
Colour-dressed one-loop amplitudes
from generalized unitarity[CERN, Geneva 2009℄----------------------------------------------Jan Winter a� Fermilab �

Results for 
olour-ordered amplitudesalgorithm based on method by Ellis, Giele, Kunszt, MelnikovExtension of numeri
al method to 
olour-dressed amplitudes�rst preliminary results ... work in progress

a
In collaboration with: W. Giele and Z. Kunszt
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C++ code to calculate ordered amplitudesImplemented algorithm based on ...

[ELLIS, GIELE, KUNSZT, ARXIV:0708.2398] 4DIM METHOD, CUT-CONSTRUCTIBLE PART

[GIELE, KUNSZT, MELNIKOV, ARXIV:0801.2237] DDIM METHOD, RATIONAL PART

[GIELE, ZANDERIGHI, ARXIV:0805.2152] APPLICATION OF DDIM METHOD TO PURE GLUONSindependent implementation of EGKM method (from s
rat
h, no translation of Fortran routines)good x
he
k of generalized-unitarity method and its resultsN external gluons & their polarizations (leading-)
olour-ordered 1-loop amplitude (FDH)a

ura
y � numeri
al stability of algorithm
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Accuracy(
al
ulations shown are in double pre
ision only) [GIELE, WINTER, ARXIV:0902.0094]peak positions & tails are OK, 
omparable to Ro
ket (Ru
ola) results [GIELE, ZANDERIGHI]start losing �nite-part pre
ision about N = 10, 11, lost when N = 15(double pre
ision not enough, too many large numbers involved)
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Speed of the calculation(
al
ulations shown are in double pre
ision only) [GIELE, WINTER, ARXIV:0902.0094]we 
he
ked algorithm for polynomial 
omplexity (τ ∼ Nx)we 
he
ked for asymptoti
 value of x using the fra
tions: x = ln
τN+1

τN
/ ln N+1
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Algorithm for full one-loop amplitudes

⇒ Constru
tion of an algorithm of exponential 
omplexity. Colours in
luded. (see Giele's talk)
⇒ Our naive expe
tation of the asymptoti
 s
aling is (f × 5)N for N legs.
⇒ Colour-dressed re
ursions give fa
tor f > 1, 
an be as large as 4.
⇒ Number of pentagons rise with 5N ... asymptoti
 behaviour of S2(N, 5).input: external parton momenta & polarizations plus their expli
it 
olours(
olour-�ow representation)output: amplitude M1 in form of 
omplex numberBased on EGKM algorithm for 
olour-ordered amplitudes. Extensions are ne
essary.De
omposition of the integrand: sums over ordered 
uts 
hange into sums over partitionsin
luding non-
y
li
, non-re�e
tive permutations of the initial partitions.

P

[i1|ik]

→
P

RP π1···πk
(1,2,..,N)Cal
ulation of the integrand's residues: use 
olour-dressed re
ursions and sum over internalpolarizations and internal 
olours.Symmetry fa
tor of 1/2! needs to be applied to bubble 
oe�
ients.
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Unordered gluons: partitions and subtractionsde
omposition of integrand

A
(Ds)
N ({pi}, ℓ) =

N0({pi}, ℓ) + (Ds − 4)N1({pi}, ℓ)

d1d2 . . . dN
=

5
X
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dπ1 . . . dπknumber of total partitions: max{1, (k − 1)!/2} × S2(N, k) ⇒ in
reased number of termsord.) N 5-gons boxes triangles bubbles total unord.) N 5-gons boxes triangles bubbles total4 0 1 4 6 11 4 0 3 6 3 125 1 5 10 10 26 5 12 30 25 10 776 6 15 20 15 56 6 180 195 90 25 4907 21 35 35 21 112 7 1680 1050 301 56 30878 56 70 56 28 210 8 12600 5103 966 119 187889 126 126 84 36 372 9 83412 233103025 246 109993ord.) number of orderings however grows as (N − 1)!/2, unord.) Stirling numbers grow as kNsolving for numerator 
oe�
ients requires subtra
tions ex
ept for highest 
utsubtra
tion terms identi�ed by de-pin
hing, may 
ause shifts in loop momentae.g. 4-gluon bubble 01|23 has 4 triangle subtra
tion terms:0|1|23 with ℓ̂ = ℓ and ℓ̂ = −ℓ + p23 and 2|3|01 with ℓ̂ = −ℓ and ℓ̂ = ℓ + p01
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Colour-dressed recursion relationsshow exponential growth with N , 
f. [DUHR, HÖCHE, MALTONI], implemented in ...COMIX ... SM tree-level ME generator based ongeneralized 
olour-dressed Berends�Giele re
ursions [GLEISBERG, HÖCHE]
olour-�ow de
omposition for gluon 
urrents used in our study
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our tree-level amplitude 
al
ulations s
ale as 4N(in COMIX, Vgggg is repla
ed by e�e
tive Vggg, whi
h yields 3N s
aling)needed to 
al
ulate the LHS of the parametri
 form when solving for the 
oe�
ientsResκ1···κn
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internal 
olour sum is 
ostly: reuse as many JIJ
µ as possible, store & 
ompute only non-zeros
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First preliminary resultsResults 
an be tested: (not to mention internal 
onsisten
y 
he
ks)(1) ⇒ double poles obey M
(dp)
1 = −cΓ ǫ−2 NCN M0(2) ⇒ vs 
olour de
omposition into ordered amplitudes (using the �old� algorithm)s
hemati
ally M1 =
P

P (2,..,N)/ZN−1
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Table of very �rst results: 2 → N − 2 gluons, (+ + −− ..) polarizations, ( ..1131..
..1311..

) 
olours &random PSPs obeying separation 
uts ... 
omputation times in se
s (2.20GHz IntelCore2Duo)ord.) N 
ut-
,4D fa
tor full,5D fa
tor unord.) N 
ut-
,4D fa
tor full,5D fa
tor OK?4 0.025 0.045 4 0.05 0.105 X5 0.185 7.4 0.355 7.9 5 0.315 6.3 0.74 7.0 X6 0.83 4.5 2.7 7.6 6 1.37 4.3 4.59 6.2 X7 7.95 9.6 27.5 10.2 7 8.4 6.1 32.5 7.1 X8 86.5 10.9 439 16.0 8 52 6.2 234 7.2 X9 2220 25.7 no 9 380 7.3 3370 14.4 noord.) fa
tors in
rease with larger N , unord.) growth seems to follow (f · 5)N , 1 < f < 2Have to �nd the reason(s) for the odd N = 9 results.
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Summary

C++ 
ode that implements Ellis�Giele�Kunszt�Melnikov method of 
al
ulating
olour-ordered one-loop amplitudes using unitarity 
uts.

⇒ good double-pre
ision results for gluon 
ase.

⇒ potential improvements: �tting 
oe�
ients, higher pre
ision.Algorithm and implementation for full amplitudes using 
olour-dressed re
ursion relations.

⇒ algorithm is of exponential 
omplexity.
⇒ asymptoti
 s
aling of ∼ 7N seen so far, does it persist for many legs?
⇒ more to do: fully in
lude quarks, squared amplitudes, OLE, xse
s (pure jets)First numeri
al results presented for 
olour-dressed one-loop amplitudes. Algorithm works.

⇒ more stress tests needed: in
rease N , a

ura
y of results.
⇒ 
olour-sampling 
onvergen
e test when integrating 2Re(M0M∗

1).
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