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(g-‐2)μ	  :	  theory	  vs	  experiment	  

SM	  predic:ons	  for	  aμ	  	  	  

BNL-‐E821	  measurement	  of	  aμ	  	  	  

aμexp	  =	  (11	  659	  208.9	  ±	  6.3)	  x	  10-‐10	  	  	  	  

aμexp	  -‐	  aμSM	  	  =	  	  
(26.1	  ±	  5.0	  th	  ±	  6.3	  exp)	  x	  10-‐10	  	  	  	  

3	  -‐	  4	  σ	  devia2on	  
from	  SM	  value	  !

Errors	  or	  new	  physics	  ?

New	  FNAL,	  J-‐PARC	  experiments	  	  

δaμFNAL	  =	  1.6	  x	  10-‐10	  	  	  	  

factor	  4	  improvement	  in	  exp.	  error	  	  	  	  

-‐>	  	  Improve	  theory	  !	  

Hagiwara et al. (2011)  

FNAL

M.	  Lancaster	  	  	  
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(g-‐2)μ	  :	  history	  of	  relevant	  correc:ons	  

Uncertainty*of*measurement*in*10211*

Contribu5on*(theory)*resolved*

Brookhaven*

CERN*I*

Nevis*
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strong	  contribu:ons	  to	  (g-‐2)μ	  

    aμhad,	  LbL	  =	  (10.5	  ±	  2.6)	  x	  10-‐10	  	  	  	  	  
Jegerlehner,Nyffeler 

(2009)  

HVP	  determined	  by	  cross	  sec:on	  
measurements	  of	  e+e-‐	  -‐>	  hadrons	  

hadronic	  vacuum	  polariza:on	  
(HVP)

hadronic	  light-‐by-‐light	  scaWering	  
(HLbL)

    aμl.o.	  had,	  VP	  =	  (692.3	  ±	  4.2)	  x	  10-‐10	  	  	  	  	  

measurements	  of	  meson	  transi:on	  
form	  factors	  required	  as	  input	  to	  

reduce	  uncertainty

Teubner et al. (2011)  

New$FNAL$and$J,Parc$(g,2)μ$expt.$:$$δ aµ
exp = 1.6 x 10-10$

    	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  =	  (10.2	  ±	  3.9)	  x	  10-‐10	  	  	  	  	  

Prades,de Rafael, 
Vainshtein(2009)  

Jegerlehner(2015)  
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HVP	  correc:ons	  to	  (g-‐2)μ	  	  
Op#cal'theorem'and'analy#city'allow'to'relate'HVP'
contribu#on'to'(g:2)μ'with'σhad'='σ(e+e:→hadrons)'

    

€ 

aµ
had,VP =

1
4π3 ds

4mπ
2

∞

∫ K(s)σ had

known  Kernel function 

Hadronic cross section 

σhad:&Energy&range&
up&to&3&GeV&
essen5al&!!

Y.	  Guo	  	  

-‐	  la$ce	  QCD
theory	  developments:	  -‐	  update	  ππ	   I.	  Caprini	  	  

A.	  JueWner,	  Ch.	  Davies	  	  

aim:	  reduc3on	  of	  current	  error	  
by	  factor	  of	  2
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hadronic	  LbL	  correc:ons	  to	  (g-‐2)μ	  	  

experimental	  input:	  meson	  transi3on	  FFs,	  𝛾*	  𝛾*	  -‐>	  mul3-‐meson	  states,	  meson	  Dalitz	  decays	  

-‐	  la$ce	  QCD

π0, η, η#$
!

γ�!

γ(�)!

e�!

e�!

e+!e+!

π0, η, η#$
!

γ(�)!

γ�!

e�!

e+!

CLEO,	  BaBar,	  
Belle,	  BESIII,	  ...

KLOE,	  MAMI/A2,	  
BESIII,	  ...

SND,	  CMD-‐2,	  
BESIII,	  ...

this	  talk,	  	  G.	  Colangelo	  	  

G.	  Eichmann	  	  	  

theory	  deveolpments:	  -‐	  sum	  rules,	  dispersion	  rela3ons

Y.	  Guo

-‐	  Dyson-‐Schwinger
	  	  	  

-‐	  phenomenology,	  modeling P.	  Sanchez	  Puertas,	  A.	  Zhevlakov	  	  	  	  
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hadronic	  LbL	  correc:ons	  to	  (g-‐2)μ	  :	  relevant	  contribu:ons	  
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what	  is	  known	  about	  hadronic	  LbL	  scaWering	  ?	  
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helicity	  amplitudes:

�⇤(�1, q1) + �⇤(�2, q2) ! �⇤(�0
1, q1) + �⇤(�0

2, q2)�1, q1

�2, q2 �0
2, q2

�0
1, q1

s = (q1 + q2)
2, u = (q1 � q2)

2

kinema3cal	  invariants:

⌫⌘ s� u

4
, Q2

1 ⌘ �q21 , Q2
2 ⌘ �q22

M�0
1�

0
2,�1�2

(⌫, Q2
1, Q

2
2) � = 0,±1

P : M�0
1�

0
2,�1�2

= M��0
1��0

2,��1��2

discrete	  symmetries:

T : M�0
1�

0
2,�1�2

= M�1�2,�0
1�

0
2

8	  independent	  amplitudes:

M++,++, M+�,+�, M++,��,

M00,00, M+0,+0, M0+,0+, M++,00, M0+,�0

T

T	  and	  L

Theory:	  sum	  rules	  for	  LbL	  scaWering	  (I)

Thursday, September 29, 16



sum	  rules	  for	  LbL	  scaWering	  (II)

Unitarity:	  link	  to	  𝛾*	  𝛾*	  →	  X	  cross	  sec3ons	  	  
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lepton	  beam	  polariza3on

Experiment:	  e-‐	  e+	  →	  e-‐	  e+	  X	  cross	  sec3ons	  	  

e-

e+

Q12   

Q22   

ρ’s,	   𝜙 : kinema3cal	  quan33es

Thursday, September 29, 16



sum	  rules	  for	  LbL	  scaWering	  (III)

imaginary	  part	  of	  the	  amplitude	  -‐	  
photon-‐photon	  fusion	  into	  leptons	  

and	  hadrons:

real	  part	  of	  the	  amplitude	  -‐	  	  
low-‐energy	  structure	  of	  the	  elas3c	  

LbL	  scaOering:

dispersion	  
theory

Sum	  rules

�Z

s0

ds

s
[�2(s)� �0(s)] = 0

unitarity LETs

c1 ± c2 =
1

8�

�Z

s0

ds

s2
⇥
�k(s)± �?(s)

⇤

micro-‐causality

L(8) = c1(F��F��)2 + c2(F�� F̃��)2Imf (�)(s) = � s
8 [�2(s)� �0(s)]

Imf (+)(s) = � s

8 [�tot

(s)] Euler, Heisenberg (1936)  
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sum	  rules	  for	  LbL	  scaWering	  (IV)

3	  superconvergent	  rela3ons:

SRs involving LbL 
low-energy constants:

0 =

�Z

s0

ds
1

(s+Q2
1)
[�0 � �2]Q2

2=0

0 =

�Z

s0

ds
 �TL
Q1Q2

�

Q2
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ds
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(s+Q2
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2

2
4�k + �LT +

(s+Q2
1)

Q1Q2
��TL

3
5
Q2
2=0

helicity	  difference	  
sum	  rule

sum	  rules	  involving	  
longitudinal	  photons

c1 ± c2 =
1

8�

�Z

s0

ds

s2
⇥
�k(s)± �?(s)

⇤

Pascalutsa, Pauk, Vdh (2012, 2014)  

for	  Q2	  =	  0:	  GDH	  sum	  rule
Gerasimov, Moulin 

(1975),  
Brodsky,Schmidt 
(1995)  

+	  6	  new	  LECs	  at	  next	  order

Pascalutsa, Vdh (2010)   
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sum	  rules	  for	  LbL	  scaWering	  (V)
sum	  rules	  have	  been	  tested	  in	  perturba3ve	  QFT	  both	  at	  tree-‐level	  and	  1-‐loop	  level

�� �� �� ��� ��� ��� ����-���

-���

-���

-���

-���

���

���

���

V êP �

VêHV
+
4
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D
s
*
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�
êa�
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Q2
1 = 0

Q2
1 = m2

Q2
1 = 5m2

scalar	  QED

0 =

�Z

s0

ds
1

(s+Q2
1)
[�0 � �2]Q2

2=0
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meson	  produc:on	  in	  𝛾𝛾 collisions	  (I)	  

-‐	  two-‐photon	  state:	  produced	  meson	  has	  	  	  C=+1

-‐	  both	  photons	  are	  real:	  J=1	  final	  state	  is	  forbidden	  

(Landau-‐Yang	  theorem);

the	  main	  contribu3on	  comes	  from	  

J=0:	  0-‐+	  (pseudoscalar)	  and	  0++	  (scalar)

and	  J=2:	  2++	  	  (tensor)

���(P) =
��2

4
m3 |FM����(0,0)|2 two-‐photons	  decay	  rate	  for	  the	  meson

���!M� (s) ⇡ (2J+ 1)16�2
���
mM

�(s�m2
M) meson	  contribu3on	  to	  the	  cross-‐sec3on	  in	  the	  

narrow-‐resonance	  approxima3on

- the	  SRs	  hold	  separately	  for	  channels	  of	  given	  intrinsic	  quantum	  numbers:	  isoscalar	  

and	  isovector	  mesons,	  cc̅	  states

- input	  for	  the	  absorp3ve	  part	  of	  the	  SRs:	  γγ-‐hadrons	  response	  func3ons,	  can	  be	  expressed	  in	  
terms	  of	  γγ→M	  transi3on	  form	  factors
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R ds
s (�2 � �0) c1 c2

[nb] [10�4GeV�4] [10�4GeV�4]

� �191± 10 0 0.65± 0.03
�0 �300± 10 0 0.33± 0.01

ƒ0(980) �19± 5 0.020± 0.005 0
ƒ 00(1370) �91± 36 0.049± 0.019 0
ƒ2(1270) 449± 52 0.141± 0.016 0.141± 0.016
ƒ 02(1525) 7± 1 0.002± 0.000 0.002± 0.000
ƒ2(1565) 56± 11 0.012± 0.002 0.012± 0.002

Sum �89± 66 0.22± 0.03 1.14± 0.04

the I=0 channel

dominant	  contribu3on	  to	  c2	  comes	  from	  η,	  η’	  and	  	  f2(1270)

Pascalutsa, Pauk, Vdh (2012)  

dominant	  contribu3on	  to	  c1	  comes	  from	  f2(1270)

f2(1270)

Dai, Pennington (2014)  

meson	  produc:on	  in	  𝛾𝛾 collisions	  (II)	  

dominant	  features:
-‐	  Born	  terms	  for	  π+	  π-‐	  	  

-‐	  s-‐wave	  rescaOering

-‐	  tensor	  resonance	  f2(1270)	  

0 =

�Z

s0

ds
1

(s+Q2
1)
[�0 � �2]Q2

2=0

SR for Q12= 0
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𝛾*𝛾*	  →	  M	  processes:	  meson	  transi:on	  form	  factors	  (TFFs)	  

γ* γ -> η γ* γ -> η‘

π0, η, η#$
!

γ�!

γ(�)!

e�!

e�!

e+!e+!

new	  data	  0.3	  GeV2	  <	  Q2	  <	  3	  GeV2	  from	  BES-‐III	  under	  analysis

γ* γ -> π0 23

the functional form

Q

2|F (Q

2
)| = A

✓
Q

2

10 GeV

2

◆�

, (22)

where A and � are fit parameters. BaBar reported
A = 0.182 ± 0.002 GeV and � = 0.25 ± 0.02; how-
ever, the uncertainty for A does not include the Q

2-
independent systematic uncertainty that amounts to
2.3% (namely ±0.0041 GeV as this error component
for Q2|F (Q

2
)|). Taking this into account, the uncer-

tainty on A reported by BaBar could be replaced by
A = 0.182± 0.005 GeV. To compare our results with
BaBar’s, we use the same parameterization in our fit
procedure and assume a Q

2-independent systematic
uncertainty (thus, the total normalization error) of
3.2% for Q2|F (Q

2
)|; we remove this component from

the combined statistical and systematic errors and
instead add it in quadrature to the uncertainty in A.
The fit results from Belle are A = 0.169±0.006 GeV
and � = 0.18 ± 0.05. The goodness of the fit is
�

2
/ndf = 6.90/13, where ndf is the number of de-

grees of freedom. The fit results are also shown in
Fig. 24. The fit of the Belle data to the function is
good, and we find a difference of ⇠ 1.5� between the
Belle and BaBar results in both A and �.

We then try another parameterization in which
Q

2|F (Q

2
)| approaches an asymptotic value, namely

Q

2|F (Q

2
)| = BQ

2

Q

2
+ C

. (23)

The fit gives B = 0.209± 0.016 GeV and C = 2.2±
0.8 GeV

2 with �

2
/ndf = 7.07/13, and is also shown

in Fig. 24. The fitted asymptotic value, B, is slightly
larger than the pQCD value of ⇠ 0.185 GeV but is
consistent.

VI. SUMMARY AND CONCLUSION

We have presented a measurement of the neutral
pion transition form factor for the process ��⇤ ! ⇡

0

in the region 4 GeV

2 <⇠ Q

2 <⇠ 40 GeV

2 with a
759 fb�1 data sample collected with the Belle detec-
tor at the KEKB asymmetric-energy e

+
e

� collider.
The measured values of Q

2|F (Q

2
)| agree with the

previous measurements [1, 3, 4] for Q

2 <⇠ 9 GeV

2.
In the higher Q

2 region, in contrast to BaBar, our
results do not show a rapid growth with Q

2 and are
closer to theoretical expectations [5].

FIG. 24: Comparison of the results for the product
Q

2|F (Q2)| for the ⇡

0 from different experiments. The
error bars are a quadratic sum of statistical and system-
atic uncertainties. For the Belle and BaBar results, only
a Q

2-dependent systematic-error component is included.
The two curves denoted fit(A) use the BaBar parameter-
ization while the curve denoted fit(B) uses Eq.(23) (see
text). The dashed line shows the asymptotic prediction
from pQCD (⇠ 0.185 GeV).
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heavier	  meson	  TFFs	  

mM ���
R ds

s2 �k(s)
R
ds
ï
1
s

��TL
Q1Q2

ò

Q2
� =0

R
ds
ï

1
s2 �k +

1
s

��TL
Q1Q2

ò

Q2
� =0

[MeV] [keV] [nb / GeV2] [nb / GeV2] [nb / GeV2]
ƒ1(1285) 1281.8± 0.6 3.5± 0.8 0 �93± 21 �93± 21
ƒ1(1420) 1426.4± 0.9 3.2± 0.9 0 �50± 14 �50± 14
ƒ0(980) 980± 10 0.29± 0.07 20± 5 0 20± 5
ƒ 00(1370) 1200� 1500 3.8± 1.5 48± 19 0 48± 19
ƒ2(1270) 1275.1± 1.2 3.03± 0.35 138± 16 ¶ 0 138± 16
ƒ 02(1525) 1525± 5 0.081± 0.009 1.5± 0.2 ¶ 0 1.5± 0.2
ƒ2(1565) 1562± 13 0.70± 0.14 12± 2 ¶ 0 12± 2

Sum 76± 36

-‐	  one	  photon	  is	  virtual	  Q12,	  second	  is	  quasi-‐real	  Q22≃0:

-‐	  axial-‐vector	  mesons	  1++	  are	  allowed	  

-‐	  f1(1285),	  f1(1420)	  transi3on	  FFs	  constrained	  from	  LEP	  (L3)	  data	  

0 =

�Z

s0

ds
1

(s+Q2
1)

2

2
4�k + �LT +

(s+Q2
1)

Q1Q2
��TL

3
5
Q2
2=0

-‐	  dominant	  features:	  	  f1(1285),	  f1(1420),	  f2(1270)

-‐	  sum	  rules	  allow	  to	  constrain	  so	  far	  unmeasured	  contribu3ons,	  e.g.	  𝛾*	  𝛾*	  →	  tensor	  TFFs	  	  

Pascalutsa, Pauk, Vdh (2012)  

for	  Q12=0
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comparison	  for	  f2(1270)	  TFFs	  with	  new	  Belle	  data

� � � � � ����
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using	  data	  for	  η,	  η’	  FF
using	  data	  for	  f1(1285),	  f1(1420)	  FF

f2(1270)
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f2(1270)	  helicity-‐2	  TFF	  from	  LbL	  sum	  rules	   f2(1270)	  helicity-‐2	  TFF	  from	  data	  
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dispersive	  analyses	  for	  𝛾	  𝛾	  →	  π	  π	  ,	  	  𝛾*	  𝛾	  →	  π	  π	  	  

mul:-‐meson	  produc:on	  in	  𝛾*𝛾*collisions	  
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related	  approaches:	  	  

-‐	  Roy	  Steiner	  	  

-‐	  unitarized	  ChPT

-‐	  coupled	  channel	  

Hoferichter, Phillips, Schat (2011)   

Oller, Roca (2008);...   

Danilkin, Lutz, Leupold, Terschlusen (2013);...
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new	  BES-‐III	  under	  analysis,	  first	  comparison	  with	  theory Y.	  Guo	  	  	  	  

γ γ -> π+ π- γ* γ -> π+ π- 

Masjuan, Vdh (2015); 
Danilkin (in progress)  
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ladce	  calcula:on	  of	  forward	  𝛾*𝛾* scaWering

Euclidean	  correlator	  	  for	  LbL	  scaOering	  

Green, Gryniuk, von Hippel, Meyer, Pascalutsa (2015)  
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forward	  amplitude	  for	  two	  transverse	  (T)	  𝛾*	  	  	  	  

comparison	  with	  dispersive	  sum	  rule	  evalua3on	  	  	  	  
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promising	  consistency	  between	  la$ce	  
and	  dispersive	  es3mates	  

2-‐flavor	  QCD,	  quark	  connected	  contribu3on	  	  	  	  

next	  steps:	  disconnected,	  la$ce	  evalua3on	  of	  aμ	  	  from	  ΠE
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how	  to	  es:mate	  the	  HLbL	  contribu:on	  to	  aμ	  ?
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single	  meson	  contribu:ons	  to	  aμ	  (I)

dominating region
Q1∼Q2∼1 GeV

BES III
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Knecht, Nyffeler (2002)   for	  π0	  :	  

extended	  in	  many	  works	  

f1(1285)
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single	  meson	  contribu:ons	  to	  aμ	  (II)

pseudo-scalars axial-vectors scalars tensors
BPP 85± 13 2.5± 1.0 �7± 2 -
HKS 82.7± 6.4 1.7± 1.7 - -
MV 114± 10 22± 5 - -
KN 83± 12 - - -
J 93.9± 12.4 ⇠ 7 �6.0± 1.2 -

this work - 6.4± 2.0 �(0.9 ⇠ 3.1)± 0.8 1.1± 0.1

axial-‐vector	  meson	  re-‐evalua3on	  was	  reported	  in	  2	  works

Pauk, Vdh 
(2013)   

Jegerlehner  

-‐	  implementa3on	  of	  Landau-‐Yang	  theorem	  

constraint	  leads	  to	  difference	  with	  previous	  results	  	  

tensor	  mesons	  evaluated	  for	  first	  3me

aμ	  in	  units	  10-‐11
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HLbL	  to	  aμ	  :	  present	  status	  and	  outlook
es3mate	  for	  pion	  loop	  contribu3on	  (with	  full	  VMD	  FF)	  

aμLbL	  π-‐loop	  =	  (-‐	  2.0	  ±	  0.5)	  x	  10-‐10	  

Bijnens et al. (2014)  

integra3ng	  momenta	  in	  loop	  up	  to	  1	  GeV

7.5	  ±	  2.7

updated	  HLbL	  
aμ	  	  =	  (102	  ±	  39)	  x	  10-‐11

102	  ±	  39

Jegerlehner (2015)  

Total	  HLbL [aμ	  in	  units	  10-‐11]

how	  to	  improve	  on	  the	  present	  calcula3ons	  ?	  

-‐	  spacelike	  doubly-‐virtual	  measurement	  of	  π0	  TFF	  at	  BESIII	  	  (Q12,	  Q22	  ∼	  0.5	  -‐	  1	  GeV2	  )	  	  

-‐	  dispersive	  analyses	  for	  	  ππ	  loop	  contribu3on	  to	  aμ	  	   Colangelo, Hoferichter, Procura, 
Stoffer (2014,2015) Colangelo

-‐	  dispersive	  analysis	  for	  aμ	  	   Pauk, Vdh (2014)   

Y.	  Guo	  	  	  	  
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dispersive	  analysis	  for	  aμ	  (I)	  

aµ = F2(0)

F2(0) =
1

2⇡i
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aµ = lim
k!0

F2(k
2, (p+ k)2, p2)

dispersion	  formalism	  directly	  for	  aμ	   Pauk, Vdh (2014)   
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dispersive	  analysis	  for	  aμ	  (II)	  

2-‐par:cle	  cuts

π0	  -‐	  pole	  at	  (qi+qj)2	  =	  M2

q1
q3

analy3cal	  structure	  
of	  LbL	  amplitude

vector	  -‐	  poles	  at	  qi2	  =	  Λ2

* *

**

proof	  of	  principle:	  	  pole	  contribu3ons

π0 γπ0 V

π0 γπ0 V

2-‐par3cle	  
discon3nui3es

(1)

(2)
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dispersive	  analysis	  for	  aμ	  (III)	  

γ γ γ

γ V γ

V V V

V γ γ γ γ V

γ V V

V V γV γ V

γ V γ

V V V

γ γ V

V γ V

γ γ γ

V γ γ

γ V V

V V γ

µ µ π

(1) (2)

(2)
3-‐par3cle	  

discon3nui3es
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dispersive	  analysis	  for	  aμ	  (IV)	  
reconstruc3on	  of	  aμ	  from	  dispersion	  integral:	  proof	  of	  principle

aµ * M3/(_ Kaa)  (in GeV2): diagram a

R = 0.77 GeV

M (GeV)
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Pauk, Vdh (2014)   

Mγ!cut!

3γ!cut!

M!

exact	  agreement	  between	  direct	  2-‐loop	  	  and	  dispersive	  calcula3on	  found
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Summary	  and	  outlook	  

HLbL:	  new	  model	  independent	  theore:cal	  tools	  for	  𝛾*	  𝛾*	  →	  X	  	  	  	  

-‐	  sum	  rules,	  dispersive	  frameworks	  for	  meson	  transi3on	  FFs:	  
	  	  	  -‐>	  allow	  to	  include	  experimental	  constraints	  (new	  data	  from	  Belle,	  BESIII)	  	  	  	  

-‐	  new	  evalua3on	  of	  heavier	  meson	  contribu:ons

new	  dispersion	  rela:on	  frameworks	  for	  HLbL	  to	  aμ	  :	  
-‐>	  require	  close	  collabora3on	  with	  experiment	  (spacelike,	  3melike,	  meson	  decays)	  	  	  

goal:	  realis:c	  error	  es:mate	  on	  aμ	  /	  reduce	  to	  	  20	  x	  10-‐11	  	  	  (20	  %	  of	  HLbL)	  	  

data	  driven	  approach	  also	  in	  HLbL	  	  	  	  

-‐>	  	  aμ	  	  =	  ～	  7	  x	  10-‐11	  	  (factor	  3	  smaller	  than	  previous	  es3mates)

-‐	  pioneering	  new	  ladce	  QCD	  calcula3ons	  for	  HLbL:	  
-‐>	  promising	  agreement	  with	  sum	  rule	  es3mates	  found
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