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e Differential geometric construction of the gauged Wess-Zumino action

o WKB method, SUSY quantum mechanics and the index theorem
(with B. Zumino)

e Algebraic study of chiral anomalies (with B. Zumino and R. Stora)

o Non-triviality of chiral anomalies (with B. Zumino)
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That was a very exciting time for QFT anomalies:

Anomalies and differential geometry (Stora and Zumino 1983)
Gravitational anomalies (Alvarez-Gaumé and Witten 1984)
Consistent and covariant anomalies (Bardeen and Zumino 1984)

Gravitational anomalies and the family index (O. Alvarez, |. Singer and
Zumino 1984)

Anomaly cancellation in Superstring Theory (Green and Schwarz 1984)
Anomaly inflow (Callan and Harvey 1985)

Anomalies in odd dimensions (Niemi and Semenoff 1983,
Alvarez-Gaumé, Della Pietra and Moore 1985)

Gauge anomalies and index theorems (Alvarez-Gaumé and Ginsparg
1985)

Hamiltonian interpretation (Alvarez-Gaumé and Nelson 1985)
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Plan of the talk

e Basic facts about anomalies
@ Relativistic hydrodynamics
@ Anomalous hydrodynamics

@ Structure of anomalous partition functions
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Wess-Zumino consistency condition (1971)

@ In 1969 the non-abelian gauge anomaly (ABJ) was computed

D,ng = ca efcx\ﬂutr{ T20, (A)\a,uAV -+ %A)\A#Ay)} = —Ga[A] J

with ¢4 = ﬁ and A, = AT,
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@ The anomaly results from the non-invariance of the vacuum functional
under gauge transformations
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Wess-Zumino consistency condition (1971)

@ In 1969 the non-abelian gauge anomaly (ABJ) was computed

Dt = cae™trl T20,(AsdA + %A,\A“A,,)} = _GJA

De—

: _ 1 _ AaTa
with cp = 5,5 and A, = ALT?.
@ The anomaly results from the non-invariance of the vacuum functional
under gauge transformations

(5/\AZ = 0N + [AL, N)?
Namely,

= g:‘: . WA = / dxA%(x) GalAl J
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@ The commutator of two gauge transformations acting on W|[A]

(670n — S OA) WIA] = Sia n WIA]
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implies the Wess-Zumino consistency condition for the anomaly
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@ In 1983 Stora and Zumino discovered a very systematic and elegant
way to obtain non-trivial solutions to these conditions, based on the
use of the ‘descent equations’.
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@ The commutator of two gauge transformations acting on W|[A]
(0AOAr — OnON)WIA] = Sa aqWIA]

implies the Wess-Zumino consistency condition for the anomaly

/ dx (N?67G, — N6 G, / dx[A, N°G, J

@ In 1983 Stora and Zumino discovered a very systematic and elegant
way to obtain non-trivial solutions to these conditions, based on the
use of the ‘descent equations’.

Note: A solution that can be obtained as the gauge variation of a local
functional of the gauge field is trivial. A trivial anomaly can be eliminated
by adding local counterterms to the action.
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Descent equations

@ To compute the non-abelian anomaly in any even dimension 2n, one
starts from a symmetric, invariant polynomial in 2n + 2 dimensions

P =tr F"™! ‘Anomaly Polynomial’ J
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Descent equations

@ To compute the non-abelian anomaly in any even dimension 2n, one
starts from a symmetric, invariant polynomial in 2n + 2 dimensions

P =tr F"™! ‘Anomaly Polynomial’ J

We are using the notation of differential forms

n+1 _ _pip2...l2n+1p42n+2
tr F =¢ n TEtr F;uuz cee Fu2n+1,u2n+2

and F = dA + A? is the field strength.
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Descent equations

@ To compute the non-abelian anomaly in any even dimension 2n, one
starts from a symmetric, invariant polynomial in 2n + 2 dimensions

P =tr F"™! ‘Anomaly Polynomial’ J

We are using the notation of differential forms

tr F+l — ghapz.panipani2gy Frssio - - - Friomyaiams
and F = dA + A? is the field strength.
@ From the fact that P is closed we have
— _ 0 2 __
dP=0 = P =duwl,,(A), (d*=0) ]

where w9, ;(A) is the Chern-Simons form.
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@ From the gauge invariance of P

0=0\P = 5/\dwgn+1(A) = d5/\wgn+1(A)
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@ From the gauge invariance of P
0=0pP = SndwS, 1(A) = donwd, 41 (A)

the gauge variation of w3, ;(A) is a total differential

S5 (A) = dwy(A, A) ]
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@ From the gauge invariance of P
0=0AP = 5/\dwgn+1(A) = d5/\wgn+1(A)

the gauge variation of w3, ;(A) is a total differential

O3 41(A) = dw3, (A, A) )

@ Integrating this equation over a My,.1 with boundary 2n-dimensional
space-time and using Stokes theorem

[ W= [ b= udna
Manps1 Mont1 OMo2nt1
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@ From the gauge invariance of P
0=0AP = 5/\dwgn+1(A) = d5/\wgn+1(A)

the gauge variation of w3, ;(A) is a total differential

O3 41(A) = dw3, (A, A) J

@ Integrating this equation over a My,.1 with boundary 2n-dimensional
space-time and using Stokes theorem

[ W= [ b= udna
Manps1 Mont1 OMo2nt1

shows that we can make the identification

/ k) = [ e (oGiiA J
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N —
The Wess-Zumino action

o wi(A, A) = N¥(x)G,[A] satisfies the Wess-Zumino consistency
conditions in 4-dimensional space-time because it can be written as
the variation of a functional

/ d*xA*(x) Ga[A] = 6 /M 8,1 (A) }
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The Wess-Zumino action

o wi(A, A) = N¥(x)G,[A] satisfies the Wess-Zumino consistency
conditions in 4-dimensional space-time because it can be written as
the variation of a functional

/ d*xA?(x) G,[A] = /M ,11(A) J

It is non-trivial because the RHS is not a local functional in 4
dimensional space-time.

@ One can make sense of the RHS if we define A= A(x,s), where x is
4-dimensional and A(x, s) is obtained from A(x) by a finite gauge
transformation

Alx;s) =g 'dg +g 'A(x)g

Here g(x,s) = exp(s&(x)) and the ‘pion field" £(x) transforms in the
adjoint representation. One can show that this is equivalent to the
action proposed by Wess and Zumino in 1971.
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]
Plan of the talk

@ Basic facts about anomalies
e Relativistic hydrodynamics
@ Anomalous hydrodynamics

@ Structure of anomalous partition functions
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R ——
From Thermodynamics to Hydrodynamics
Assume a fluid in thermodynamic equilibrium with equation of state
p=p(T,n)
from which we may obtain the entropy, particle and energy densities

s=0p/O0T , n=0p/ou , e=—p—+ Ts+ pun
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Assume a fluid in thermodynamic equilibrium with equation of state
p=p(T,u)
from which we may obtain the entropy, particle and energy densities
s=0p/O0T , n=0p/ou , e=—p—+ Ts+ pun

@ In Hydrodynamics the thermodynamic variables T and p are
promoted to slowly varying functions T(x) and u(x). To these, one
has to add a local fluid velocity u#(x), with u? = utu, = —1. Thus,
we take as hydrodynamic fields

{T(x), p(x), u"(x)}
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From Thermodynamics to Hydrodynamics

Assume a fluid in thermodynamic equilibrium with equation of state
p=p(T,u)
from which we may obtain the entropy, particle and energy densities
s=0p/O0T , n=0p/ou , e=—p—+ Ts+ pun

@ In Hydrodynamics the thermodynamic variables T and p are
promoted to slowly varying functions T(x) and u(x). To these, one
has to add a local fluid velocity u#(x), with u? = utu, = —1. Thus,
we take as hydrodynamic fields

{T(x), p(x), u"(x)}

@ In Ideal Hydrodynamics the local the entropy, particle and energy
densities are obtained form the equation of state by the expressions

above.
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|deal Hydrodynamics

@ The energy-momentum and particle current density are given by
T = (e + p) u*u” + pnt”

J* = nut
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R ——
ldeal Hydrodynamics

@ The energy-momentum and particle current density are given by
T = (e + p) u'u” + pnt
JH = nu*

These ‘constitutive relations’ can be understood by noting that in the
local rest frame defined by u* one has

TO=¢, Ti=psl SP=n, T=J=0

@ The equations of motion are

9, T =0 (1) , 90"=0 (2) J

e Combining (1) and (2) yields
Ou(sut) =0

i. e., ideal hydrodynamics is non-dissipative.
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Dissipative hydrodynamics and constitutive relations

@ l|deal hydrodynamics is generalized by writing the most general
expression for TH” and JH

T = (&4 P)utu” + Pn* + (¢*u” + q"u*) + tH
= Nut + j#

— Y 1 — Z— v H
where u,q* = u, j* = u,t"” =0, and t"” is symmetric and traceless.
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-
Dissipative hydrodynamics and constitutive relations

@ l|deal hydrodynamics is generalized by writing the most general
expression for TH” and JH
T = (£ + P)u*u” + Pn* + (¢"u” + q"ut) + t*
= Nut + j#
where u,q* = u, j* = u,t"” =0, and t"” is symmetric and traceless.
e &, P, g" j* and t*” depend on the hydrodynamic fields

{T(x), p(x), u"(x)}

and their derivatives.

@ One may use the ambiguities in the definition of u* to choose a
‘frame’. In the Landau frame one defines the fluid velocity in such a
way that g# = 0.
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First order Hydrodynamics

o In the Landau frame, the constitutive relations to first derivative order
are given by £ = € and
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R ——
First order Hydrodynamics

@ In the Landau frame, the constitutive relations to first derivative order
are given by £ = € and

P =p— (o
L
JH=—cTAM™O,(u/T)+ xTA* O, T
where A = utu” 4+ nM¥ is the transverse projector (A*”u, = 0) and

2
o = AP AVB (8au5 + Oguq — dnaﬁauu")

is the shear tensor.
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R ——
First order Hydrodynamics

@ In the Landau frame, the constitutive relations to first derivative order
are given by £ = € and

P=p— (o
th = —poh”

j* = =0 TAMO,(u/T) + xTA™0, T

where A = utu” 4+ nM¥ is the transverse projector (A*”u, = 0) and
2
ot = AHOpVP (8au5 + Ogli — dnaﬁauu”)

is the shear tensor.
e Writing the second law of thermodynamics in the form 9,5* > 0
imposes

n>0,¢>0, 0>0, x7=0 ]

14/38



]
Plan of the talk

@ Basic facts about anomalies

Relativistic hydrodynamics

e Anomalous hydrodynamics

Structure of anomalous partition functions
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|
QFT anomalies and Hydrodynamics

@ Hydrodynamics arises as the description of long wavelength, low
frequency modes in QFT at finite temperature and chemical potential.
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|
QFT anomalies and Hydrodynamics

@ Hydrodynamics arises as the description of long wavelength, low
frequency modes in QFT at finite temperature and chemical potential.

@ This suggests that anomalies should play a role in the hydrodynamics
of chiral fluids. But this was not clearly realized until the work of Son
and Suréwka in 2009. (See however G. Newman 2005)

@ In their 2009 work Hydrodynamics with Triangle Anomalies they
considered a charged chiral fluid in the presence of an external U(1)
gauge field with equations of motion

C
8ﬂ THY — F“/\J)\, a“JH — Zdwpal_—lw ,_—pa J

They showed that the positivity of entropy production demands the
modification of the constitutive relations.
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e Concretely J¥ = nu* + j*, with

= —o—(TAWay(u/ T) - E“) + €Wt + Eg BN J
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o Concretely J¥ = nu* + j*, with

= —a(TA‘“’&,(u/ T) - E“) + €Wt + g BH J

Here E* and B* are the electric and magnetic fields in the local rest
frame EF = FPy,,

1
174 Vpo
EV = F"u,, BY'= """ u,F,,
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o Concretely J¥ = nu* + j*, with

j == (TAM9,(u/T) - E*) + éwk + €5 B J

Here E* and B* are the electric and magnetic fields in the local rest
frame E* = FHYy,,,

1
E¥ = F*y,, BF= EEWPJUVF,,U

and w* is the vorticity

wH = 55‘“”” U, 0yl
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o Concretely J¥ = nu* + j*, with

= —a(TA‘“’&,(u/ T) - E“) + €Wt + g BH J

Here E* and B* are the electric and magnetic fields in the local rest
frame E* = FHYy,,,
1
E¥ = F*y,, BF= EEWPJUVF,,U

and w* is the vorticity

wH = 55‘“”” U, 0yl

@ From the entropy current condition they were able to determine the
two new transport coefficients

= 325), eomclo- 12
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|
A QFT computation

@ Son and Sorowka used only the anomalous divergence of the U(1)
current to obtain their results. It was later realized, throught explicit
QFT computations, that they were missing crucial contributions to the
anomalous transport coefficients.
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|
A QFT computation

@ Son and Sorowka used only the anomalous divergence of the U(1)
current to obtain their results. It was later realized, throught explicit
QFT computations, that they were missing crucial contributions to the
anomalous transport coefficients.

@ That was part of the motivation behind our work

J. Mafies and M. Valle, Parity violating gravitational response and
anomalous constituive relations, JHEP 1301 (2013) 008

where we do a QFT computation to third order in the derivative
expansion.
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@ We place an ideal gas of Weyl fermions in a curved background at
finite T and p. The action is

[ xvEg (375~ (Vi J
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@ We place an ideal gas of Weyl fermions in a curved background at
finite T and p. The action is

[ 8 0 - (V] J

where V4 = 0,40 — I ,4) and the spin connection is related to the
vierbein e} by

7[7 Y ]e Chuip = ['Y r)/b]e (8 €hy — rzl/)eﬁa
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@ We place an ideal gas of Weyl fermions in a curved background at
finite T and p. The action is

[ 8 0 - (V] J

where V4 = 0,40 — I ,4) and the spin connection is related to the
vierbein e} by

7[’}/ Y ]e Chuip = [’Y r)/b]e (8 €hy — rzu)eﬁa

@ In terms of the effective action ' we may define the graviton
polarization tensor

or o

) G a0, ) Y ETT O
with Ty _ 2 ST
(= ﬁéguv
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@ Linear response theory gives the corresponding induced change to
linear order in hu, = gu — Nuw-

5 (VEE(T () == [ dy TP (x = )hyu(y)

where the retarded version of MM#7?(x — y) has to be used.
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Linear response theory gives the corresponding induced change to
linear order in hu, = gu — Nuw-

5 (VEE(T () == [ dy TP (x = )hyu(y)

where the retarded version of MM#7?(x — y) has to be used.

There are two contributions to M#¥ ~7;
Mo (x — y) = —i0(x° — y) ([T*(x), T (y)])

o < 3(v/=g() T (x)) >

68p(y)
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For an ideal gas of left-handed Weyl fermions, the first term takes the
following form in the imaginary time formalism

9 (i, ) TZ/( ([P_RV™ (K, K+ Q)(K + @)

1

- - KO —
K2(K+Q)27 Iwn+/j’7

X VP (K + Q,K)]

where P_=(1 — +5)/2 and the fermion-fermion-graviton three-vertex is

VIR, P) = 3 [ (K + P 45 (K + P = S (K + P)
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Up to parity-even contributions, the second (‘seagull’) term can be written

) = g T | Esulio. @1P-K)

+ §anT§: / Wtr[{a’w, @}’P_lfq % + (p + o),

where 077 = l[fy Y]
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Energy-momentum tensor and metric perturbations

@ Once the parity-odd response function is computed, the parity
violating part of the energy-momentum tensor is given by

1
§(TH) = *5”"””"@0, q)hpo
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Energy-momentum tensor and metric perturbations

@ Once the parity-odd response function is computed, the parity
violating part of the energy-momentum tensor is given by

1
§(TH) = *5”“”’”(610, q)hpo

@ It is convenient to decompose a general perturbation of the metric
(5) (L)

into SO(3) components, where a;”’ and a;” = 0;b are the solenoidal
and irrotational parts of hy; = —aj(t, x).
H Scalar \ Vector \ Tensor
hoo —20 - -
ho; —0ib —a®) -
h;j C(S,'j + aiajd 8,’Fj + @F,- EU
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@ Direct substitution shows that scalar perturbations do not produce any
parity-violating effect on TH”.
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@ Direct substitution shows that scalar perturbations do not produce any
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@ For vector perturbations, one finds
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where & = ¢//q. cv(q°, q) parametrizes the response to vector
perturbations of the metric.
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@ Direct substitution shows that scalar perturbations do not produce any
parity-violating effect on THV.

@ For vector perturbations, one finds

5T = cv(q, q) ie"™ ¢/ (—ak + iq°Fi),
5(TY) = cv(q®, ) ig® (€™ + &™§™§") (—an + iq°Fn),

where & = ¢//q. cv(q°, q) parametrizes the response to vector
perturbations of the metric.

o Similarly, cr(q°, q) parametrizes the response to tensor perturbations
h;;
i

5(T%) = —cr(q®, )" 8" ig hmn + (i ¢ J) )
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The functions ¢, T are explicitly given by

cr(a%4) = g (4 + 72 T?) 1+—3Q2L( °.q)
vig ,q _247T2 2 2 q2 9,49
2 2 2( 42 2
pq 2Q°  3Q%(q°—2Q%),, o
- L
1 Q? 304
0 3 2 2
cr(g,9) = —— (" +7°uT (2+—+ L(q%q
2 4 6
gt [ Q 3Q
Sk by}
192%2[ 245 (¢" q)]
where 0 0 0 (0)2
g +q| Imq q
L(g° q) = —1 —I - —19(1-
(99) " q°—q‘ 2 q ( q? )

This gives the response functlon to third derivative order.
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Static limit and anomalous constitutive relations

@ The complete expressions to linear order in Q have been used in

M. Valle, Kinetic theory and evolution of cosmological fluctuations
with neutrino number asymmetry, PRD88 (2013)041304

to derive the Botzmann equation that governs the evolution of the
u-dependent part of the chiral fermion distribution.

e In the static limit ¢° — 0

1 3 2 2 o 2
= —— T
v(0,9) = =55 (W + 71 T°) + 75559
_ bk 2
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Static limit and anomalous constitutive relations

@ To first derivative order, this implies the following the parity-odd
contributions to the energy-momentum tensor

5T = —c2(0, ) igday ,  5(T¥) =0
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Static limit and anomalous constitutive relations

@ To first derivative order, this implies the following the parity-odd
contributions to the energy-momentum tensor

5(T% = —cD(0, q)eiglay . 6(T¥) =0

Identifying ho; = —a; with the fluid velocity v/ and T% with the
induced momentum density g; gives

55; ::;X§7‘7 X Vv
and implies the following value for the anomalous susceptibility

1
xv = cP(0,q) = D (1 + m2uT?) J
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Static limit and anomalous constitutive relations

@ To first derivative order, this implies the following the parity-odd
contributions to the energy-momentum tensor

5(T%) = —cP(0,q)ig/a, ,  §(T7) =0

Identifying ho; = —a; with the fluid velocity v/ and T% with the
induced momentum density g; gives

55; ::;X§7‘7 X Vv
and implies the following value for the anomalous susceptibility

1
xv = 67(0,9) =~ (4 + 7°uT?) J

o The term oc T2 was missing in the work of Son and Surowka.
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Around 2012 it was realized that the consequences of QFT anomalies in
hydrodynamics could be conveniently obtained from the analysis of an
equilibrium partition function:
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Around 2012 it was realized that the consequences of QFT anomalies in
hydrodynamics could be conveniently obtained from the analysis of an
equilibrium partition function:

o K. Jensen, M. Kaminski, P. Kovtun, R. Meyer, A. Ritz and A. Yarom,
Towards hydrodynamics without an entropy current, PRL109 (2012)
101601

o K. Jensen, Triangle Anomalies, Thermodynamics, and Hydrodynamics,
PRD85 (2012) 125017

e M. Valle, Hydrodynamics in 1 + 1 dimensions with gravitational
anomalies, JHEP 1208 (2012) 113

o N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Jain, S. Minwalla
and T. Sharma, Constraints on Fluid Dynamics from Equilibrium
Partition Functions, JHEP 1209 (2012) 046
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Around 2012 it was realized that the consequences of QFT anomalies in
hydrodynamics could be conveniently obtained from the analysis of an
equilibrium partition function:

o K. Jensen, M. Kaminski, P. Kovtun, R. Meyer, A. Ritz and A. Yarom,
Towards hydrodynamics without an entropy current, PRL109 (2012)
101601

o K. Jensen, Triangle Anomalies, Thermodynamics, and Hydrodynamics,
PRD85 (2012) 125017

e M. Valle, Hydrodynamics in 1 + 1 dimensions with gravitational
anomalies, JHEP 1208 (2012) 113

o N. Banerjee, J. Bhattacharya, S. Bhattacharyya, S. Jain, S. Minwalla
and T. Sharma, Constraints on Fluid Dynamics from Equilibrium
Partition Functions, JHEP 1209 (2012) 046

This is possible because the new anomaly induced transport coefficients,
which violate parity, are non-dissipative.
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@ The anomalous partition function is closely related to the
Wess-Zumino effective action, but has two distinctive features
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@ The anomalous partition function is closely related to the
Wess-Zumino effective action, but has two distinctive features

(1) It can be written as the 3d integral of a local polynomial in the

background fields.
(2) It can be decomposed into two different pieces

W[A] = Wanom[A] + Vva[A]

® Wanom is essentially given by the dimensional reduction of w3, ; on
the thermal cycle.

W3he1 — ntr (AgF™Y) + dT[A] )

The non-invariance of Wa,om[A] ~ I'[A] under gauge transformations
gives rise to the anomaly.

30/38



@ The anomalous partition function is closely related to the
Wess-Zumino effective action, but has two distinctive features

(1) It can be written as the 3d integral of a local polynomial in the
background fields.
(2) It can be decomposed into two different pieces

W[A] = Wanom[A] + VVlnv[A]

® Wanom is essentially given by the dimensional reduction of w3, ; on
the thermal cycle.

W3he1 — ntr (AgF™Y) + dT[A] )

The non-invariance of Wa,om[A] ~ I'[A] under gauge transformations
gives rise to the anomaly.

e Wi, is the integral of a Chern-Simons form. It is parity violating but
gauge invariant.
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U(1) anomalous partition function in 3 + 1 dimensions

Consider a gas of Weyl fermions in the presence of a time independent
gravitational background and U(1) gauge field

ds? = —e2 ™) (dt + a;(x)dx’)? + g;j(x)dx’ dx/
AN - (AO(X)7 A(X))

where i,j =1,2,3.
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U(1) anomalous partition function in 3 + 1 dimensions

Consider a gas of Weyl fermions in the presence of a time independent
gravitational background and U(1) gauge field

ds? = —e2 ™) (dt + a;(x)dx’)? + g;j(x)dx’ dx/
AN - (AO(X)7 A(X))

where i, j = 1,2,3. We have gauge and mixed (covariant) anomalies

1
Vudboy = 7€ (3caFunFpo + cmR* 3 R% apo)

1
V, T = Fr, % + 5Cm Vi (eP7%P F o RH o)

For a left-handed spinor in (3 + 1) dimensions,

1

ca=8cm=7,3
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@ To first order in the derivatives of the background fields the
anomalous partition function is given by

WIA, a] = %‘) / <2A02\d2\ + A?,Z\da) — &g To / Ada J

where a; is the Kaluza-Klein field and A; = A; — Aoa;.
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@ To first order in the derivatives of the background fields the
anomalous partition function is given by

WIA, a] = %‘) / (2A02\d2\ + A?,Z\da) — &g To / Ada J

where a; is the Kaluza-Klein field and A; = A; — Aoa;.

@ The integral proportional to cp is Wanom. The last integral, which is
the gauge invariant Wj,,, has the structure of a (mixed) Chern-Simons
term.

@ The coefficient &4 is in principle undetermined. However, it has been
argued (K. Jensen, R. Loganayagam and A. Yarom, JHEP02(2013)
088) that &g = —8m%cpm.
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@ This can be checked against explicit QFT computations by noting that
the partition function makes the following prediction for the
susceptibility considered earlier (6g = xvV x v)

Xv = 2(&q 1 T? — cap®) J
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@ This can be checked against explicit QFT computations by noting that
the partition function makes the following prediction for the
susceptibility considered earlier (6g = xvV x v)

Xv = 2(&q 1 T? — cap®) J

@ Our QFT computation gave

(1® +m2uT?)

XV= o2

which confirms that
1

Cuq = —8m2c, = ——
Cad T Cm o4
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Anomalous hydrodynamics in 2 4+ 1 dimensions

@ There are no gauge anomalies in odd space-time dimensions. As a
consequence, Wa,0m = 0 and

WIA, a] = Wi, [A, a] = / (a(o. Ao)dA + ToB(o, Ao)da) J

where A; = A; — Aoa; and the coefficient functions of the U(1) and
KK field strengths are in principle arbitrary.
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Anomalous hydrodynamics in 2 4+ 1 dimensions

@ There are no gauge anomalies in odd space-time dimensions. As a
consequence, Wa,0m = 0 and

WIA, a] = Wi, [A, a] = / (a(o. Ao)dA + ToB(o, Ao)da) J

where A; = A; — Aoa; and the coefficient functions of the U(1) and
KK field strengths are in principle arbitrary.

@ In J. Mafies and M. Valle, Parity odd equilibrium partition function in
2+1 dimensions, JHEP 1311 (2013) 178

we used Schwinger's proper time method to compute the unknown
functions in the partition function for an ideal gas of fermions
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-
They are given by

a0, Ag) = % log cosh[g(Ao - e"m)]] - % log [cosh[g(Ao + e7m)]

A
+ %fsgn(m)

B(o,Ag) = — %Aoe"m + 8ﬁwe"m log[2 cosh(AofB) + 2 cosh(e? fm)]

/B o —B(Ao+e?m)
—E(Ao-l—e m)log[l-l—e ]

+ %(Ao —e7m)log [1 4 e_ﬂ(AO_eam)]
1 & 1 &
S| —B(Act+em)|  ~ s | —B(Ac—e m)
+ v Liz [ € } v Liz [ € }
A3 B2

g e

4
59956



R ——
Hall viscosity
@ In 2 4+ 1 dimensions the stress tensor gets an anomalous contribution
th" = —pot” — fot”
where 7j is the Hall viscosity and
sy _ L (_pa, v, _vap, ou
o’ = > (5 Ua 0, +e uaap>

For the background considered above 5#” vanishes in equilibrium, and
7} can not be computed from the partition function.
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Hall viscosity

@ In 2 4+ 1 dimensions the stress tensor gets an anomalous contribution
tHY = —pot? — FEh
where 7j is the Hall viscosity and
ot = 1 ehaBy o¥ + VP y, ot
- 2 (0% P « P

For the background considered above 5#” vanishes in equilibrium, and
7} can not be computed from the partition function.

e M. Valle has recently shown (arXiv:1503.04020) that in the presence
of torsion " =£ 0, and the equilibrium partition function can be used
to obtain

. (Vw)
n= T4

=T i (1o (571 ) i (300 (2717
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N —
State of the art

For spacetimes of even dimension 2n:

@ There is a well established method to obtain the non-invariant part
Wanom of the anomalous partition function by dimensional reduction
of the Chern-Simons form wgnH on the thermal cycle. The only input
is the anomaly polynomial.
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N —
State of the art

For spacetimes of even dimension 2n:

@ There is a well established method to obtain the non-invariant part
Wanom of the anomalous partition function by dimensional reduction
of the Chern-Simons form w8n+1 on the thermal cycle. The only input
is the anomaly polynomial.

@ Regarding the invariant piece Wj,,, the authors of

K. Jensen, R. Loganayagam and A. Yarom, Chern-Simons terms from
thermal circles and anomalies, JHEP05(2014)110

propose the use of a ‘thermal anomaly polynomial’. They derive the
form of this polynomial from the condition of ‘consistency with the
thermal vacuum’.
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