i—zm(m2 ~ 18 ..., {LE LT} =0
Dirac bracket algebra = 3_l
2G

i{ Ty In} = (1 — 1) T+ —Lm(m2 — 1)5°

BMS3 algebra 12 mAn
i{Jm, Pn} = (m—n)Ppin+ %m(m2 — )6,
i{Ppm, Pn} =0,

3
G

c1 =0, c=



Charge algebra contraction

appropriate combination for the P, = l(L;; +L” ), Jn= L;rl ~L_
limit l

ot — o Virasoro algebra contracts to

{Ims Int = (m —n)Jpman + m(m? — 1)y, 4 s
12 bmss
(T P} = (1m0 — 1) Py + e (m? — 1)8°
NImyIny — - m4+n T a) — m4+n>
i 124 + L
. 1 C+ —C 2 0 .
’L{Pm, Pn} — l_2 ((m — n)Jm—I—n + 19 m(m - 1)5m+’n) 150(27 1)
relation to AdSs similar to contraction between 50(2,2) — is0(2,1)

Virasoro factor: centrally non extended superrotations



Group theory

math summary

1=t £ 0 2 copies of coadjoint representation  pit”
covariant phase — | 3]
space of 3d of Difft(s') at ct = 50
gravity
1 =0 coadjoint representation  bmss
of Difft (gl Vect(S1 at ¢ =0, c= i
Dift (S ) X Ad Vect(S )ab B = @
. . . * — fc
Dirac bracket = Kirillov-Kostant bracketon ¢ {Za, 20} = fope

useful ?



AdS3 & 3d flat Zero mode solutions

zero mode solutions in both cases

2

BMS form ds? = (—% + 8GM)du? — 2dudr + 8G Jdudd + r2de?
ds® = —N?dt* + N~ 2dr? + r*(dp + N¥dt)?, J
ADM form S r? 16G2.J2 (90 4sz =xt = 26(M £ 7)
N? = — —8MG + , N¥ =
l2 7“2 742
M

black holes

naked
singularities

: nake(.i . cosmological solutions
singularities

\ J

CTC’s CTC’s

SEMUC P noular defects everywhere

_ L
8G  uas,

angular excess

angular defects

Minkowski 3
angular excess

(a) (b)

repeat derivation of entropy of cosmologica
solutions from Cardy type formula



Coadjoint orbits

classification of complete solution space through coadjoint orbits
_1 . M P— ~
[ #0 answer to which of the general solution Hiy = Eii(ﬂfi)

cannot be obtained from a zero mode solution through a large diffeomorphism ?

well-known math problem Witten, Coadjoint orbits of the Virasoro group, CMP ‘88

Balog et al., HEP-TH/9703045

coadjoint orbits are symplectic spaces, integrable systems =

geometric quantization/ UIRREPS

orbit O = Diff *(S1) /Gy little group G leaves given coadjoint vector invariant



3d AdS & flat

Coadjoint orbits

JTI'P* AN C'O“ld
X
{'\(FV&J-’C
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Positive energy theorems

study behaviour of energy functional on orbit

~ o~

Brs - | T a(P O - (6.9})

3
energy of asymptotically flat spacetime c = 5
3l
chiral energy of asymptotically AdS spacetime ct = 50
27 i 1 ~ _
Schwarzian derivative / d¢ [{¢, o} + §<(¢’)2 — 1)] <0 Vo
0
= e 4B
=0 = e == o =8P =1
pe'? +

allows to show that energy is bounded from below iff orbit has a constant representative above
Minkowski-space time (+1 class with non constant representatives)

similar results in AdS3



BMS3 particles: Induced representations

scattering theory  between F~  and I+

particle : UIRREP of BMS3

structure: G X Ad Bab
finite-dimensional Lie groups Wigner-Mackey
all UIRREPS :

|) determine characters of  9ab = Ad — Ad”
2) determine orbits & little groups of Ad™

3) induce UIRREPS of G X ad gab out of UIRREPS of little group

cf. Poincaré group

again classified by coadjoint orbits of Virasoro group



Dual 2d theories

start from CS formulation of 3d gravity

solve constraints
with asymptotic [~} =0 71 =0

condition

2 copies of SL(2,R) cWZW model

= non chiral SL(2,R) WZW model iso(2,1) c(WZW model

Hamiltonian I\, o] = k /dudqb Tr [}\)\_10/ B l()\/)\—l)Q]
reduction m 2
(Drinfeld-Sokolov) |
A
. . {Pu(9), Po(¢")}" =0, 4G
Liouville theory with 2
n 31 {Ja(¢)7 Pb(¢/)}* - eabCPc(¢)5(¢ - (b/) o %naba¢5(¢ - ¢/)7
© T aa {Ja(8), Jo(@)}* = €asJe(6)0(6 — &)

iso(2,1) current
algebra



Dual 2d theories

BMS Liouville with centrally
extended global BMS3 symmetry

algebra
Hamiltonian form of Liouville
[ — o0
. 1 2 1 12 H Y ,CH = H(I) — lq)/Q — LGB(I)
11
o=IP, 7= —

[
B=n~l,v=pl? fixed

{H(o). H(#"}* =0,
(H(9), P(&))* = (&) + F())0s6(6 — ) — 2-030(6 — &),

~

{P(¢), P(¢")}* = (P(8) + P(¢))y6(d — ¢')



+ C. Troessaert, “Symmetries of asymptotically flat 4 dimensional spacetimes at null infinity revisited”
arXiv:0909.2617
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+ C.Troessaert, “Comments on holographic current algebras and asymptotically flat spacetimes at null
infinity” arXiv:1309.0794

+ P.-H. Lambert, “Einstein- Yang-Mills theory: Asymptotic symmetries” arXiv:1310.2698

+ A. Gomberoff, H.A. Gonzalez, “Flat limit of three dimensional asymptotically anti-de Sitter spacetimes”
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+ H.A. Gonzalez, “Dual dynamics of three dimensional asymptotically flat Einstein gravity at null infinity”
arXiv:13031075

+B. Oblak, “Notes on the BMS group in three dimensions. I. Induced representations” arXiv:1403.5803
“II. Coadjoint representation” to appear

“Holographic positive energy theorems in three-dimensional gravity” arXiv:1403.3835



