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Classical Geometry
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Classical geomeftry:

Y f(z,p) =0
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Classical geomeftry:
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Classical geomeftry:

e C? or (C*)*

Algebraic curve (not necessarily polynomial)
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In full generall’rz depends on auxiliary parame’rers Zi

Classical geomefry: /

% f(z,p) =0
f

e C? or (C*)*

Algebraic curve (not necessarily polynomial)
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Classical geomeftry:

T:f(w,p) =0
M
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Classical geomeftry:

T:f(w,p) =
M

\ Moduli space of ’rhe curve
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Classical geomeftry:

T:f(w,p) =
M

Special points in moduli space of interest
(for instance, degenerating cycle)
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Classical geomeftry:

Xif(z,p) =0

/

The first homology group H, (X, 7) possesses a
canonical basis A, B, (not unique)
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Classical geomeftry:

Xif(z,p) =0

/

The first homology group H, (X, 7) possesses a
canonical basis A, B, (not unique)

Under introducing a (meromorphic) 1-form d\ we ob’ra'i'h-p’eriods

(Eg) I1(z) = ;[ A\

_ D. Krefl @ CERN ‘16
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T:f(w,p) =0
M
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Classical geomeftry:
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Classical geomeftry:
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T : f(z,p) =
M

- Local monodromy
matrix
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Classical geomeftry:

Xif(z,p) =0
Highly relevant for :

3% Seiberg-Witten solution of N/ = 2 supersymmetric gauge theories in
4d ol
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Classical geomeftry:

Xif(z,p) =0
Highly relevant for :

3% Seiberg-Witten solution of N/ = 2 supersymmetric gauge theories in
4d "’

3% Topological strings on toric Calabi-Yaus
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Classical geomeftry:

Xif(z,p) =0
Highly relevant for :

3% Seiberg-Witten solution of N/ = 2 supersymmetric gauge theories in
4d "’

3% Topological strings on toric Calabi-Yaus

* Matrix Models
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Classical geomeftry:

Xif(z,p) =0
Highly relevant for :

3% Seiberg-Witten solution of N/ = 2 supersymmetric gauge theories in
4d "’

3% Topological strings on toric Calabi-Yaus

* Matrix Models
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Classical geomeftry:

Xif(z,p) =0
Highly relevant for :

3% Seiberg-Witten solution of A/ = 2 supersymmetric gauge theories in
4d

3% Topological strings on toric Calabi-Yaus

* Matrix Models

"Geometrification” of physics

- | D. Krefl @ CERN °16
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Classical geomeftry:

Xif(z,p) =0

Usual physical quantity of interest is the partition Func’rlon /, or,
equivalently, free energy F = log Z
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Classical geomeftry:

Xif(z,p) =0

Usual physical quantity of interest is the partition Func’rlon 7 or,
equivalently, free energy F = log Z

"Geometrize” the tree-level part
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Classical geomeftry:

Xif(z,p) =0

Usual physical quantity of interest is the partition Func’rlon 7 or,
equivalently, free energy F = log Z

"Geometrize” the tree-level part Fo(z)

IT
i.e. find (3, A) and fix a basis (HA>
such that we can obtain F B

from |1
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Example:

(deformed conifold)
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Example:

Two sheets
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Example:

pQ_I_xZZE

Branch points
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Example:

p2—|—$2:E
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Example:

p2—|—$2:E
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Example:

p2—|—$2:E

A-cycle
Cutoff A

B-cycle
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Example:

p2—|—$2:E

Take as differential:

e

dAwE—Elog< E>—A2
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Example:

pQ—I—xQZE

Take as differential:
Modulus is already the

AN~ flat coordinate
o v

il N/ dA@
i g5

A E 2
g ~ ~FE—Flog| —=1—A
)2; /\/ECD\ Og<4A2>
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Example:
p2 +z°=F
Take as differential:
Modulus is already the
A~/ Eaee flat coordinate
o v

il N/ dA@
i g

A
HBN/ d)va—Elog<

F ) @ — The constant will be important later !
o 7

e
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Example:

p2—|—$2:E

|

M=
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Example:

p2—|—$2:E

|

ML Qs
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Example:

p2—|—$2:E

|

M=

_ D. Krefl @ CERN ‘16



\ E . ; A f : PR

e JaRy
y ..gr' ‘-

Quantum Geometry
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Quantum Geometry:

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i|ﬁ|6i9 a0
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, ‘\'_‘:_ S " { ’ ':"" s .
. . 74 ! \ -
; 1$0¢ 1

: | e Sa
A

s & r
K

=

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i|ﬁ|6i9 a0
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Quantum Geometry:

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i]hlew s

N

i — Dl

317 ]/E\\IJ(CIZ‘) =0

(As for quantum integrable systems, we take a right-
ordering prescription of operators)

_ D. Krefl @ CERN ‘16
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Quantum Geometry:

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i|ﬁ|6i9 a0

~ We consider here only curves which.'i,ead to
ek / a second order operator ook
Y W (1) =0
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Quantum Geometry:

o
¥
"
7
]

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i]hlew s

A We consider here only curves which "l‘,ead to
ek / a second order operator ook
Y W (1) =0

General solution: ¥ (x) = Zcz-\lf(i) (x)

7

_ D. Krefl @ CERN ‘16



Quantum Geometry:
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s & r
K

=

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i|ﬁ|6i9 a0

e Normalizability: / de VU (x)¥(r) < oo
C
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Quantum Geometry:

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i]hlew s

Integration path corfﬁe_{:ﬁrig,;’quinﬁni’ries of >

- Normalizability: ga: W) () =< 00
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Quantum Geometry:

Xif(z,p) =0

Perform canonical quantization, i.e., [z, p| = i]hlew s

Note: Non-holomorpﬁ‘;ic;_“'._h'e'nc,_e :"p.q’rh dependent !

\
. Normalizability: /C d@< 00

_ D. Krefl @ CERN ‘16
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Quantum Geometry:

Y — )

Constraints poSSible solutions

Normalizability: / de W (x)V(x)
C
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Quantum Geometry:

Y — )

|

Mp C M 4

Equivalently, constraints for fixed
solution the moduli space !

Normalizability: / de VU (x)V(r) < oo
C
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Quantum Geometry:

Y — )

|

Use to define a quantum differential:

dS ~ 0, log ¥

Note: A priori no unique differential

D. Krefl @ CERN ‘16



Quantum Geometry:
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R <
K

=

Y — )

|

Use to define a quantum differential:

dS ~ 0, log ¥

l

Quantum periods [I = %ds
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Example: SRy

Convenient to introduce additional
parameter
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Example: p’ +wa?=FE
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Example: P +wlrl=E

- LR
g e, Bt

Nofte:

The interpretation in terms of a (real) 1d quantum
mechanical problem is ambiguous and depends on how we

take a real slice and where we sit in moduli space !
Harmonic oscillator Parabolic barrier

K — 1K

- | D. Krefl @ CERN °16
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Example: P’ +uwa?=E

N LoD
o T e, Bt

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) Tl

&2
3 S B

1.

s e L R

U _D<2( 1), 2m)
s

[ Ao (s Sled S B
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Example: P’ +uwa?=E

N LoD
o T e, Bt

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) T

For N ¢ N ‘red'tx’ce to Hermite
polynomials

DIN D ~OPrN (%)
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Example:
o K°T
Bhse: 1%
Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) vt
Normalizability depends on where we go fo For NE I\ :r:‘edu’ce to Hermite
infinity in the complex plane ! olynomials

\P) j
o (3

V2

_ D. Krefl @ CERN ‘16
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Example:

012 h?2

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) T

&2
3 S B

T For N ¢ N ‘red'tx’ce to Hermite

3 polynomials
+ Lintddo
W < - N eN ok ot X
2 (g D N5y~ G i |
i e )
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Example:
o b
- : K2 x?
/ 0L %
Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) |
For N e NL :‘r;‘ed'u’ce to Hermite
3 polynomials
\IJ+ Y e_%
NEN 22
R—)—lii b < z D(N’x)NG_THN (i)
\I]_ Y hea 5o \/§
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Example:

012 h?2

Two independent solutions W/~ can be found in terms of
parabolic cylinder functions D(N, x):
For N E N “f‘ed'tx’ce to Hermite
polynomials
Ut B =N )

N eN z2 i@
« D(N,z)~e T Hy | —
W N(ﬁ>

U A R 2N
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Example: P+ =E

s iras R -
4 1 572 KX -

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) vt

3 &

Ut B = +h%k(2N + 1)

U~ B =—h&(2N + 1)

' D. Krefl @ CERN ‘16
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Example: P+ =E

s iras R -
4 1 572 KX -

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) vt

3 &

Ut B = +h%k(2N + 1)

U~ B =—h&(2N + 1)
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Example: P+ =E

s iras R -
4 1 572 KX -

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) vt

3 &

Ut B = +h%k(2N + 1)

U~ B =—h&(2N + 1)
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Example: P+ =E

s iras R -
4 1 572 KX -

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) vt

3 &

Ut B = +h%k(2N + 1)

U~ B =—h&(2N + 1)
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Example:

Two independent solutions -

parabolic cylinder functions D (N, x) :

Ut B =N )
Rerx =0

U A R 2N

e

-~ can be found in terms of

This is the phase in moduli space
there actually non-perturbative
dynamics happens !

4
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Example:

Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) vt

.

Ut B =N )
Rerx =0

% 3 lm Cutoff of the B-period !
U™ : EF=—-h"k(2N +1)

_ D. Krefl @ CERN ‘16
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Example:

o E

- : K2 x?
/ 0L %
Two independent solutions W™ can be found in terms of
parabolic cylinder functions D(N, aj) At
l Tunne.li‘ng happens
Ut E = +h%(2N + 1) l /
Rewi=1 |

U A R 2N

2t
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Example:

Tt Y
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Example:

Tt Y
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Example:

Tt Y
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Example:
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Example:

Tt Y
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Example: Pt LR o U~
| . |
2 B Ak
T s
KZ.’L‘2
U™ ~ e 2
T =50  '

li:O |

Non-trivial phase structure over the
extended moduli space !

- | D. Krefl @ CERN °16




In general we do not know exact

Quantum Geometry: | / solutions
@ 3

|

Use to define a quantum differential:

dS ~ 0, log ¥

l

Quantum periods [I = %ds

_ D. Krefl @ CERN ‘16



In general we do not know exact

Quantum Geometry: | / solutions
<: ol y L

i

_|_ ol
=c1 VYt c-Vywks

Use to define a quantum differential: ]
dS ~ 0, log ¥ PR, (o) ot s

l

Quantum periods [I = %ds
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‘ In general we do not know exact

Quantum Geometry: / solutions
Semi-classical” approximation

se to define a quantum differential: ]

l
Quantum periods@: %ds

_ D. Krefl @ CERN ‘16
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‘ In general we do not know exact

Quantum Geometry: | / solutions
<: ol y L

i

_|_ ol
=c1 VYt c-Vywks

Use to define a quantum differential:

dS ~ 5’33 log v | \I!‘j,EVKB(x) ~etw/dS

l

Quantum periods

Encodes the NS limit
, of the corresponding
physical theory

—
|

dS

[Mironov+Morozov “09]
[Part O: “11]
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Quantum Geometry:

<3

Use to define a quantum differential:

dS ~ 0, log ¥

In general linear _'com'bin.a’r'i'on will jump over Y
l (Stokes phenomenon)

Quantum periods [I = %ds

_ D. Krefl @ CERN ‘16
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Quantum Geometry:

o

Q_ _ In general linear combination will jump over ¥

Exact quantization condition (Stokes Bhenorehal)
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Quantum Geometry: |

Ensures that solution
IS normalizable

Q_ In general linear combination will jump over

Exact quantization condition (Stokes Bhenorehal)
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Quantum Geometry: | Wy

Ensures that solution
IS normalizable

Q_ In general linear combination will jump over

Exact quantization condition (Stokes Bhenorehal)

|

Constraints the quantum modulus !

_ D. Krefl @ CERN ‘16



[Part III: DK. "13,°14]

%% 5,, f).

Quantum Geometry:

() %

Ensures that solution
IS normalizable

For certain physical models of
Exact quantization condition $ interest equivalent to NS
l quantization condition !

A8 St p (Eg1E iy

Constraints the quantum modulus ! <—

_ D. Krefl @ CERN ‘16



[Part I,II: DK. "13,°14]

Quantum Geometry:

() %

Fixes non-perturbative completion
(Non-perturbative quantum periods)

For certain physical models of
Exact quantization condition $ interest equivalent to NS
l quantization condition !

Ensures that solution
IS normalizable

A8 St p (Eg1E iy

Constraints the quantum modulus ! <—

- | D. Krefl @ CERN °16
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Quantum Geometry: | :

() %

Subtlety:
General exact quantization condition reads
[Part III: DK. ‘16]

[Part III: D.K. “13,14]

< :.'g,,t;_ ,

Ensures that solution
IS normalizable

Exact quantization condition

|

Constraints the quantum modulus ! <—
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S amtas :
g . AP
\ t L :
e / \ Py . ye> -
. J < p

Example: s J T E‘}

WKB solution: o )
A

E oav.. " SR
II :—A2 L] | A3 : h6
. +2( og( )) 5 2 O
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Example; f . il I
| . I
02 73
WKB solution:
| A
o R (8% _E_ &8 E 1 1 h2 > - h4 ‘ :
IIg = —A° + 9 (1 log <4A2)> 12 F 360_;E3 il O(h )
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Example; f . il I
| . I
02 73
WKB solution:
| A
o R (8% _E_ &8 E 1 1 h2 > - h4 ‘ :
IIg = —A° + 9 (1 log <4A2)> 12 F 360_;E3 il O(h )

1 | A I 1| ¥ :
Ha(E) =|logT (5 + 22 )+ T og () — 5 — log2n

\ As apparent from Eulers reflection formula,
there is a Stokes phenomenon present !

D. Krefl @ CERN 16



)

¢ 247D E |

Example; f . il I
| . I
02 73
WKB solution:
| A
o R (8% _E_ &8 E 1 1 h2 > - h4 ‘ :
IIg = —A° + 9 (1 log <4A2)> 12 F 360_;E3 il O(h )

1 | A I 1| ¥ :
Ha(E) =|logT (5 + 22 )+ T og () — 5 — log2n
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Example; f . il I
| . I
oxr? 73
WKB solution:
| A
o R (8% _E_ &8 E 1 1 h2 > - h4 ‘ :
IIg = —A° + 9 (1 log <4A2)> 12 F 360_;E3 il O(h )

1 | A I 1| ¥ :
Ha(E) =|logT (5 + 22 )+ T og () — 5 — log2n

\ «—— Non-Perturbative corrections: G
[Mp(—F) =1lg(E) —ih e

el
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Example: f e

. 8562, | ﬁ2

1 e o A Ao :
s g <2+2h>+ h Og“(h) G o e

*, Impose exact quantization condition
oo
E @ E+Y B 6
=21
\ Non-perturbative flat coordinate !
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e * F ol
Example: s 2.2 | B
| 0z h2
1 it )08 S A\ LAt
o) T (5 + 51 )+ 71w () = G 5 ower

*, Impose exact quantization condition

B et {EY > B, 8
pp=21

Bohr-Sommerfeld quantized energy

D. Krefl @ CERN ‘16
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Example: i 202

C0x2 W

1 gt T o AN
oo i G € oif Gl B ety il ' - e ) £
el e <2+2h>+h Og(h) TR

*, Impose exact quantization condition

E 58 :E+i"
FE=21’

Can be solved for analytically
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Example: i 202

C0x2 W

1 P E N TR oA 0
Lo g - B R RS il 8
el e <2+2h>+h Og(h)Q Sl

*, Impose exact quantizatiogrcondition

E at :E+ZE§§?,L
pp=21 \

Instanton counting parameter
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Example: s (‘98 : T f;
%

1 P E N TR oA 0
Lo g - B R RS il 8
e D <2+2h>+h°g<h)20g”

*, Impose exact quantizatiogrcondition

E at :E+ZE§£Z,L
pp=21 \

Instanton counting parameter

Trans-series expansion of both periods

[Part III: D.K. “16]
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Toric Calabi-Yau example
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Generalization:

Consider a foric Calabi-Yau with a conifold point in mo'dixli's'pace'.
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"

Generalization:

Consider a foric Calabi-Yau with a conifold point in mo'dixli's'pace'.

8 Massless hypermultiplet
[Vafa '95; Ghoshal-Vafa '95]
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(e
e

Generalization:

Consider a foric Calabi-Yau with a conifold point in moduli space

Massless hypermultiplet
[Vafa ‘95; Ghoshal-Vafa '95]

-~ |eading singular contribution
to refined top. string given
by Schwinger integral
[D.K. + Walcher '10]

& do R
T “’/5 © sinh (SE) sinh (22)

\V)

- | D. Krefl @ CERN °16
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(e
e

Generalization:

Consider a foric Calabi-Yau with a conifold point in moduli space

NS limit easily taken

Massless hypermultiplet
[Vafa ‘95; Ghoshal-Vafa '95]

-~ |eading singular contribution
to refined top. string given
by Schwinger integral
[D.K. + Walcher '10]

- /OO dx e i
STTL GRE X ?
2 SECal ST (%) sinh —6—21)

- | D. Krefl @ CERN °16
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Generalization:

Consider a foric Calabi-Yau with a conifold point in moduli space

NS limit easily taken

Massless hypermultiplet

[Vafa ‘95; Ghoshal-Vafa '95] '
NS quantization condition

- Leading singular contribution e R £ A
to refined top. string given T N--(;_—l) F( )
by Schwinger integral
[D.K. + Walcher '10]

o0 d —tx
& e
g 5 €E1T .

x sinh (

oy

- | D. Krefl @ CERN °16



)

Generalization:

Consider a foric Calabi-Yau with a conifold point in moduli space

NS limit easily taken

Massless hypermultiplet

[Vafa ‘95; Ghoshal-Vafa '95] '
NS quantization condition

- Leading singular contribution e R £ A
to refined top. string given T N--(;_—l) F( )
by Schwinger integral
[D.K. + Walcher '10]

oy

Add regular part of period
re C
%= — + Ap(?)

o0 —tx h
FS’LTLQ N/ daj . G xe . f; Vt
5T SSInh (17) sinh ——2—) T, | N I 1 3 t A (t)g
€ i AT T
h Lt

- | D. Krefl @ CERN °16
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Generalization:

Consider a foric Calabi-Yau with a conifold point in moduli space

NS limit easily taken

Massless hypermultiplet

[Vafa ‘95; Ghoshal-Vafa '95] '
NS quantization condition

- Leading singular contribution e R £ A
to refined top. string given T N--(;_—l) F( )
by Schwinger integral
[D.K. + Walcher '10]

oy

Add regular part of period
re C
%= — + Ap(?)

o —tx h
FsingN/ & : h( e) : hr\) Vt \
5 & Sinhifes eI niies Ty 1\ 7% sl Ao o 2
e ~ <%> 15 (5 g ﬁ) e

- | D. Krefl @ CERN °16
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' ~ The pure deformed conifold
L 18 discussion from before

Generalization: W applies 1:1 !

Consider a foric Calabi-Yau with a conifold point in moduli space

NS limit easily taken e

Massless hypermultiplet

[Vafa ‘95; Ghoshal-Vafa '95] '
NS quantization condjtion

~» Leading singular contribution sty (1>%F(1 t)
e B :

to refined top. string given \n/ DR
by Schwinger integral

[D.K. + Walcher '10]

Add regular part of period
Te CX
- A0

o0 —tx ;
FS’LTLQ N/ daj . G xe . f; Vt
5T SSInh (17) sinh ——2—) T, | N I 1 3 t A (t)g
€ i AT T
h Lt

- | D. Krefl @ CERN °16
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Non-perturbative completion C AR  The pure deformedl conifold
J ; of NS limit on toric CY, as <@ discussion from before
Generalization: predicted in [Part I, '13] applies 1:1 !

Consider a toric Calabi-Yau with a conifold point in mo‘dJ'uIi space

NS limit easily taken e

Massless hypermultiplet

[Vafa “95; Ghoshal-Vafa '95]
NS quantization condjtion

-~ Leading singular contribution i R 5 A
d § e_HB P R RSP L
to refined top. string given Sy &\ 2 R
by Schwinger integral g o
4 Add regular part of perio
[D.K. + Walcher '10] s J e P v
: BIrRe + Ap(t)
o0 d —1ix \4
FsingN/ xaj . h(elf) \ h/G;;) t
SInhAf=s eI A
9 2 ol ae o l ¥ T 1 vy E e—Ap(t)g
h LA
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Example: local P x P!
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e JaRy
y ..gr' ‘-

Example: local P x P!

Shoficlilhe® gl —|— z1e” T+ zgef?_i.O '

D. Krefl @ CERN ‘16
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3

Example: local Pt x P! | i

2 sliore RIS 2T ZQBfP.‘::¢O

P54

Two moduli.
Large volume regime in moduli space: 21,22 < 1

D. Krefl @ CERN ‘16
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Example: local Pt x P! | i

Yi—1+et +ef +z1e P+ 20e P =0
Change parameterization:

1 1
:U—)ix—|-§logz1, p—>p+§log22

A2y 1
A=yl —, Bi=——

\ 22 V72
\/

2hcos(x)+eP +e P =F

D. Krefl @ CERN ‘16
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Example: local Pt x P! | i

Yi—1+et +ef +z1e P+ 20e P =0
Change parameterization:

1 1
:U—)ix—|-§logz1, p—>p+§log22 |
o Important:
e 7’\/ 29 e DS b <ds is"'.f:NOT at large volume !!!

2hcos(x)+eP +e P =F

D. Krefl @ CERN ‘16
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140
e S
) .
|}.!'

Example: local P' x P! |
oNcos(T) 4 ehfie? —

Quantization:

X, ple=Nh

prEe i e i 0SS0y

\4

(D e 2\ COS(CB)) \IJ(CE’) — E\I/(CE) "“'.,;‘_“‘_C_Q{Uc'l;r]‘jdm’Mafhieu” ‘.equa’rion

D. Krefl @ CERN ‘16
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150
«.r',s'..' A

A :
.}.!.

Example: local P' x P! |
oNcos(T) 4 ehfie? —

Quantization:

X, ple=Nh

\4

(D e 2\ COS(CB)) \IJ(CE’) — E\I/(CE) "“'.,;‘_“‘_C_Q{Uc'l;r]‘jdm’Mafhieu” ‘.equa’rion

—\If//(.flj) o £ a0 COS(CE)\I/(ZC) e O(FLQ) 40 e Q\IJ(CIJ) At leading order a Mathieu

equation

D. Krefl @ CERN ‘16
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Example: local P x P!

2hcos(z)+eP+e P =F

Quantization:

X, ple=Nh

\4

(D e 2\ COS(CE’)) \I/(CC) — E\IJ(ZC) .:‘Q'uquum‘Mafhieu” equation

All my results about the non-perturbative
aspects of the quantum SU(2) gauge theory
MUST be reproduced as limiting case of

local IP’l X IP’l !

- | D. Krefl @ CERN °16
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Example: local P x P!

2\cos(z) + ePte P = FE

Quantization:

g ~[Part LTR D.K. "13,°14]

X, ple=Nh

\4

(D i 2\ COS(W — E\IJ(ZC) .:‘Q'uqfl?um‘Mafhieu" equation

/
Allabou’r the non-perturbative
aspects-of-the

quantum SU(2) gauge theory
MUST be reproduced as limiting case of

local IP’l X IP’l !

D. Krefl @ CERN °16
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(e
e

Example: local P x P!

2\cos(z) + ePte P = FE

Quantization:

[a:,p] =1h

\4

(D + 2) COS(W _ BU(x)
e

Allabou’r the non-perturbative

aspe C

MUST be reproduced as limiting case of
local Pt x P! !

g ~[Part LTR D.K. "13,°14]

Can be verified
numerically
[Part III: D.K. “16]

~ "Quantum Mathieu” equation

e quantum SU(2) gauge theory

D. Krefl @ CERN °16
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140
e S
o 3
|}.!'

Example: local P x P!

2 sliore RIS 2T ZQBfP.‘::¢O
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140
e S
o 3
|}.!'

Example: local P x P!

2 sliore RIS 2T ZQBfP.‘::¢O

Conifold locus

D. Krefl @ CERN ‘16
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&
"

Example: local P x P!

S:—1+e” +eP+ 2677 + e P i

Local coordinates at a conifold point
(cf. Haghighat, Klemm, Rauch ‘08)

1 /
z1_88(2+Alm

A 1
7z =
P TR T AR AS

For simplicity, we set A=1— A; =0

_ D. Krefl @ CERN ‘16



[Part III: D.K. *16]

EEET oV W

;
"

Example: local P x P!

L:—1l+e®+eP+zie7 " + 20e P -
l[xvp]:—h

f] in terms of the conifold coordinate /\

¢l

1
8 18(20 AJ(ATE Ly S

A 1
P D=
P TR T AR AS

For simplicity, we set A=1— A; =0

_ D. Krefl @ CERN ‘16
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EEET oV W

'«.r'zg.' A
|}." .

Example: local P x P!

2pr=lipe R 7 el ZQBfP.‘::¢O
l[xvp]:—h

i

(A= 1)e® + (A - 2)e")U(x) + (A =2)¥( + h) & %(A 1) U(z—F) =0

D. Krefl @ CERN ‘16



[Part III: DK “16]

i —

"ié-’ |
LN

Example: local P x P!

2 sliore RIS 2T ZQBfP.‘::¢O

D. Krefl @ CERN 16
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EEET oV W

;
"

Example: local P x P!

(2 A %(A ~1)e~® 4+ (A — 2)e®)U(z) + (A — 2)T(z + h)_+é(A— 1)\11@ she iy

|

Can be easily solved for via a WKB Ansa’rz |

—p Quantum periods at the conifold point order |
’ by order in h e

_ D. Krefl @ CERN ‘16
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EEET oV W

;
"

Example: local P x P!

(2 A %(A ~1)e~® 4+ (A — 2)e®)U(z) + (A — 2)T(z + h)_+é(A— 1)\11@ she iy

|

Can be easily solved for via a WKB Ansa’rz |

—p Quantum periods at the conifold point order |
’ by order in h e

_ D. Krefl @ CERN ‘16
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[Part II1: DK "16]
Example: local P x P!

(2—A+ %(A —De "+ (A —-2)e")¥(x)+ (A —-2)¥(z + h)—Fé(A— 1)\If(x - h) =0

13N + 13N .
A= N h— ST 1T o i

T 4

Quantum level due to Bohr-Sommerfeld quantization 114 — BN

D. Krefl @ CERN ‘16



[Part I1I: DK "16]

I_

Example: local P' x P!

(2—A+ %(A —De "+ (A —-2)e")¥(x)+ (A —-2)¥(z + h)—Fé(A— 1)\If(x - h) =0

13N + 13N .
Al =Ny 1) S OGN o el

4

Map to E/ coordinate

\ 4

A~ \
E= 2\/2(A —2 )

D. Krefl @ CERN ‘16
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EEET oV W

'«.r'zg.' A
|}." .

Example: local P x P!

(2—A+ %(A —De "+ (A —-2)e")¥(x)+ (A —-2)¥(z + h)—Fé(A— 1)\If(x - h) =0

13N + 13N .
AN R 12 4+ NV w2 4 o)

WKB'd’Pproxima’rion
Map to F/ coordinate e

\ 4 /

()
E_Z\/ N |

D. Krefl @ CERN ‘16
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[Part II1: DK "16]
Example: local P x P!

E(A(N))

D. Krefl @ CERN ‘16



EEET oV W

[Part III: DK. *16]

Example: local P' x P! | Wi g

E(A(N))

Geometry develops a conifold singularity

_ D. Krefl @ CERN ‘16



EEET oV W

g
.

Example: local P x P!

harmonic (or inharmonic) oscillator
basis !

Geometry develops a conifold singularity

At the conifold point we can /
approximate matrix elements well in a
E(A(N)) e o

[Part III: DK. *16]

- | D. Krefl @ CERN °16



[Part III: DK. *16]

EEET oV W

Example: local P x P!

\ ,

At the conifold point we can

approximate matrix elements well in a

harmonic (or inharmonic) oscillator
basis !

GroundeCl'l'e EO can be i) | | Ao ;
easily calculated numerically i

- | D. Krefl @ CERN °16



[Part III: DK. *16]

EEET oV W

Example: local P x P!

\ ,

At the conifold point we can

approximate matrix elements well in a

harmonic (or inharmonic) oscillator
basis !

GroundeCl'l'e EO can be i) | | Ao ;
easily calculated numerically i
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P [Part T1T: DK. “16]

local P! x P!

Exam_ple: (D + 2A cos(x)) \If(x) = EV(x)
E(A(N)) h | B(A,(0) + O(Y) | BE(A,0)+0(r) | (B
0.10 | 4.1012552083 4.1012553358 | 4.1012§53359
0.25 | 4.2578938802 4.2578987002 | 4.2579987246
0.50 |  4.5319010416 4.5319739024 | 4.5319753251
0.75 |  4.8225097656 4.8228570580 | 4.8298719839
1.00 |  5.1302083333 5.1312377929 | 5.1313156016
1.25 | 5.4554850260 5.4578319580 | 5.4581090443
1.50 | 5.7988281250 5.8033496856 | 5.8041260743

Numerical groundstate

D. Krefl @ CERN ‘16
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P [Part T1T: DK. “16]

local P! x P!

WKB ground state including
up to order /i terms

Exam_ple: (D + 2A cos(x)) \If(x) = EV(x)
E(A(N)) h|CB(A,(0) + O BE(A,0)+0O(R%) | Eo
0.10 | 41012552083 4.1012553358 4.1012553359
0.25 4.2578938802 4.2578987002 | 4.2578987246
0.50 45319010416 4.5319739024 4.5319753251
0.75 418225097656 4.8228570580 4.8228719839
1.00 1302083333 5.1312377929 | 5.1313156016
1.25 4554850260 5.4578319589 | 5.4581090443
1.50 5.7988281250 5.8033496856 - | 5.8041260743

D. Krefl @ CERN ‘16
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Example:

local P! x P!

E(A(N))| _n

E(Ap(0) + O(h*))

;
L1

(D + 2A cos(x)) \If(x)

)

E(A(0) i @

[Part III: DK. *16]

Lo

0.10

0.25
0.50
0.75
1.00
125
1.50

4.1012552083

4.2578938802

4.5319010416
4.8225097656
0.1302083333

0.7988284250

WKB ground state including
up to order h° terms

_ D. Krefl @ CERN ‘16

4.1042553358

48578987002

4.5319739024
4.8228570580
5.1312377929

5 4578319589
5.8033496856

4.1012553359
4.2578987246
4.5319753251
4.8228719839
5.1313156016

- 0.4581090443

5.8041260743



EEET oV W

[Part III: DK. *16]

;
L1

Exam_ple: local ]P)l X ]P)l (D + 2Acos(m))ii}(x) = EV(x)
E(AN))| b | B0 +00) | B0 +008) |
0.10 4.1012552083 4.1012553358 4.1012553359
0.25 4.2578938802 4.2578987002 | 4.2578987246
0.90 4.5319010416 4.5319739024 4.5319753251
0.75 4.8225097656 4.8228570580 ‘m”h 8228719839
1.00 5.1302083333 9.1312377929 5.1313156016
1.25 5.4554850260 5_4578319589 ~ | 5.4581090443
1.50 9.7988281250 0.8033496856 | 5.8041260743

WKB converges with increasing order to the
numerical resulfs !

_ D. Krefl @ CERN ‘16
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[Part III: DK. *16]

;
L1

Exam_ple: local ]P)l X ]P)l (D + 2Acos(m))ii}(x) = EV(x)
E(AN))] b | B@0)+0@) | BA0+008) | F
0.10 4.1012552083 4.1012553358 4.1012553359
0.25 4.2578938802 4.2578987002 | 4.2578987246
0.90 4.5319010416 4.5319739024 4.5319753251
0.75 4.8225097656 4.8228570580 ‘m”h 8228719839
1.00 5.1302083333 9.1312377929 5.1313156016
1.25 5.4554850260 5_4578319589 ~ | 5.4581090443
1.50 9.7988281250 0.8033496856 | 5.8041260743

WKB converges with increasing order to the
numerical resulfs !

No NP corrections in this phase

_ D. Krefl @ CERN ‘16
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[Part III: DK. *16]

;
L1

Exam_ple: local ]P)l X ]P)l (D + 2Acos(m))ii}(x) = EV(x)
E(AN))| b | B0 +00) | B0 +008) |
0.10 4.1012552083 4.1012553358 4.1012553359
0.25 4.2578938802 4.2578987002 | 4.2578987246
0.90 4.5319010416 4.5319739024 4.5319753251
0.75 4.8225097656 4.8228570580 ‘m”h 8228719839
1.00 5.1302083333 9.1312377929 5.1313156016
1.25 5.4554850260 5_4578319589 ~ | 5.4581090443
1.50 9.7988281250 0.8033496856 | 5.8041260743

Intuitively clear:
Bound state solutions

Cutoff due to embedding into the CY

D. Krefl @ CERN ‘16
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Example: local P' x P! | we @ i

Similar as for the pure deformed conifold, we
have phase transitions over the extended
moduli space

[Part III: D.K. “16]

Tt Y

- | D. Krefl @ CERN °16
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[Part III: D.K. *16]

Example: local P! x P! | i

Similar as for the pure deformed conifold, we
have phase transitions over the extended
moduli space

=36  '

> Phase with NP corrections to

. the ground state energy exists !

D. Krefl @ CERN °16




Ay (AR n

| [Part III: D.K. ‘16]
Example: local P x P! @

Similar as for the pure deformed conifold, we o
have phase transitions over the extended L
moduli space

Tmk =0}
Approximate matrix

elements with an
inharmonic oscillator basis !

> Phase with NP corrections to

. the ground state energy exists !

D. Krefl @ CERN °16




Ay (AR n

| [Part III: D.K. ‘16]
Example: local P x P! @

Similar as for the pure deformed conifold, we o
have phase transitions over the extended L
moduli space

Tmk =0}
Approximate matrix

elements with an
inharmonic oscillator basis !

/

, Easily achievable via suitable
the ground state energy exists ! parameterization of .

> Phase with NP corrections to

D. Krefl @ CERN °16
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P [Part T1T: DK. “16]

Example: local P! x P! | (D—|—2)\cos(x))\i;(x)=Ej\Il(x).

E(A(N))

D. Krefl @ CERN ‘16
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P [Part T1T: DK. “16]

Exam_ple: local Pl X IP)l (D—I—Q)\COS(x))ii}(x) :E\Il(x)
E(A(N))
o
L an2 3
As we sit now in a different A(N) N —(2N s 1)71 i 1 + 3V + SN + 2N ﬁ3,_+ O(h5)
point in moduli space, 48

different coordinate as
before. But can be obtained
in a similar fashion

D. Krefl @ CERN ‘16
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P [Part T1T: DK. “16]

. 1 1 ; i
Example: local P x [P (D 4 2) cos(z)) U(z) = EU(x)
E. A h | B(8,(0) +O(r) B 0 ey Al
0.24967403015559 15
0.25 0.2496740341 0.2496 7403015560 5 x 10
0.50 0.4973815917 273809932 76T, 4 x 10°°

0.49738103560227

0.74104438692828 i
0.75 |  0.7411027908 | = oo 138072115 | 3 %10

0.97721595001 824 %= = &
1.00 0.9787109375 0.97766373718908 5><1O

1.19771240151976 i
1.25 | @ 1207QHBT207 |55 e oo e e 50

1.39064094467481 _5
1.50 1.4262268066 1.40031948070460 1 x 10

D. Krefl @ CERN ‘16
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P [Part T1T: DK. “16]

Example: local P! x P! | (D—|—2)\cos(x))\i;(x)=Ej\Il(x).
JDOE=—"" ¢ h (BA,(0) + OGS By 0~ AEy
0.25 0.72‘496740341 8:3132;3828}??23 38 ol (O i
050 | glaorsmisory | DATIOOTOTRL, 15
075 | foznooros | STIMTRHER,
1.00 / 0.9787109375 %gégggggéigg 5% 10~
1.25 / 1.2079191207 igggégg%géiﬁ 3 x 1073
1.5/5 1.4262268066 iigggfgigé%ﬁé P02

WKB ground state including
up to order h° terms

D. Krefl @ CERN ‘16
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P [Part T1T: DK. “16]

. 1 1 ; i
Example. local [Paael” (D + 2Acos(x))¥(zx) = EV(x)
ol | E(AL0) + O@9)) CER AR
0.249G7 203015559 ol
025 | 02496740341 | %o 5 nannsng | B X 10
050 | 04973815017 « EAIT380993T6T0A ) s

A 0.49738103560227

0.74104438692828 43
0.75 0.74110279)8/ 0.7410743807_21\15,'-34..,X 10

0.97721595001824 | = = _,
1.00 | ©0.978p8803TE: | e o S 0
1.19771240151976

L —3

=25 2079191207 1.20066237802411 3 x 10
Vs 1.39064094467481 b

1.50/ 1.4262268066 1.40031948070460 1 x 10

First two numerical energy levels

D. Krefl @ CERN ‘16
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P [Part T1T: DK. “16]

Example: local P! x P! | (D—|—2)\cos(x))\i;(x)=Ej\Il(x).

EAl h A0 00 | (CAED

025 | 02496740341 | 222907205015009 /5& 10-19

0.24967403015560
0.4973809932767

9 =
0.50 | 04973815017 | & 497381035602%/ 4 % 10

0.74104438692328 v
0.75 |  0.7411027908 | (=0 o 43807/%5 310

0.97721505001824 |~ ©
1.00 | 0.9787109375 0.977663%08908 5% 10

1.19771240151976 i
1.25 |~ 1.2079191207 L200§({§37802411 3 x 10

1.50 1.4262268066 };%64094467481 15102

31948070460

Bandwidth

D. Krefl @ CERN ‘16
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P [Part T1T: DK. “16]

: 1 1 ; e
Example. local IP) X IP) (D + 2 cos(z)) ¥(z) = EV(z)
F=A | B(AL0) + O(1)) Ean s 0 Al
0.95 0.9406740341 0.24967403015559 | (15

0.24967403015560

0.49738099327675 _g
0.50 0.4973815917 0.49738103560227 4 x 10

0.74104438692828 i
0.75 |  0.7411027908 | = oo 138072115 | 3 %10

0.97721595001 824 %= = &
1.00 0.9787109375 0.97766373718908 5 >< 10

1.19771240151976 i
1.25 | @ 1207QHBT207 |55 e oo e e 50

1.39064094467481 _5
1.50 1.4262268066 1.40031948070460 1 x 10

WKB <I NP band splitting
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L1

: 1 1 | L
Example. local P* x P (D +2Acos(x))¥(z) = EV(x)
B =N n_| B(Ap(0) + O(R%)) Egh e o[ Al
£ PR RS0 SR N7 ) L L S W i

0.24967403015560

0.49738099327675 _ g
0.50 0.4973815917 0.49738103560227 4 x 10

0.75 0.7411027908 0.741044.5692628 36107

B 0.74107438072115 |
100 | 09787109375 | L97721595001824 7 o5 o

s 0.97766378718908

1.19771240151976 _3
/ 1.25 1.2079191207 1.20066237802411 3 x 10
1.39064094467481 O
Non-perturbatively 1.50 1.4262268066 1.40031948070460 R0
corrected mirror map / :
WKB \I NP band splitting
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Other examples:

Other toric Calabi-Yaus can be s’rudled similarly, For
instance local [P?
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Conclusion:

3 Presented simple and elegant framework based on quantum geometry
to describe exactly the NS limit of physical theories, analytically
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Conclusion:

3 Presented simple and elegant framework based on quantum geometry
to describe exactly the NS limit of physical theories, analytically

3& Though we focused here on the conifold point, ’rhe results can be

extended all over moduli space
[preliminary results are given in Part II: DK. "14 and in Basar+Dunne '15]
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Conclusion:

3 Presented simple and elegant framework based on quantum geometry
to describe exactly the NS limit of physical theories, analytically

3% Though we focused here on the conifold point, the results can be

extended all over moduli space
[preliminary results are given in Part II: D.K. '14 and in Basar+Dunne '15]

P& Stokes transitions over the extended moduli space are highly relevant
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Conclusion:

3 Presented simple and elegant framework based on quantum geometry
to describe exactly the NS limit of physical theories, analytically

3& Though we focused here on the conifold point, the results can be

extended all over moduli space
[preliminary results are given in Part II: D.K. ‘14 and in Basar+Dunne '15]

P& Stokes transitions over the extended moduli space are highly relevant

3% Between the lines I presented >3 possible non-trivial spin-off projects
on a silver tablet
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... Thank you ...
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