Phase Transition of a Scalar Field Theory in the Early Universe Andreas Ipp,

Vienna University of Technology, Austria

• 1-loop mass correction in expanding background

• application of WKB and its restrictions

• Numerical comparison

diploma thesis under supervision of Anton Rebhan∗ and Laurence Yaffe†

∗Technische Universität Wien

†University of Washington, Seattle

Introduction

Scalar field theory with λφ4 self interaction in (thermal) real-time formalism

Expanding system, spatially flat FRW comoving metric ds2 = gμνdxμdxν = dt2 − a2(t)dx2 (1)

Propagators can be expressed in terms of mode functions which satisfy ¨ũ⃗ k + ( k2 a2 + m2 − 3 4 (ȧ a )2 − 3 2 ä a ) ũ⃗k = 0 (2)

e.g. equal time propagator Gc(t − t, ⃗k) = i 2a3(t) (1 + 2n⃗k) | |ũ⃗k(t) | | 2 (3)

Mass correction in curved space-time

Mass correction in λφ4-theory: m2 = −μ2 + δm2 with δm2 = −iλ[ ].

Proper renormalization ⇒ m2(t) = −μ2R + λR 2π2a3(t) × ∫ ∞ 0 |ũk(t)| 2 1 eβωk(0) − 1 k2dk (4) with mode functions ¨ũk + ( k2 a2 + m2 − 3 4 (ȧ a )2 − 3 2 ä a ) ũk = 0 (5)

Coupled system of equations, numerically demanding. What can we do analytically? ⇒ WKB

WKB solution and restrictions

General problem ( ∂2t + ω2⃗k (t) ) u⃗k(t) = 0 (6)

Ansatz for ω2 > 0 u⃗k(t) = R(t)eiS(t) (7) gives R = c/ √ Ṡ and 3 4 Ṡ−2S̈2 − 1 2 Ṡ−1...S − Ṡ2 + ω2 = 0 (8)

WKB approximation u⃗k(t) = c⃗k √ ω⃗k(t) e ±i ∫_t t0 dt′ω⃗k(t′) (9) | | | | d dt 1 ω⃗k(t) | | | | ≪ 1 and | | | | d2 dt2 1 ω2⃗ k (t) | | | | ≪ 1 (10)

WKB in comoving metric ω2k (t) = k2 a2 + m2(t) − 3 4 (ȧ a )2 − 3 2 ä a (11)

leads to restrictions on ω̄2 = k2/a2 + m2

|H| = | |ȧ a | | ≪ ω̄ 4 | |ä a | | ≪ ω̄2 2 | |ṁ m | | ≪ ω̄ 4β | |m̈ m | | ≪ ω̄2 2β2 (12) with 1/β ≡ ω̄/m ≥ 1. de Sitter universe: a(t) ∼ eHt ⇒ H ≪ m(0)4

power law: a(t) ∼ (t + t0)p ⇒ t0 ≫ 4pm(0) (p = 1/2 radiation dominated, p = 2/3 matter dominated universe)

WKB for ω2 < 0 u⃗k(t) = R(t)eS(t) (13)

u⃗k(t) = c⃗k √| |ω⃗k(t) | | e ± ∫_t t0 dt′ | |ω_{⃗k}(t^′) | | (14)

| | | d dt 1| |ω⃗k(t) | | | | | ≪ 1 and | | | | d2 dt2 1 | |ω⃗k(t) | | 2 | | | | ≪ 1 (15) Link these solutions by WKB connection formulae 1 √ ω cos ( φ + π 4 )| | | t≪t^1 ←→ 1 2 1 √ |ω| e−φ | | | | t≫t1 (16) 1 √ ω sin ( φ + π 4 )| | | t≪t^1 ←→ 1 √ |ω| eφ | | | | t≫t1 (17)

φ = φ(t) = ∫ t t1 | ω(t′) | dt′, ω = |ω(t)|

WKB approximation regions

m2(t) changes sign at TP1 and TP2. Region uk(t)u∗k(t) WKB I 1 2ωk(t) WKB II 12|ω_k(t)| ( e2�^1(t) + 14e−2�^1(t) )

WKB III 1 2ωk(t) [cosh (2Q)

+ sinh (2Q) cos (2�2(t))]

�1(t) ≡ ∫ t TP1 | ωk(t′) | dt′, �2(t) ≡ −π4 + ∫ t TP2 ωk(t′)dt′, Q ≡ ∫ TP2 TP1 | ωk(t′) | dt′ + log 2.

Taylor expansion for T ≫ m leads to simple formula for t ≲ TP1 m2(t) ≈ −μ2R + ( μ2R + m2(0) ) (a(0) a(t) )2

(18)

Numerical result (full line) and analytical result (dashed line) for m2(t) in a radiation dominated universe (λR = 0.01, 1/T = 0.02, a(t) = √ t + 1, m(0) = 1, μ2R ≈ 1.044).

Solving for m2(TP1) = 0 ⇒

TP1 ≈ t0 m2(0) μ2R ≈ 0.958 (19)

(Numerical: TP1 = 0.964)

Mass Taylor expansion for general β = 1/T

m^2_0 = −μ^2_R + 1 β^2 λ_R 2π^2 D_{1,1,2} m^2_0^′ = − 1 β^2 H λ_R 2π^2 D_{2,2,4} 1 +^1_2^{λR}_{2π2} D_{3,1,2}

m^2_0^{′′} = 1 β^2 λ_R 2π^2 1 1 +^1_2^{λR}_{2π2} D_{3,1,2} × [ H^2 (D_{4,2,6} + 2D_{3,3,6} − D_{3,2,6} − D_{2,2,4})

−H_2D_{2,2,4} + Hβ^2m^2_0^′D_{4,2,4} + 3 4 ( β^2m^2_0^′

)_2 D_{5,1,2} ]

with Debye functions

D_{r,s,t}(m̂) ≡ ∫_∞ 0 1 (√ k̂^2 + m̂^2 )_r ( e √_{k̂2+m̂2} )_{s−1} ( e √_{k̂2+m̂2} − 1 )_sk̂^tdk̂ ≥ 0 (20)

High-temperature limit further relies on βm0 ≫ 1 768π and λR ≪ βm0.

8-a

Summary

• Mass correction in λφ4-theory in expanding background: Coupled system of equations

• Description through WKB, valid for ω̄ ≫ 4H or −ω̄ ≪ 4H ⇒ connection formulae

• Quantitative understanding of WKB I: m2(t) ≈ −μ2R + ( μ2R + m2(0) ) (a(0) a(t) )2

• Qualitative understanding of WKB II&III:

low momentum modes grow exponentially, with

∫ TP2 TP1 |ωk(t)| dt.

References

G. Wentzel, Z. Phys. 38 (1926) 518; H.A. Kramers, Z. Phys. 39 (1926) 828; L. Brillouin, C. R. 183 (1926) 24.

E.W. Kolb and M.S. Turner, The early universe, Addison Wesley, Redwood City (1990).

H. Nachbagauer, A.K. Rebhan and D.J. Schwarz, The dynamics of cosmological perturbations in thermal λϕ^4 theory , Phys. Rev. D53 (1996) 5468.

J. Martin and D. Schwarz, astro-ph/9911225 (1999).

F. Cooper and E. Mottola, Initial Value Problems in λφ^4Field Theory in a Background Gravitational Field, Los Alamos Preprint LA-UR-87-1720 (1987).

F. Cooper, S. Habib, Y. Kluger, E. Mottola, and J.P. Paz, Non-equilibrium quantum fields in the large N expansion, hep-ph/9405352 (1994).

D. Boyanovsky, D. Cormier, H.J. de Vega, R. Holman and S.P. Kumar, Self-consistent dynamics of inflationary phase transitions, astro-ph/9707267 (1997).