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Muon anomalous magnetic moment

aµ =
g � 2

2
Measure using polarised muons circulating in E and  B 
fields. At a momentum where               terms cancel,  
difference between precession and cyclotron frequencies:
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BNL result:
aexpt
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= 11659208.9(6.3)⇥ 10�10
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1.6, starting 2017
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Blum et al, 
1301.2607

Standard Model theory expectations
Contributions 
from QED, 
EW and QCD 
interactions. 
QED 
dominates.  
QCD contribs  
start at 

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.
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Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.
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LO Hadronic vacuum polarisation (HVP) 
dominates uncertainty↵2

QED
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and CP 
conserving

aQED
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SM contribution
Hadronic, EWK and 5th order QED contributions are all in play. 

Uncertainty on EWK and QED is tiny and SM uncertainty  
is dominated by hadronic uncertainty. 

M. Lancaster!
PPAP2015

planned

Uncertainty dominated by that from hadronic contribns

value from 
e+e- to hadrons 
cross-section 
e.g. arXiv:
1105.3149
695(4)⇥ 10�10



aexpt
µ

� aQED

µ

� aEW

µ

= 721.7(6.3)⇥ 10�10

= aHV P
µ + aHOHV P

µ + aHLBL
µ + anew physics

µ

Hadronic contributions

Focus on lowest order hadronic vacuum polarisation,  
so assume: 

aHLbL
µ = 10.5(2.6)⇥ 10�10

aHOHV P
µ = �8.85(9)⇥ 10�10 NLO+NNLO

aHV P,no new physics
µ = 719.8(6.8)⇥ 10�10

Kurz et al, 
1403.6400

**compare 1105.3149 - discrepancy 24.9(8.0)⇥ 10�10



Lattice calculation of HVP

µ

q

q
Analytically continue to Euclidean q2.

aHV P,i
µ =

↵

⇡

Z 1

0
dq2f(q2)(4⇡↵e2i )⇧̂i(q

2)

connected contribution for flavour i

Blum, hep-lat/
0212018

f(q2) divergent function with scale set by  mµ

⇧̂(q2) = ⇧(q2)�⇧(0)

HPQCD method: time-moments of vector JJ 
correlators give expansion around q2=0
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HPQCD, 1403.1778

replace with 
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Working with staggered quarks in new  ‘2nd generation’ 
calculations - further improved gluon and quark actions

real 
world

mass of u,d 
quarks

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

“2nd generation” 
lattices inc. c 
quarks in sea

m⇡L > 3

HISQ = Highly 
improved 
staggered quarks -
very accurate 
discretisation 

135 MeV
m⇡0 =

E.Follana, et al, 
HPQCD, hep-lat/
0610092.
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STRANGE contribution

0.005 0.010 0.015 0.020 0.025

a2 (fm2)

52.5

53.0

53.5

54.0

54.5

55.0

as µ
⇥

10
10

HPQCD 1403.1778

5

FIG. 4: Lattice QCD results for the connected contribution to
the muon anomaly aµ from vacuum polarization of s quarks.
Results are for three lattice spacings, and two light-quark
masses: m

lat
` = ms/5 (lower, blue points), and m

lat
` = m

phys
`

(upper, red points). The dashed lines are the corresponding
values from the fit function, with the best-fit parameter val-
ues: ca2 = 0.29(13), csea = �0.020(6) and cval = �0.61(4).
The gray band shows our final result, 53.41(59)⇥10�10, with
m

lat
` = m

phys
` , after extrapolation to a = 0.

TABLE III: Error budgets for connected contributions to the
muon anomaly aµ from vacuum polarization of s and c quarks.

a

s
µ a

c
µ

Uncertainty in lattice spacing (w0, r1): 1.0% 0.6%
Uncertainty in ZV : 0.4% 2.5%

Monte Carlo statistics: 0.1% 0.1%
a

2 ! 0 extrapolation: 0.1% 0.4%
QED corrections: 0.1% 0.3%

Quark mass tuning: 0.0% 0.4%
Finite lattice volume: < 0.1% 0.0%
Padé approximants: < 0.1% 0.0%

Total: 1.1% 2.7%

mistuning of the sea and valence light-quark bare masses:

�xsea ⌘
X

q=u,d,s

m

sea
q

� m

phys
q

m

phys
s

(9)

�x

s

⌘ m

val
s

� m

phys
s

m

phys
s

. (10)

For our lattices with physical u/d sea masses �xsea is very
small. a

2 errors from staggered ‘taste-changing’ e↵ects
will remain and they are handled by c

a

2 . The four fit
parameters are a

2
µ

, c

a

2 , csea and cval; we use the following
(broad) Gaussian priors for each:

a

s

µ

= 0 ± 100 ⇥ 10�10

c

a

2 = 0(1) csea = 0(1) cval = 0(1). (11)

Our final result for the connected contribution for

TABLE IV: Contributions to aµ from s and c quark vacuum
polarization. Only connected parts of the vacuum polariza-
tion are included. Results, multiplied by 1010, are shown for
each of the Padé approximants.

Quark [1, 0]⇥ 1010 [1, 1]⇥ 1010 [2, 1]⇥ 1010 [2, 2]⇥ 1010

s 57.63(67) 53.28(58) 53.46(59) 53.41(59)
c 14.58(39) 14.41(39) 14.42(39) 14.42(39)

s quarks to g � 2 is:

a

s

µ

= 53.41(59) ⇥ 10�10
. (12)

The fit to [2, 2] Padé results from all 10 of our configu-
ration sets is excellent, with a �

2 per degree of freedom
of 0.22 (p-value of 0.99). In Fig. 4 we compare our fit
with the data from configurations with m

s

/m

`

equal 5
and with the physical mass ratio.
The error budget for our result is given in Table III.

The dominant error, by far, comes from the uncertainty
in the physical value of the Wilson flow parameter w0,
which we use to set the lattice spacings. We estimate the
uncertainty from QED corrections to the vacuum polar-
ization to be of order 0.1% from perturbation theory [20],
suppressed by the small charge of the s quark. Our re-
sults show negligible dependence (< 0.1%) on the spatial
size of the lattice, which we varied by a factor of two. Also
the convergence of successive orders of Padé approximant
indicates convergence to better than 0.1%; results from
fits to di↵erent approximants are tabulated in Table IV.
Note that the a

2 errors are quite small in our analysis.
This is because we use the highly corrected HISQ dis-
cretization of the quark action. Our final (a = 0) result
is only 0.6% below our results from the 0.09 fm lattices
(sets 9 and 10). The variation from our coarsest lattice to
a = 0 is only 1.8%. We compared this with results from
the clover discretization for quarks, which had finite-a
errors in excess of 20% on the coarsest lattices.
Finally we also include results for c quarks in Tables III

and IV. These are calculated from the moments (and er-
ror budget) published in [20]. Our final result for the con-
nected contribution to the muon anomaly from c-quark
vacuum polarization is:

a

c

µ

= 14.42(39) ⇥ 10�10
. (13)

The dominant source of error here is in the determination
of the Z

V

renormalization factors. This error could be
substantially reduced by using the method we used for
the s-quark contribution [26].

III. DISCUSSION/CONCLUSIONS

The ultimate aim of lattice QCD calculations of
a

µ,HVP is to improve on results from using, for exam-
ple, �(e+e

� ! hadrons) that are able to achieve an un-
certainty of below 1%. We are not at that stage yet.

HISQ valence quarks on 
MILC 2+1+1 HISQ 
configs. Local Jv - 
nonpert. Zv.
multiple a (fixed by w0), 
ml (inc. phys.), volumes. 
Tune s from 

aHV P,s
µ = 53.41(59)⇥ 10�10

4

TABLE II: Columns 2-5 give the Taylor coe�cients ⇧j (Eq. 6), in units of 1/GeV2j , for each of the lattice data sets in Table I.
The errors given include statistics and the (correlated) uncertainty from setting the lattice spacing using w0, which dominates.
Estimates of the connected contribution from s-quarks to aµ,HVP are given for each of the [1, 0], [1, 1], [2, 1] and [2, 2] Padé
approximants in columns 6-9; results are multiplied by 1010.

Set ⇧1 ⇧2 ⇧3 ⇧4 [1, 0]⇥ 1010 [1, 1]⇥ 1010 [2, 1]⇥ 1010 [2, 2]⇥ 1010

1 0.06598(76) �0.0516(11) 0.0450(15) �0.0403(19) 58.11(67) 53.80(59) 53.95(59) 53.90(59)
2 0.06648(75) �0.0523(11) 0.0458(15) �0.0408(18) 58.55(66) 54.19(58) 54.33(59) 54.29(59)
3 0.06618(75) �0.0523(11) 0.0466(15) �0.0425(20) 58.28(66) 53.93(58) 54.09(58) 54.04(58)
4 0.06614(74) �0.0523(11) 0.0467(15) �0.0427(19) 58.25(65) 53.90(57) 54.06(58) 54.01(57)
5 0.06626(74) �0.0527(11) 0.0473(15) �0.0438(19) 58.36(65) 53.99(57) 54.15(57) 54.10(57)
6 0.06829(77) �0.0557(12) 0.0514(17) �0.0490(22) 60.14(67) 55.55(59) 55.73(59) 55.67(59)
7 0.06619(74) �0.0524(11) 0.0468(15) �0.0430(19) 58.29(65) 53.93(57) 54.10(57) 54.05(57)
8 0.06625(74) �0.0526(11) 0.0470(15) �0.0429(19) 58.34(65) 53.98(57) 54.14(57) 54.09(57)
9 0.06616(77) �0.0531(12) 0.0483(17) �0.0450(22) 58.27(68) 53.87(59) 54.04(60) 53.99(59)
10 0.06630(72) �0.0534(11) 0.0487(16) �0.0458(20) 58.39(64) 53.98(56) 54.15(56) 54.10(56)

FIG. 3: Fractional errors in the muon anomaly aµ caused by
adding random noise to the moments of the one-loop vacuum
polarization. Results are shown for 400 di↵erent simulations,
each with di↵erent amounts of random noise. They are plot-
ted against the fractional uncertainty in the leading moment.
In each simulation, [n, n] Padé approximants are used where
n is increased until results for apth

µ converge or spurious poles
appear in the approximant. Color indicates the value of n

used: red for [1, 1], green for [2, 2], and blue for [3, 3]. Simula-
tion results agreed with the exact result to within ±1� in 70%
of the simulations, as expected. The quark mass is set equal
to the kaon mass in each case.

case: the one-loop quark vacuum polarization function
from perturbation theory. We set the quark mass equal
to the kaon mass so that the Taylor expansion has the
same radius of convergence as the physical s-quark vac-
uum polarization; this function also has the same high-q2

behavior as the physical function. The Padés converge
exponentially quickly to the correct result, achieving bet-
ter than 1% precision after only two terms are included.
It is also clear that the high-q2 contributions are accu-
rately approximated by the Padés since q > 1GeV, for
example, contributes about 1.8% of the total g � 2 cor-
rection here. Note also that the [2, 2] approximant is ac-

curate to better than 0.5% even when the quark mass is
reduced to m

⇡

(as one might do to simulate u/d vacuum
polarization).
The results in Fig. 2 are for exact moments. The fi-

nite precision of moments from a simulation obviously
limits the precision of the final results for the anomaly.
The finite precision also limits the order to which Padé
approximants can be computed, since noisy input data
cause spurious poles to appear in high-order approxi-
mants [34]—all poles should be simple, real, and located
at the poles or on the branch cut of the exact vacuum po-
larization function [19]. Higher orders are possible with
more precise moments. The Padés typically converge be-
fore spurious poles appear, so that the precision of the
final results tracks that of the input moments. This is
illustrated in Fig. 3 where we have added noise to the
exact moments from one-loop perturbation theory, and
compare the precision of outputs with that of the inputs.
Each point in the plot represents a di↵erent simulation,
with di↵erent noise, and the colors indicate the order of
the approximant used.
Returning to results from our lattice simulations, the

Taylor coe�cients ⇧
j

and contributions to a

µ

from each
of our s-quark correlators are shown in Table II. In each
case results converge to within errors by the [1, 1] Padé
approximant, and no spurious poles appear on any of our
sets up to and including [2, 2], as expected from our test
case. We also verified that our lattice QCD codes with
the gluon field set to zero reproduce the continuum tree-
level result for the ⇧

j

as a ! 0. Our results on sets 4-7
show that finite-volume e↵ects are negligible within our
0.1% statistical errors, but tuning the valence s-quark
accurately is seen to be important.
To obtain a final estimate we fit the [2, 2] results from

each configuration set to a function of the form

a

s

µ,lat = a

s

µ

⇥
�
1 + c

a

2(a⇤QCD/⇡)2 + csea�xsea + cval�xval

�
(8)

where ⇤QCD = 0.5GeV, and �xsea and �xval allow for

⌘s up to (5.8fm)3
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Figure 3: The plot on the left represents the results for mf �mhs calculated using HISQ formalism on ml =
ms/5 and physical point ensembles with varied lattice spacings and extrapolated to a = 0. The continuum
results are compared to the experimental result related to G(f ! e+e�). The plot on the right shows the
similar results for ff .

The s quark propagators are combined into a correlator with a local vector current at either
end to form the vector meson f . The end point is summed over spatial sites on a timeslice to set
the spatial momentum to zero. We use the random colour wall source created from a set of U(1)
random numbers over a timeslice for improved statistics. The local current is not the conserved
vector current for HISQ quark action and must be renormalised. We have found the local vector
current renormalisation constant (ZV,ss) completely non-perturbatively with 0.1% uncertainty on
the finest ml = ms/5 lattice[16].

4. Our results

4.1 properties of f meson

We are concerned with the properties of the correlation function at the shorter times that feed
into the theoretical determination of aµ,HVP. But at large time separations between source and sink
the correlators give the mass (mf ) and decay constant ( ff ) of the f meson [16]. The plots in figure 3
show how precisely we can extract those properties of the f meson, and therefore, how accurate
our correlators are. Our results for mf � mhs and ff in the continuum limit on the physical point
lattices agree with the experimental result related to G(f ! e+e�). The volume effect seemed
to be negligibly small. But, the valence HISQ strange quark mass tuning effect was significant.
Disconnected diagrams are not included in the calcualtion, but we expect really small contribution
from it.

4.2 Connected contributions to as
µ from full LQCD

We fit the results of as
µ using [2,2] Padé approximant from each configuration set to a function

of the form

as
µ,lat = as

µ ⇥
�
1+ ca2(aLQCD/p)2 + cseadxsea + cvaldxval

�

4
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4.2 Connected contributions to as
µ from full LQCD

We fit the results of as
µ using [2,2] Padé approximant from each configuration set to a function

of the form
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µ,lat = as

µ ⇥
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1+ ca2(aLQCD/p)2 + cseadxsea + cvaldxval

�
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Check mass and decay constant of      from these 
correlators against expt

�

Tests large time behaviour 
of correlator 



New results from other formalisms provide good check

Figure 4: Example continuum and strange quark mass extrapolations. Here �m
s

denotes

the relative error in the strange quark mass as compared to the physical value. In the

continuum limit plot we have subtracted out the variation in the values of a(2)had,s
µ

resulting

from the strange quark mass variation, and vice versa.

lattice momenta used in the integration kernel f . In order to account for potential non-

Gaussianity, this was sampled from the global fits jackknife samples used in [34]. We

found that the inclusion of the lattice spacing error increased the error in the final value

of a(2)had,s
µ

significantly, since the peak in the integrand (see figure 3 for example) depends

strongly on the muon mass.

In addition, for Z
V

we drew random samples from a Gaussian distribution for each

bootstrap sample. Since the statistical error on Z
V

is small (0.04% for the 48I ensemble and

0.02% on the 64I ensemble), we assume the original data set follows a Gaussian distribution.

3.4.2 Systematic error estimation

We use a variety of analysis techniques in order to determine the systematic error in the

value of a(2)had,s
µ

arising from the choice of a particular technique. Although di↵erent in

some aspects, this method is motivated by the frequentist approach developed in [41].

We initially selected three Padé approximants and six conformal polynomials to give

us nine di↵erent HVP parametrisations:

• P 0.5GeV

2

, P 0.6GeV

2

and R
0,1

, which contain three parameters;

• P 0.5GeV

3

, P 0.6GeV

3

and R
1,1

, which contain four parameters;

• P 0.5GeV

4

, P 0.6GeV

4

and R
1,2

, which contain five parameters.

We picked energy thresholds of 0.5 and 0.6 GeV for the chosen conformal polynomials as

we believed these to be below the two particle energy threshold, and we wished to study

the e↵ect of the variation of this quantity on the final value of a(2)had,s
µ

.
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RBC/UKQCD domain wall

aHV P,s
µ = 53.1(9)⇥ 10�10
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CHARM contribution

Used HISQ valence 
quarks on MILC 2+1 
asqtad configs. Zv from 
contnm QCD pert. th. 

Part of the set of calculations that gave
mc,M(J/ )�M(⌘c),�(J/ ! e+e�),�(J/ ! ⌘c�)

HPQCD 1004.4285, 
1208.2855
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BOTTOM contribution
Part of the set of calculations that gave

Used NRQCD 
valence 
quarks on 
MILC 2+1+1 
HISQ configs. 
Zv from 
contnm QCD 
pert. th. 

HPQCD 1110.6887, 
1309.5797, 
1408.5768
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Again, moments can be compared to 
those extracted from expt. aHV P,b

µ = 0.27(4)⇥ 10�10



LIGHT contribution

HISQ valence quarks on MILC 2+1+1 HISQ configs. Use 
Zv from s calc. 
Multiple a (use w0), ml (inc. phys.), volumes (at ml/ms=0.1).

mu = md

New ingredient since correlators much noisier. Use: 

New Issues for 1% Precision for u/d case

• Correlators much noisier: Use data-fit hybrid correlator to 
control noise at large t:  
 
 

for t* = 1.5fm  (=            so 70% result from Gdata)
 (same results to within ±σ/4 with 0.75fm).

G(t) =

®
Gd�t�(t) for t  t�

Gfit(t) for t > t� from multi-exponential fit

from Monte Carlo

6/m⇢

• 80% of light quark vacuum polarization contribution is from 
the ρ meson pole ⇒ finite-volume error (from coupling to      ) 

in ρ mass and decay constant have significant impact on g-2. 
Need to understand        thoroughly on lattice. 

⇡⇡

• ππ loop contribution is about 10% of total and highly 
sensitive to mπ (contribution roughly proportional  
to 1/mπ2) and finite volume. For staggered quarks introduces 
extra discretisation artefacts from different taste     mesons.  ⇡

⇢

t⇤ = 1.5fm = 6/m⇢ so 70% of result from Gdata

• 80% of result comes from      meson pole, so need to 
understand       on lattice

⇢
⇢

• 10% from       , sensitive to finite-volume and          (so 
taste-issues for staggered quarks). 

⇡⇡ m⇡
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Mass and  
decay constant of  
the        from 
large time 
behaviour of  
u/d vector 
correlators

⇢



Correct key lattice systematics

Remove lattice 
using effective 
theory of              
inc. staggered quark 
effects and finite 
vol. 

⇡⇡
Rescale using exptl 
to reduce ml dependence

m⇢
Restore 
from continuum 
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FIG. 2: Our results for the connected u/d contribution to
aHVP,LO
µ as a function of the u/d quark mass (expressed as

its deviation from the physical value in units of the s quark
mass). The lower curve shows our uncorrected data; the up-
per curve includes correction factors discussed in the text
and is used to obtain the final result. Data come from sim-
ulations with lattice spacings of 0.15 fm (purple triangles),
0.12 fm (blue circles), and 0.09 fm (red squares). The gray
bands show the ±1� predictions of our model (Eq. (7)) after
fitting it to the data. The �2 per degree of freedom was 0.9
and 0.6 for the upper and lower fits, respectively.

our 10 ensembles to a function of the form

a

HVP,LO
µ
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where �mf ⌘ mf � m

phys
f , and ⇤ ⌘ 5ms is of order the

QCD scale (0.5GeV). The fit parameters have the fol-
lowing priors:

c` = 0(1) cs = 0.0(3) c̃` = 0.00(3) ca2 = 0(1) (7)

together with prior 600(200) ⇥ 10�10 for a

HVP,LO
µ . This

fit corrects for mis-tuned quark masses, higher-order cor-
rections to the ⇡

+
⇡

� contribution, and the finite lattice
spacing. More details are given in the supplementary
materials.

Our final result from the fit for the connected contri-
bution from u/d quarks is a

HVP,LO
µ = 598(6)(8) ⇥ 10�10,

where the first error comes from the lattice calculation
and fit and the second is due to missing contributions
from QED and isospin breaking (mu 6= md), each of
which we estimate to enter at the level of 1% of the u/d

piece of a

HVP,LO
µ . These estimates are supported by more

detailed studies: The key isospin breaking e↵ect of ⇢� !

mixing is estimated in [36] to make a 3.5 ⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [37] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III.

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Valence m` extrapolation: 0.4%

Monte Carlo statistics: 0.4%
Padé approximants: 0.4%

a2 ! 0 extrapolation: 0.3%
ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.8%

DISCUSSION/CONCLUSIONS

Adding results from our earlier analyses [14, 26], the
connected contributions to a

HVP,LO
µ are:

a

HVP,LO
µ

��
conn.

⇥ 1010 =

8
>>><

>>>:

598(11) from u/d quarks

53.4(6) from s quarks

14.4(4) from c quarks

0.27(4) from b quarks

(8)

We combine these results with our recent estimate [27]
of the contribution from disconnected diagrams involving
u, d and s quarks. We take this as 0(9) ⇥ 10�10 to ob-
tain an estimate for the entire contribution from hadronic
vacuum polarization:

a

HVP,LO
µ = 666(6)(12) ⇥ 10�10 (9)

This agrees well with the only earlier u/d/s/c lat-
tice QCD result, 674(28) ⇥ 10�10 [13], but has errors
from the lattice calculation reduced by a factor of four.
It also agrees with earlier non-lattice results (⇥1010):
694.9(4.3) [5], 690.8(4.7) [6], and 681.9(3.2) [7] and
687.2(3.5) [8]. These are separately more accurate than
our result but the spread between them is comparable to
our uncertainty.

It is also useful to compare our result to the ex-
pectation from experiment. Assuming there is no new
physics beyond the Standard Model, experiment requires
a

HVP,LO
µ to be 720(7) ⇥ 10�10. This value is obtained

by subtracting from experiment the accepted values of
QED [38], electroweak [39], higher order HVP [5, 40] and
hadronic light-by-light contributions [41]. It is roughly
3.5� away from our result (Eq. (9)), but we need signif-
icantly smaller theoretical errors before we can make a
case for new physics.

From Table III we see that uncertainties can be re-
duced by improving the calculation of the quark-line dis-
connected contribution [28, 42] and from new simulations

Corrections  
reduce spread of 
results. 
Fit for remaining 
dependence 
on a and ml

HPQCD 1601.03071

aHV P,u/d
µ = 598(11)



Quark-line disconnected contribution HPQCD/Hadspec 1512.03270

1 Estimate of the hadronic vacuum polarization disconnected contribution to
2 the anomalous magnetic moment of the muon from lattice QCD
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8 The quark-line disconnected diagram is a potentially important ingredient in lattice QCD calculations of
9 the hadronic vacuum polarization contribution to the anomalous magnetic moment of the muon. It is also a

10 notoriously difficult one to evaluate. Here, for the first time, we give an estimate of this contribution based
11 on lattice QCD results that have a statistically significant signal, albeit at one value of the lattice spacing and
12 an unphysically heavy value of the u=d quark mass. We use HPQCD’s method of determining the
13 anomalous magnetic moment by reconstructing the Adler function from time moments of the current-
14 current correlator at zero spatial momentum. Our results lead to a total (including u, d and s quarks) quark-
15 line disconnected contribution to aμ of −0.15% of the u=d hadronic vacuum polarization contribution with
16 an uncertainty which is 1% of that contribution.

DOI:17

18 I. INTRODUCTION

19 The high accuracy with which the magnetic moment of
20 the muon can be determined in experiment makes it a very
21 useful quantity in the search for new physics beyond the
22 Standard Model. Its anomaly, defined as the fractional
23 difference of its gyromagnetic ratio from the naive
24 value of 2 [aμ ¼ ðg − 2Þ=2] is known to 0.5 ppm [1].
25 The anomaly arises from muon interactions with a cloud
26 of virtual particles and can therefore probe the existence of
27 particles that have not been seen directly. The theoretical
28 calculation of aμ in the Standard Model shows a discrep-
29 ancy with the experimental result of about 25ð8Þ × 10−10

30 [2–4] which could be an exciting indication of new
31 physics. Improvements by a factor of 4 in the experi-
32 mental uncertainty are expected and improvements in the
33 theoretical determination would make the discrepancy (if
34 it remains) really compelling [5].
35 The current theoretical uncertainty is dominated by that
36 from the lowest order (α2QED) hadronic vacuum polarization
37 (HVP) contribution, in which the virtual particles are
38 strongly interacting, depicted in Fig. 1. This contribution,
39 which we denote aμ;HVP, is currently determined most
40 accurately from experimental results on eþe− → hadrons
41 or from τ decay to be of order 700 × 10−10 with a 1%
42 uncertainty or better [3,4,6]. This method for determining
43 aμ;HVP does not distinguish the two diagrams of Fig. 1
44 because it uses experimental cross-section information,

45effectively including all possibilities for final states that
46would be seen if the two diagrams were cut in half.
47aμ;HVP can also be determined from lattice QCD calcu-
48lations using a determination of the vacuum polarization
49function at Euclidean-q2 values [7]. It is important that this
50is done to at least a comparable level of uncertainty to that

F1:1FIG. 1. The hadronic vacuum polarization contribution to the
F1:2muon anomalous magnetic moment is represented as a shaded
F1:3blob inserted into the photon propagator (represented by a wavy
F1:4line) that corrects the pointlike photon-muon coupling at the top
F1:5of each diagram. The top diagram is the connected contribution
F1:6and the lower diagram the quark-line disconnected (but con-
F1:7nected by gluons denoted by curly lines) contribution that is
F1:8discussed here. The shaded box in the lower diagram indicates
F1:9strong interaction effects that could occur between the two quark

F1:10loops.
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Hard to calculate but 
small. Suppressed by 
masses since 

see also RBC/UKQCD 1512.09054:!
-9.6(4.0) x 10-10

X

u,d,s

Qf = 0

324 HVP, as given in Eq. (8). Correlators are calculated out
325 to time slice t ¼ 47, which corresponds to 1.6 fm or 7=mρ
326 for these parameters, giving ample time for ground-state
327 properties to emerge and dominate the connected correla-
328 tors. We see that all of the disconnected contributions
329 become negative above a time slice around 10. Not
330 surprisingly Rll has the largest magnitude and Rss the
331 smallest. Rss becomes consistent with zero above time-slice
332 30, where Rsl also becomes small. Thus at large times the
333 disconnected contribution to the HVP is dominated by
334 the ll component. At shorter times there is considerable
335 cancellation between the off-diagonal ls piece and the
336 diagonal ll and ss pieces. Directly from this figure (and
337 taking into account the factor of 1=5 from electric charge
338 factors which is not included in the figure, see Sec. III) it is
339 clear that we do not expect the disconnected contribution to
340 aμ;HVP to amount to more than 1% of the connected ll
341 contribution.
342 In principle to determine the contribution of the dis-
343 connected correlators to aμ we simply need to determine
344 the time moments using Eq. (5). However Fig. 2 shows that
345 the correlators are too noisy at large times for this to be a
346 feasible approach. Instead we must fit the correlators to
347 their known physical behavior—and this requires making
348 combinations of connected and disconnected correlators
349 which are physical—and use the fit results at large time
350 values. This enables us to make use of the good statistical
351 accuracy at short to medium times to fix the long time
352 behavior more precisely.
353 We first test this by studying the connected correlators,
354 Cll and Css. The SU(2) isovector correlator, corresponding
355 to flavor combinations ðūγiu − d̄γidÞ=

ffiffiffi
2

p
, ūγid and d̄γiu

356 has no quark-line disconnected contribution in the SU(2)
357 limit. The ground state of the connected light vector
358 correlator Cll is then the ρ meson at large times. The
359 ground state of the Css correlator will be a version of the ϕ
360 meson in which no mixing with other flavorless vector
361 states is allowed. We expect this to be very close to the
362 physical ϕ meson because Dss is so small.

363We can test the robustness of our correlation function
364analysis which uses just a single current insertion, by
365comparing to the spectrum analyses of both the Hadron
366Spectrum and the HPQCD collaborations. A multiexpo-
367nential model

CfitðtÞ ¼
Xnexp

i¼0

b2i e
−Eit; ð14Þ

368where bi and Ei are the amplitudes and masses respectively.
369We use a Bayesian approach [25] to constrain the parameters
370taking a prior of 0.85$ 0.6 GeV on energy differences
371between the excitations and a width of 0.3 GeV on the
372ground-state mass. The amplitudes are given a prior of
3730.1$ 20 where the normalization of the correlators is such
374that the amplitudes of low-lying states are around 7–9. Our
375fit includes the full range of t except for the first three values
376and stabilizes after nexp ¼ 3 giving a ground-state mass in
377lattice units of amρ ¼ 0.1512ð4Þ and amϕ ¼ 0.1777ð2Þ.
378This is in good agreement with the Hadron Spectrum
379analysis in Ref. [12] which used a large number of fermion
380bilinear operators in a variational basis. The same ensembles
381were used in a study of P-wave I ¼ 1 ππ scattering which
382gives a resonance mass of atmR ¼ 0.15085ð18Þð3Þ [26]. In
383addition, the value of mρ at this value of mπ is close to that
384expected from the HPQCD analysis of results at lighter
385values of mπ [18].
386Using the fits above we can readily determine the Π̂j
387coefficients of Eq. (7). To define a correlation function for
388any t we combine the calculated correlator at short time
389separations with the model behavior of Eq. (14). We use

CðtÞ ¼
"
CdataðtÞ; t ≤ t%

CfitðtÞ; t > t%:
ð15Þ

390391From the calculation of the Π̂j we obtain the contri-
392bution to aμ;HVP using Eq. (1), with Q2

s ¼ 1=9 and
393Q2

l ¼ 5=9. We have tested that the results are insensitive
394to a number of variations of the method. These include:
395varying t% between20 and40; varying the total time length of
396the correlator used in the calculation of themoments from95
397upwards; varying the number of exponentials used in the fit
398result andvarying theorderof thePadéapproximantbetween
399[1, 1] and [2, 2]. We find the ratio of the s̄s connected
400contribution to aμ;HVP to that of the l̄l connected contribution
401to be 0.125. This is in reasonable agreement with a linear
402extrapolation of the HPQCD results to the value ofmπ being
403used here, giving a value of around 0.15.
404The isoscalar correlator, corresponding to flavor combi-
405nation ðūγiuþ d̄γidÞ=

ffiffiffi
2

p
, has the same connected corre-

406lator contribution as for the ρ but an additional quark-line
407disconnected contribution of 2Dll. The ground state of this
408correlator is, to a good approximation, the ω meson. The ω
409meson is believed to contain a small admixture of s̄s with a
410mixing angle of a few degrees and this is seen in the Hadron

F2:1 FIG. 2. Ratios of disconnected correlators, Dff 0 , to the con-
F2:2 nected correlator Cll, as a function of time in lattice units. Open
F2:3 black circles show the combination of disconnected correlators
F2:4 needed for the hadronic vacuum polarization contribution to
F2:5 aμ;HVP, described by Eq. (8).
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Hadspec ratio of 
disc. to conn. 
correlators small 
and contribution 
further suppressed 
(by factor 5 by 
quark charges)
Estimate (after 
fitting): 

aHV P,disc
µ = 0(9)⇥ 10�10

Simple estimates 
give ratio of disc. to 
conn contribution of 
-1(1)%



598(11) u/d
53.4(6) s
14.4(4) c
0.27(4) b

aHVP,LO
µ ⇥ 10�10

Total 666(6)(12)

add syst from 
disc. diags 
(1.5%) in quad

Conclusion: Combining numbers for a total 

640 650 660 670 680 690 700 710 720 730

a
HVP,LO
µ × 1010

no new physics

Jegerlehner
1511.04473
Benayoun et al
1507.02943
Hagiwara et al
1105.3149
Jegerlehner et al
1101.2872

ETMC
1308.4327

HPQCD
this paper

3.5� discrepancy with no new physics

HPQCD: 1601.030711 

Future focus (with MILC) : improve physical point results and 
reduce systs from QED, mu/md and disc. 
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Error budget  for u/d HVP 5

TABLE III: Error budget for the connected contributions
to the muon anomaly aµ from vacuum polarization of u/d
quarks.

aHVP,LO
µ (u/d)

QED corrections: 1.0%
Isospin breaking corrections: 1.0%

Staggered pions, finite volume: 0.7%
Noise reduction (t⇤): 0.5%

Valence m` extrapolation: 0.4%
Monte Carlo statistics: 0.4%

Padé approximants: 0.4%
a2 ! 0 extrapolation: 0.3%

ZV uncertainty: 0.4%
Correlator fits: 0.2%

Tuning sea-quark masses: 0.2%
Lattice spacing uncertainty: < 0.05%

Total: 1.9%

640 650 660 670 680 690 700 710 720 730

a

HVP,LO

µ ⇥ 1010

no new physics

Jegerlehner
1511.04473
Benayoun et al
1507.02943
Hagiwara et al
1105.3149
Jegerlehner et al
1101.2872

ETMC
1308.4327

HPQCD
this paper

FIG. 3: Our final result for aHVP,LO
µ from lattice QCD com-

pared to an earlier lattice result (also with u, d, s and c
quarks) from the ETM Collaboration [13], and to recent re-
sults using experimental cross-section information [5–8]. We
also compare with the result expected from the experimental
value for aµ assuming that there are no contributions from
physics beyond the Standard Model.

from QED and isospin breaking (mu 6= md), each of
which we estimate to enter at the level of 1% of the u/d

piece of a

HVP,LO
µ . These estimates are supported by more

detailed studies: The key isospin breaking e↵ect of ⇢� !

mixing is estimated in [36] to make a 3.5 ⇥ 10�10 contri-
bution (0.6%) and the QED e↵ect of producing a hadron
polarization bubble consisting of ⇡

0 and � is estimated
in [37] to make a 4.6 ⇥ 10�10 contribution (0.8%). The
leading contributions to our final uncertainty are listed
in Table III.

III. DISCUSSION/CONCLUSIONS

Adding results from our earlier analyses [14, 27], the
connected contributions to a

HVP,LO
µ are:

a

HVP,LO
µ

��
conn.

⇥ 1010 =

8
>>><

>>>:

598(11) from u/d quarks

53.4(6) from s quarks

14.4(4) from c quarks

0.27(4) from b quarks

(9)

We combine these results with our recent estimate [28] of
the contribution from disconnected diagrams involving u,
d and s quarks, taking this as 0(9) ⇥ 10�10. This agrees
with, but has a more conservative uncertainty than, the
value obtained in [29]. We then obtain an estimate for the
entire contribution from hadronic vacuum polarization:

a

HVP,LO
µ = 666(6)(12) ⇥ 10�10 (10)

This agrees well with the only earlier u/d/s/c lattice
QCD result, 674(28) ⇥ 10�10 [13], but has errors from
the lattice calculation reduced by a factor of four. It
also agrees with earlier non-lattice results using exper-
imental data, ranging from (⇥1010): 694.9(4.3) [5] to
681.9(3.2) [7]. These are separately more accurate than
our result but have a spread comparable to our uncer-
tainty. New results from BESIII [38] may resolve this.

It is also useful to compare our result to the expecta-
tion from experiment. Assuming there is no new physics
beyond the Standard Model, experiment requires a

HVP,LO
µ

to be 720(7)⇥10�10. This value is obtained by subtract-
ing from experiment the accepted values of QED [39],
electroweak [40], higher order HVP [5, 41] and hadronic
light-by-light contributions [42]:

a

HVP,LO,no new physics
µ = a

expt
µ � a

QED
µ � a

EW
µ

� a

HVP,HO
µ � a

Hlbl
µ . (11)

Figure 3 compares our results with others from pre-
vious continuum and lattice analyses. We also compare
with results expected from experiment if there is no new
physics contributing to aµ. The ‘no-new-physics’ values
is roughly 3.5� away from our result (Eq. (10)), but we
need significantly smaller theoretical errors before we can
make a case for new physics.

From Table III we see that uncertainties can be re-
duced by improving the calculation of the quark-line dis-
connected contribution [29, 43] and from new simulations
with mu 6= md; this is straightforward. Adding QED
e↵ects to a simulation is more di�cult (see, for exam-
ple, [44]), but it is particularly simple here because the
hadronic system is electrically neutral, so there are no
infrared divergences to be dealt with1.

1
There are higher order QED e↵ects where the photon interacts

with both µ and hadrons (the ‘hadronic light-by-light’ contri-

bution) which are more complicated - lattice QCD also shows

promise here [45].
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Direct comparison  
with ETMC (1308.4327) 
and Boyle et al 
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Allows us to reconstruct             and integrate ⇧̂(q2)

Use Pade approximants (ratio of m/n polynomials) rather 
than Taylor expansion for better large q2 behaviour.

Test Pade approximants in similar scenarios (1-loop quark 
vacuum polarisation, with noise added)
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Keep an eye on the ‘big’ picture whilst doing this …..
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Keep an eye on the ‘big’picture whilst doing this …..
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