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appl(e)tise

verb

a sparkling fruit juice based drink created by blending apple juice with 
carbonated water (now appeltiser)

1.

noun

1. to modify or add code (to an existing calculation) for the purposes of storing 
information (from the calculation) such that the approximate result (of the 
calculation) with different input parameters can be quickly determined



• This program has personnel from both fastNLO and APPLgrid, together with 
developers from the NNLOJET developers

• The aim is for a combined interface for the NNLO calculation with the fast grid 
technology

M Sutton - APPLfast-NNLO

Technical personnel
• Project coordination :

• Claire, Klaus, Mark

• NNLOJET modifications : 

• Alex, (Tom) 

• Initial framework and validation:  

• Tom, Mark, Claire,  Klaus

• pp-process developments : 

• Mark Claire, Klaus

• DIS developments : 

• Daniel, Mark

• Large scale production : 

• Klaus, Daniel, Mark, Claire 

• Continuing core code development :

• Everyone

3
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• The NNLO calculation represents an extremely significant and extensive 
program of work over many years

• The extension from NLO to NNLO is non-trivial and people should not 
underestimate the effort involved 

• The NNLO calculation engine is not ours - so the wishes of the NNLOJET authors 
are of course are primary

• The applfast developers are all part of the wider QCD community, so of course 
we are all are very much aware that progress in this area is eagerly awaited …

• Rest assured that we are working on the implementation and will make the 
results available as soon as we have verified output

• As soon as verified high statistics grids are available (for calculations in the 
experimental kinematic regions) that the NNLOJET authors have endorsed, 
these will be made available to the wider community 



NNLOJET  (and APPLfast-NNLO)

4

• APPLfast-NNLO

• Developers from NNLOJET,  APPLgrid and 
fastNLO 

• A single, combined interface for NNLOJET  
with both APPLgrid and fastNLO 

• Many processes implemented in NNLOJET

• Developing a generic interface for all available 
processes 

• Concentrating on Z + jets at NNLO for the 
initial development and proof-of-concept
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Z+jet production at NNLO A. Huss
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Figure 3: Left: The unnormalised Z-boson transverse momentum distribution for the 66 GeV < m`` <
116 GeV bin of the ATLAS measurement. The green/blue bands denote the NLO/NNLO prediction with
scale uncertainty. Right: The inclusive Drell–Yan cross section for different m`` bins used in the ATLAS
analysis.

As discussed in Ref. [11], the inclusion of the NNLO QCD effects does not fully resolve the
tension with the data for the unnormalised pZ

T distribution. This is illustrated in the left plot of
Fig. 3, where the fixed-order predictions are compared to the ATLAS data in the 66 GeV < m`` <

116 GeV bin. In the bottom panel, we display the ratios with respect to the NLO prediction where
we can observe that the NNLO corrections increase the cross section by about 5%. The bands
on the theory curves represent the scale uncertainty as obtained through a variation of the renor-
malisation and factorisation scale by a factor in the range [1/2,2] from the central scale choice of
µ =

q
m2
``+(pZ

T)
2 and are greatly reduced by moving to NNLO from NLO. Despite the observed

shift of the theory prediction towards the data points, a systematic offset of about 5% remains in
the data–theory comparison which cannot be fully accounted for by the overall 2.8% luminosity
error that is not included in the data points shown in Fig. 3 (left). However, inspecting the Drell–
Yan fiducial cross section, i.e. the normalisation in Eq. (3.3), reveals a systematically larger value
for the measured cross section compared to the NNLO prediction. The difference, as shown in
the right-hand plot of Fig. 3, is comparable in size to the data–theory offset found in the unnor-
malised distributions. Indeed, considering normalised distributions according to Eq. (3.1) leads to
a substantial improvement in the agreement between theory and data as will be discussed below.

The three lowest mass bins in Fig. 3 (right) display a much larger scale uncertainty compared
to the higher mass bins as a consequence of the additional event selection cut, pZ

T > 45 GeV, that
forbids the low-mass bins to be populated at LO for the Drell–Yan process. Therefore, our NNLO
prediction for the normalisation in Eq. (3.3) is effectively only NLO accurate in these bins, with
consequently larger scale dependence. We can improve the theory prediction to genuine NNLO-
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• Semi-automated calculation of cross sections at 
NNLO from the  IPPP, Zurich, ETH and others

• Gehrmann-De Ridder et al  arXiv: 1607.01749

• In principle many processes are implemented - 
inclusive Z, Z+jets, W production, inclusive jets, 
etc

https://arxiv.org/abs/1607.01749


Grid generation

5

• After establishing details of the parameterisation -  number of grid nodes, interpolation order etc - using limited statistics jobs, 
can generate high statistics grids

1. NNLOJET warmup

• Optimise the NNLOJET VEGAS phase space in dedicated NNLOJET job

2. NNLOJET-applfast warmup 

• Many parallel jobs

• Phase space only processing, run with grid filling enabled purely to establish optimised phase space - different approach 
for APPLgrid and fastNLO, but this is hidden in the interface

• Reduced number of internal processes, and phase space only processing gives a significant reduction of processing

3. Full production run 

• Run as many jobs in parallel as CPU availability allows - many thousands of CPU hours required, most notably for the 
double-real contribution due to the highly differential phase space

4. Combine the output sub-grids from the production run

5. All these stages have been implemented but still being fully validated  

   xFitter workshop - 20th - 22nd March 2017

M Sutton - APPLfast-NNLO



Z + jets at NLO

6

• NNLOJET calculates using many (150) distinct internal processes, many with the same input partons

• Automatically reduce down to 33 parton luminosities for the NLO process - combine for Real and Virtual contributions

• Keep the internal mapping of the internal process ID to the parton luminosity
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0 13 27 41 42 65 73 103 133 (d, d̄) + (s, s̄) + (b, b̄)
1 14 28 43 44 66 74 104 134 (u, ū) + (c, c̄)
2 15 29 45 46 67 75 105 135 (d̄, d) + (s̄, s) + (b̄, b)
3 16 30 47 48 68 76 106 136 (ū, u) + (c̄, c)
4 17 31 77 107 137 (d, g) + (s, g) + (b, g)
5 18 32 78 108 138 (u, g) + (c, g)
6 19 33 79 109 139 (g, d) + (g, s) + (g, b)
7 20 34 80 110 140 (g, u) + (g, c)
8 21 22 35 36 85 86 115 116 145 146 (g, g)
9 23 37 81 111 141 (g, d̄) + (g, s̄) + (g, b̄)
10 24 38 82 112 142 (g, ū) + (g, c̄)
11 25 39 83 113 143 (d̄, g) + (s̄, g) + (b̄, g)
12 26 40 84 114 144 (ū, g) + (c̄, g)
13 49 91 121 151 (d, d̄) + (d, s̄) + (d, b̄) + (s, d̄) + (s, s̄) + (s, b̄) + (b, d̄) + (b, s̄) + (b, b̄)
14 50 92 122 152 (d, ū) + (d, c̄) + (s, ū) + (s, c̄) + (b, ū) + (b, c̄)
15 51 93 123 153 (u, d̄) + (u, s̄) + (u, b̄) + (c, d̄) + (c, s̄) + (c, b̄)
16 52 94 124 154 (u, ū) + (u, c̄) + (c, ū) + (c, c̄)
17 53 87 117 147 (d, d) + (d, s) + (d, b) + (s, d) + (s, s) + (s, b) + (b, d) + (b, s) + (b, b)
18 54 88 118 148 (d, u) + (d, c) + (s, u) + (s, c) + (b, u) + (b, c)
19 55 89 119 149 (u, d) + (u, s) + (u, b) + (c, d) + (c, s) + (c, b)
20 56 90 120 150 (u, u) + (u, c) + (c, u) + (c, c)
21 57 99 129 159 (d̄, d̄) + (d̄, s̄) + (d̄, b̄) + (s̄, d̄) + (s̄, s̄) + (s̄, b̄) + (b̄, d̄) + (b̄, s̄) + (b̄, b̄)
22 58 100 130 160 (d̄, ū) + (d̄, c̄) + (s̄, ū) + (s̄, c̄) + (b̄, ū) + (b̄, c̄)
23 59 101 131 161 (ū, d̄) + (ū, s̄) + (ū, b̄) + (c̄, d̄) + (c̄, s̄) + (c̄, b̄)
24 60 102 132 162 (ū, ū) + (ū, c̄) + (c̄, ū) + (c̄, c̄)
25 61 95 125 155 (d̄, d) + (d̄, s) + (d̄, b) + (s̄, d) + (s̄, s) + (s̄, b) + (b̄, d) + (b̄, s) + (b̄, b)
26 62 96 126 156 (d̄, u) + (d̄, c) + (s̄, u) + (s̄, c) + (b̄, u) + (b̄, c)
27 63 97 127 157 (ū, d) + (ū, s) + (ū, b) + (c̄, d) + (c̄, s) + (c̄, b)
28 64 98 128 158 (ū, u) + (ū, c) + (c̄, u) + (c̄, c)
29 69 (d, d) + (s, s) + (b, b)
30 70 (u, u) + (c, c)
31 71 (d̄, d̄) + (s̄, s̄) + (b̄, b̄)
32 72 (ū, ū) + (c̄, c̄)

1



Z + jets at NNLO

7

• Again the same 33 input parton luminosities as in the NNLO case, however, many more (794) individual internal processes
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0 163 177 191 205 206 245 246 285 301 317 347 377 391 405 435 449 450 489 490 529 530 569 593 617 647 677 707 737
767 899 905 906 935 941 942

(d, d̄) + (s, s̄) + (b, b̄)

1 164 178 192 207 208 247 248 286 302 318 348 378 392 406 436 451 452 491 492 531 532 570 594 618 648 678 708 738
768 900 907 908 936 943 944

(u, ū) + (c, c̄)

2 165 179 193 209 210 249 250 287 303 319 349 379 393 407 437 453 454 493 494 533 534 571 595 619 649 679 709 739
769 909 917 918 945 953 954

(d̄, d) + (s̄, s) + (b̄, b)

3 166 180 194 211 212 251 252 288 304 320 350 380 394 408 438 455 456 495 496 535 536 572 596 620 650 680 710 740
770 910 919 920 946 955 956

(ū, u) + (c̄, c)

4 167 181 195 229 230 269 270 289 305 321 351 381 395 409 439 481 482 521 522 561 562 585 586 609 610 621 651 681
711 741 771 817 818 861 862 901 902 937 938

(d, g) + (s, g) + (b, g)

5 168 182 196 231 232 271 272 290 306 322 352 382 396 410 440 483 484 523 524 563 564 587 588 611 612 622 652 682
712 742 772 819 820 863 864 903 904 939 940

(u, g) + (c, g)

6 169 183 197 233 234 273 274 293 309 323 353 383 397 411 441 473 474 513 514 553 554 577 578 601 602 623 653 683
713 743 773 801 802 845 846 889 890 925 926

(g, d) + (g, s) + (g, b)

7 170 184 198 235 236 275 276 294 310 324 354 384 398 412 442 475 476 515 516 555 556 579 580 603 604 624 654 684
714 744 774 803 804 847 848 891 892 927 928

(g, u) + (g, c)

8 171 172 185 186 199 200 325 326 355 356 385 386 399 400 413 414 443 444 629 630 659 660 689 690 719 720 749 750
779 780 797 798 799 800 841 842 843 844 885 886 887 888 921 922 923 924

(g, g)

9 173 187 201 237 238 277 278 295 311 327 357 387 401 415 445 477 478 517 518 557 558 581 582 605 606 625 655 685
715 745 775 805 806 849 850 893 894 929 930

(g, d̄) + (g, s̄) + (g, b̄)

10 174 188 202 239 240 279 280 296 312 328 358 388 402 416 446 479 480 519 520 559 560 583 584 607 608 626 656 686
716 746 776 807 808 851 852 895 896 931 932

(g, ū) + (g, c̄)

11 175 189 203 241 242 281 282 297 313 329 359 389 403 417 447 485 486 525 526 565 566 589 590 613 614 627 657 687
717 747 777 833 834 877 878 913 914 949 950

(d̄, g) + (s̄, g) + (b̄, g)

12 176 190 204 243 244 283 284 298 314 330 360 390 404 418 448 487 488 527 528 567 568 591 592 615 616 628 658 688
718 748 778 835 836 879 880 915 916 951 952

(ū, g) + (c̄, g)

13 213 253 335 365 423 457 497 537 635 665 695 725 755 785 813 821 822 857 865 866 (d, d̄) + (d, s̄) + (d, b̄) + (s, d̄) + (s, s̄) + (s, b̄) + (b, d̄) + (b, s̄) + (b, b̄)
14 214 254 336 366 424 458 498 538 636 666 696 726 756 786 814 858 (d, ū) + (d, c̄) + (s, ū) + (s, c̄) + (b, ū) + (b, c̄)
15 215 255 337 367 425 459 499 539 637 667 697 727 757 787 815 859 (u, d̄) + (u, s̄) + (u, b̄) + (c, d̄) + (c, s̄) + (c, b̄)
16 216 256 338 368 426 460 500 540 638 668 698 728 758 788 816 823 824 860 867 868 (u, ū) + (u, c̄) + (c, ū) + (c, c̄)
17 217 257 331 361 419 461 501 541 631 661 691 721 751 781 809 853 (d, d) + (d, s) + (d, b) + (s, d) + (s, s) + (s, b) + (b, d) + (b, s) + (b, b)
18 218 258 332 362 420 462 502 542 632 662 692 722 752 782 810 854 (d, u) + (d, c) + (s, u) + (s, c) + (b, u) + (b, c)
19 219 259 333 363 421 463 503 543 633 663 693 723 753 783 811 855 (u, d) + (u, s) + (u, b) + (c, d) + (c, s) + (c, b)
20 220 260 334 364 422 464 504 544 634 664 694 724 754 784 812 856 (u, u) + (u, c) + (c, u) + (c, c)
21 221 261 343 373 431 465 505 545 643 673 703 733 763 793 829 873 (d̄, d̄) + (d̄, s̄) + (d̄, b̄) + (s̄, d̄) + (s̄, s̄) + (s̄, b̄) + (b̄, d̄) + (b̄, s̄) + (b̄, b̄)
22 222 262 344 374 432 466 506 546 644 674 704 734 764 794 830 874 (d̄, ū) + (d̄, c̄) + (s̄, ū) + (s̄, c̄) + (b̄, ū) + (b̄, c̄)
23 223 263 345 375 433 467 507 547 645 675 705 735 765 795 831 875 (ū, d̄) + (ū, s̄) + (ū, b̄) + (c̄, d̄) + (c̄, s̄) + (c̄, b̄)
24 224 264 346 376 434 468 508 548 646 676 706 736 766 796 832 876 (ū, ū) + (ū, c̄) + (c̄, ū) + (c̄, c̄)
25 225 265 339 369 427 469 509 549 639 669 699 729 759 789 825 837 838 869 881 882 (d̄, d) + (d̄, s) + (d̄, b) + (s̄, d) + (s̄, s) + (s̄, b) + (b̄, d) + (b̄, s) + (b̄, b)
26 226 266 340 370 428 470 510 550 640 670 700 730 760 790 826 870 (d̄, u) + (d̄, c) + (s̄, u) + (s̄, c) + (b̄, u) + (b̄, c)
27 227 267 341 371 429 471 511 551 641 671 701 731 761 791 827 871 (ū, d) + (ū, s) + (ū, b) + (c̄, d) + (c̄, s) + (c̄, b)
28 228 268 342 372 430 472 512 552 642 672 702 732 762 792 828 839 840 872 883 884 (ū, u) + (ū, c) + (c̄, u) + (c̄, c)
29 291 307 573 597 897 933 (d, d) + (s, s) + (b, b)
30 292 308 574 598 898 934 (u, u) + (c, c)
31 299 315 575 599 911 947 (d̄, d̄) + (s̄, s̄) + (b̄, b̄)
32 300 316 576 600 912 948 (ū, ū) + (c̄, c̄)

1



Z+jets pre-processing

8

• Initial proof-of-concept validation presented at 
QCD@LHC in Zurich

• Sub-permille agreement reached at LO, NLO 
and NNLO in validation jobs

• High statistics grids can be generated …

• Test setup:

• Grids for PTjet1, ηjet1, yZ

• Ecms = 8 TeV

• PTjet > 30 GeV

• | yjet| | < 3

• | yl+l- | < 5

• 80 < Mll < 100 GeV

• μr = μf = MZ  
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K. Rabbertz CERN, Switzerland, 07.03.2017 PDF4LHC Meeting 4

Step 1: Preprocessing

M. Sutton at QCD@LHC

Z+jet LO Approximation Test
Similar performance at subpermille level 

Z+jet Test Setup: p
T,j1

, η
j1
, y

Z

- E
cms

 = 8 TeV

- p
T,jet

 > 30 GeV

- |y
jet

| < 3

- |y
l+,l-

| < 5

- 80 < M
l+l-

 < 100 GeV

- μ
r 
= μ

f
 = M

Z
 = fixed

  (→ no scale interpolation in this test)

Klaus Rabbertz at PDF4LHC
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Z + jets at NNLO

• Early proof-of-concept convolutions ratios from 
QCD@LHC last August

• Note large excursions for some bins due to 
limited statistics used for the determination of 
the optimised phase space

9
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M Sutton - APPLfast-NNLO

Initial NNLOJET VEGAS warmup
• Pure NNLOJET warmup - no grid generation

• One job per cross section contribution type - LO, R, V, RR(a,b), RV, VV etc

• Internal NNLOJET multithreading possible  

• High statistics runs by Klaus using fastNLO grid generation on the KIT BwUniCluster, with support from the Baden-
Württemberg High Performance Computing (HPC) group

10
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M Sutton - APPLfast-NNLO

Grid phase space optimisation

• Run NNLOJET with only the phase space filling calculated - expensive weight calculation per sub-processed is not executed

• Jobs can be run in parallel - at least one job per contribution, LO, NLO-R, NLO-V etc 

• Reasonably fast - non-trivial numbers of events are required, but no where near the numbers needed for the full production 
runs 

11
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M Sutton - APPLfast-NNLO

Processing times
• Details of additional processing time with respect to running full NNLOJET along largely process dependent

• Currently approximately only a factor of ~ 2 slower depending on physics process and grid setup

• Still a significant saving over re-running complete calculation …

• NNLO Z+jets, no grids 

• LO:                O(100) jobs × 5 min

• NLO-V:          O(100) jobs × 10 min

• NLO-R:          O(100)  jobs × 15 min

• NNLO-VV:     O(100) jobs × 1 hour

• NNLO-RV:     O(1000) jobs × 10-20 hours

• NNLO-RR:    O(5000) jobs × ~20 hours

• NNLO DIS jets + grids - each job typically 8 - 16 CPU hours

• LO:                       50 jobs ( 5G events)

• NLO-V:                 40 jobs ( 2G events)

• NLO-R:                 80 jobs (2G events)

• NNLO-VV:           100 jobs (1.5G events)

• NNLO-RV:         5000 jobs (5G events)

• NNLO-RRa:    10000 jobs (5G events)

• NNLO-RRb:      2000 jobs (5G events)

12
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Production running

• Massive parallel processing onvirtual machine farm with O(24) hours per job

• Running on  BwForCluster NEMO in Frieburg - support from Baden-Württemberg High Performance Computing (HPC) 
group

13
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Production farm occupancy

• Completed in approximately 2 days with maximum of around 7800 parallel jobs running at any given time 

14
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Closure tests at Leading and Next-to-Leading order

• Consider the closure of the individual tables from each job separately 

• NB: note the 0.1% y-axis range 

• Generally agree to much better than the per mille level 

• At this level, the interpolation of LHAPDF might be a limiting factor

• Have seen previously that the pdf interpolation in LHAPDF 6 is O(10) times better than that in LHAPDF 5

15
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Closure tests at NNLO

• Note increased ± 1% y-axis range

• Generally agreement to aound the per mille 
level

• Double Real contribution in computed in 
two parts here 

• Some inevitable large fluctuations

• Incomplete cancelation between bins

• Taken care of during the global 
proceedure to combine the grids for the 
final cross section 

16
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Unweighted combination

17
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• Due to incomplete cancelation in bins in 
differential cross sections, a detailed weighted 
combination method is used

• The code for this exists and the proceedure is 
being validated for the applfast tables

• Nïave, unweighted combination produces 
approximately correct cross section 

• Present of untreated fluctuations is apparent
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FIG. 1: Double-di↵erential inclusive jet cross-sections mea-
surement by ATLAS [6] and NNLO perturbative QCD pre-
dictions as a function of the jet pT in slices of rapidity, for
anti-kT jets with R = 0.4 normalized to the NLO result. The
shaded bands represent the scale uncertainty of the theory
predictions obtained by varying µR and µF as described in
the text. The red dashed line displays the NNLO/NLO ratio
corrected multiplicatively for electroweak corrections [37].

Nc, to all these subprocesses. In practice this amounts
to calculating the N2

c , NcNF and N2
F corrections to all

LO subprocesses, where NF is the number of light quark
flavours. We include the full LO and NLO coe�cients in
this calculation but note that retaining only the leading
colour correction to all partonic subprocesses at NLO
gives the full result to within a few percent across all
distributions. The analogous subleading colour contri-
butions at NNLO are expected to be small and we do
not include them in this study. To support this assump-
tion we note that the subleading colour NNLO contribu-
tion for pure gluon scattering was presented in a previ-
ous study [34] and found to be negligible. We construct
subtraction terms to regulate all IR divergences in the
phase space integrals and cancel all explicit poles in the
dimensional regularization parameter, ✏ = (4� d)/2, the
details of which for the antenna subtraction method can
be found in [25, 34, 36]. The IR finite cross section at
NNLO is then integrated numerically in four dimensions
over the appropriate two-, three- or four-parton massless
phase space to yield the final result.

In Fig. 1 we present the results for the double-
di↵erential inclusive jet cross section at NLO and NNLO,
normalized to the NLO theoretical prediction to empha-
size the impact of the NNLO correction to the NLO re-

FIG. 2: NLO and NNLO k-factors for jet production atp
s = 7 TeV. The lines correspond to the double di↵erential

k-factors (ratios of perturbative predictions in the perturba-
tive expansion) for pT > 100 GeV and across six rapidity |y|
slices.

sult. The collider setup is proton-proton collisions at a
centre of mass energy of

p
s = 7 TeV where the jets are

reconstructed using the anti-kT jet algorithm [35] with
R = 0.4. We use the NNPDF3.0 NNLO PDF set [15]
with ↵s(M2

Z) = 0.118 throughout this paper for LO,
NLO and NNLO predictions to emphasise the behaviour
of the higher order coe�cient functions at each pertur-
bative order. By default we set the renormalization and
factorization scales µR = µF = pT1, where pT1 is the
pT of the leading jet in each event. To obtain the scale
uncertainty of the theory prediction we vary both scales
independently by a factor of 1/2 and 2 with the constraint
1/2  µR/µF  2. We find that the NNLO coe�cient
has a moderate positive e↵ect on the cross section, 10%
at low pT across all rapidity slices relative to NLO. This is
significant because it is precisely in this region where the
majority of the cross section lies, especially in the cen-
tral rapidity slices, and it is where we observe the largest
NNLO e↵ects. At higher pT we see that the relative size
of the NNLO correction to NLO decreases to the 1-2%
level and so the perturbative series converges rapidly.

Given that we see a moderate NNLO correction to the
NLO prediction in the region where the bulk of the cross
section lies, it is instructive to compare to the available
data. The data points in Fig. 1 represent the ATLAS
data for an integrated luminosity of 4.5 fb�1 [6], nor-
malized to the NLO prediction. We do not include non-

M Sutton - APPLfast-NNLO

Inclusive jet production

• NNLO QCD predictions for single jet 
inclusive production at the LHC

• J. Currie, E.W.N. Glover, J. Pires 
arXiv: 1611.01460

• For initial linited statistics grid validation 
studies, use scale choice,  μR = μF = pT lead

18

   xFitter workshop - 20th - 22nd March 2017
3

1x104

1.2x104

1.4x104

1.6x104

1.8x104

2x104

 0.25  0.5  1  2  4

LO

NLO

NNLO

NNLOJET

dσ
/d

p T
 [f

b/
Ge

V]

µR/pT1

7 TeV, |yj| < 0.5, 290 GeV < pT < 318 GeV 

µF/pT1=0.5
µF/pT1=1.0
µF/pT1=2.0

FIG. 3: The single inclusive cross section in three pT bins: (left) 100-116 GeV, (centre) 290-318 GeV, (right) 642-688 GeV,
plotted against the normalized scale choice µR/pT1 . Points represent the LO, NLO and NNLO cross section as computed
by NNLOJET at µR/pT1 = 0.5, 1, 2 and µF /pT1 = 1. The solid lines represent the Renormalization Group Equation (RGE)
solution for the scale variation, computed with pT as the evolution parameter and µF /pT1 = 1. Long and short dashed lines
represent the same quantities evaluated with µF /pT1 = 0.5 and µF /pT1 = 2 respectively.

perturbative e↵ects in our predictions; they are quan-
tified in [6] and found to be a 2% e↵ect in the lowest
pT bin and at most a 1% e↵ect in all other bins (al-
though the quoted uncertainty on the non-perturbative
corrections can be as high as 9% for the lowest pT bin).
The electroweak corrections computed in [37], are applied
multiplicatively to the QCD calculation for central scale
choice using the information provided in [6] and the to-
tal is displayed as the red dashed line. The electroweak
e↵ects are small to moderate for pT > 1 TeV for central
rapidities but otherwise negligible. We observe that the
data is described very accurately by the NLO prediction,
particularly at low to moderate pT , whilst the NNLO
prediction shows some tension with the data in the same
region.

The potential for the NNLO correction to change
the shape of the distribution relative to NLO can be
seen clearly in Fig. 2 where we show the k-factors for
NLO/LO, NNLO/NLO and NNLO/LO as a function of
pT in six rapidity slices. In the central rapidity slices we
observe that at low pT the NLO correction acts nega-
tively relative to LO and then grows to a moderate pos-
itive correction at high pT . In contrast, the NNLO cor-
rection acts positively at low pT and decreases to a small
e↵ect at high pT . The aggregate e↵ect is shown in the
NNLO/LO curve which is the result of a partial cancel-
lation between NLO and NNLO at low pT , reversing the
negative NLO contribution to give a positive total cor-
rection, and largely follows the NLO curve at high pT .
In the region, |y| > 1.5, we observe that the NLO correc-
tion is once again negative at low pT but does not grow
as strongly as in central regions, and is indeed negative
at high pT for the most forward slices. Relative to NLO,
the NNLO corrections are again positive and moderate
at low pT , decreasing in size at high pT , such that the
total e↵ect is a positive correction at low pT decreasing
to a negative e↵ect at high pT in the most forward region.

Aside from the size and shape of the NNLO corrections,
an interesting feature of Fig. 1 is the scale dependence
at NLO and NNLO, represented by the thickness of the

bands. At high pT , especially in the central region, the
NNLO scale dependence is dramatically reduced and the
NNLO band lies firmly within the NLO band. The situ-
ation is once again di↵erent at low pT where we observe
an appreciable scale variation on the NNLO calculation,
in some places even larger than the NLO scale variation,
and the bands do not fully overlap.

This behaviour is unexpected and so in Fig. 3 we anal-
yse the scale variation in more detail. We select three pT
bins at low (100-116 GeV), intermediate (290-318 GeV)
and high (642-688 GeV) pT in the central region |y| < 0.5
and display the cross section as a function of µR/pT1 .
The points represent the cross section as calculated at
LO, NLO and NNLO, evaluated at µR/pT1 2 {0.5, 1, 2}
with µF /pT1 = 1. The solid line is the Renormal-
ization Group Equation (RGE) prediction for the scale
variation starting from the cross section computed with
µR/pT1 = µF /pT1 = 1. To be fully consistent, the RGE
evolution variable should be pT1 , however starting with
the distribution d�/dpT , all information on pT1 is lost
and therefore we use pT to approximate pT1 as the RGE
evolution variable [38]. Nevertheless, the di↵erence in
the evolution is small even at low pT and we include the
RGE lines to aid the discussion of the scale variation in
each bin. The long and short dashed lines are obtained
using µF /pT1 = 0.5 and µF /pT1 = 2 respectively.

From the left pane in Fig. 3 we observe that at LO
the scale variation is a monotonically decreasing func-
tion with pT . At NLO the picture is quite di↵erent; the
shape of the RGE curve turns over at approximately the
central scale choice. The consequence of this behaviour is
that the scale band is asymmetric, with the central scale
being located at the upper edge of the band, as can be
seen in Fig. 1 where the NLO scale band lies almost en-
tirely below one. The overall variation is also relatively
small at low pT , (< 5%), which is linked to the small-
ness of the NLO coe�cient, (⇠ 4% of LO), as displayed
in Fig. 2. The NNLO curve is monotonically decreas-
ing, leading to a more symmetric band and the overall
variation is significant, largely reflecting the size of the

2

NLO
NNLO
NNLOxEW

FIG. 1: Double-di↵erential inclusive jet cross-sections mea-
surement by ATLAS [6] and NNLO perturbative QCD pre-
dictions as a function of the jet pT in slices of rapidity, for
anti-kT jets with R = 0.4 normalized to the NLO result. The
shaded bands represent the scale uncertainty of the theory
predictions obtained by varying µR and µF as described in
the text. The red dashed line displays the NNLO/NLO ratio
corrected multiplicatively for electroweak corrections [37].

Nc, to all these subprocesses. In practice this amounts
to calculating the N2

c , NcNF and N2
F corrections to all

LO subprocesses, where NF is the number of light quark
flavours. We include the full LO and NLO coe�cients in
this calculation but note that retaining only the leading
colour correction to all partonic subprocesses at NLO
gives the full result to within a few percent across all
distributions. The analogous subleading colour contri-
butions at NNLO are expected to be small and we do
not include them in this study. To support this assump-
tion we note that the subleading colour NNLO contribu-
tion for pure gluon scattering was presented in a previ-
ous study [34] and found to be negligible. We construct
subtraction terms to regulate all IR divergences in the
phase space integrals and cancel all explicit poles in the
dimensional regularization parameter, ✏ = (4� d)/2, the
details of which for the antenna subtraction method can
be found in [25, 34, 36]. The IR finite cross section at
NNLO is then integrated numerically in four dimensions
over the appropriate two-, three- or four-parton massless
phase space to yield the final result.

In Fig. 1 we present the results for the double-
di↵erential inclusive jet cross section at NLO and NNLO,
normalized to the NLO theoretical prediction to empha-
size the impact of the NNLO correction to the NLO re-

FIG. 2: NLO and NNLO k-factors for jet production atp
s = 7 TeV. The lines correspond to the double di↵erential

k-factors (ratios of perturbative predictions in the perturba-
tive expansion) for pT > 100 GeV and across six rapidity |y|
slices.

sult. The collider setup is proton-proton collisions at a
centre of mass energy of

p
s = 7 TeV where the jets are

reconstructed using the anti-kT jet algorithm [35] with
R = 0.4. We use the NNPDF3.0 NNLO PDF set [15]
with ↵s(M2

Z) = 0.118 throughout this paper for LO,
NLO and NNLO predictions to emphasise the behaviour
of the higher order coe�cient functions at each pertur-
bative order. By default we set the renormalization and
factorization scales µR = µF = pT1, where pT1 is the
pT of the leading jet in each event. To obtain the scale
uncertainty of the theory prediction we vary both scales
independently by a factor of 1/2 and 2 with the constraint
1/2  µR/µF  2. We find that the NNLO coe�cient
has a moderate positive e↵ect on the cross section, 10%
at low pT across all rapidity slices relative to NLO. This is
significant because it is precisely in this region where the
majority of the cross section lies, especially in the cen-
tral rapidity slices, and it is where we observe the largest
NNLO e↵ects. At higher pT we see that the relative size
of the NNLO correction to NLO decreases to the 1-2%
level and so the perturbative series converges rapidly.

Given that we see a moderate NNLO correction to the
NLO prediction in the region where the bulk of the cross
section lies, it is instructive to compare to the available
data. The data points in Fig. 1 represent the ATLAS
data for an integrated luminosity of 4.5 fb�1 [6], nor-
malized to the NLO prediction. We do not include non-

https://arxiv.org/abs/1611.01460


Jet production technicalities
• Leading order - 25 internal processes

• And at NLO - 150 internal processes
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0 26 31 38 45 84 89 98 109 120 127 134 (g, g)
1 27 34 41 51 61 70 78 87 92 94 105 116 123 130 145 155 165 173 181 189 (d, g) + (u, g) + (s, g) + (c, g) + (b, g)
2 28 35 42 48 58 68 76 95 106 117 124 131 139 149 159 167 175 183 (d, d̄) + (u, ū) + (s, s̄) + (c, c̄) + (b, b̄)
3 29 36 43 53 63 72 80 85 90 96 107 118 125 132 143 153 163 171 179 187 (g, d) + (g, u) + (g, s) + (g, c) + (g, b)
4 30 37 44 52 62 71 79 97 108 119 126 133 140 150 160 169 177 185 (d̄, d) + (ū, u) + (s̄, s) + (c̄, c) + (b̄, b)
5 32 39 46 57 67 75 83 86 91 99 110 121 128 135 144 154 164 172 180 188 (g, d̄) + (g, ū) + (g, s̄) + (g, c̄) + (g, b̄)
6 33 40 47 56 66 74 82 88 93 100 111 122 129 136 146 156 166 174 182 190 (d̄, g) + (ū, g) + (s̄, g) + (c̄, g) + (b̄, g)

7 49 59 101 112 138 148 158

(d, d) + (d, u) + (d, s) + (d, c) + (d, b) + (u, d) + (u, u) +
(u, s) + (u, c) + (u, b) + (s, d) + (s, u) + (s, s) + (s, c) + (s, b) +
(c, d) + (c, u) + (c, s) + (c, c) + (c, b) + (b, d) + (b, u) + (b, s) +
(b, c) + (b, b)

8 50 60 102 113 137 147 157

(d, d̄) + (d, ū) + (d, s̄) + (d, c̄) + (d, b̄) + (u, d̄) + (u, ū) +
(u, s̄) + (u, c̄) + (u, b̄) + (s, d̄) + (s, ū) + (s, s̄) + (s, c̄) + (s, b̄) +
(c, d̄) + (c, ū) + (c, s̄) + (c, c̄) + (c, b̄) + (b, d̄) + (b, ū) + (b, s̄) +
(b, c̄) + (b, b̄)

9 54 64 103 114 142 152 162

(d̄, d) + (d̄, u) + (d̄, s) + (d̄, c) + (d̄, b) + (ū, d) + (ū, u) +
(ū, s) + (ū, c) + (ū, b) + (s̄, d) + (s̄, u) + (s̄, s) + (s̄, c) + (s̄, b) +
(c̄, d) + (c̄, u) + (c̄, s) + (c̄, c) + (c̄, b) + (b̄, d) + (b̄, u) + (b̄, s) +
(b̄, c) + (b̄, b)

10 55 65 104 115 141 151 161

(d̄, d̄) + (d̄, ū) + (d̄, s̄) + (d̄, c̄) + (d̄, b̄) + (ū, d̄) + (ū, ū) +
(ū, s̄) + (ū, c̄) + (ū, b̄) + (s̄, d̄) + (s̄, ū) + (s̄, s̄) + (s̄, c̄) + (s̄, b̄) +
(c̄, d̄) + (c̄, ū) + (c̄, s̄) + (c̄, c̄) + (c̄, b̄) + (b̄, d̄) + (b̄, ū) + (b̄, s̄) +
(b̄, c̄) + (b̄, b̄)

11 69 77 168 176 184 (d, d) + (u, u) + (s, s) + (c, c) + (b, b)
12 73 81 170 178 186 (d̄, d̄) + (ū, ū) + (s̄, s̄) + (c̄, c̄) + (b̄, b̄)

1

pdf : /Users/sutt/nlo/NNLOJET-rev3678/driver/process/jet/jet-LO.config nprocesses: 25

0 1 6 13 (g, g)
1 2 9 (d, g) + (u, g) + (s, g) + (c, g) + (b, g)
2 3 10 18 22 (d, d̄) + (u, ū) + (s, s̄) + (c, c̄) + (b, b̄)
3 4 11 (g, d) + (g, u) + (g, s) + (g, c) + (g, b)
4 5 12 19 24 (d̄, d) + (ū, u) + (s̄, s) + (c̄, c) + (b̄, b)
5 7 14 (g, d̄) + (g, ū) + (g, s̄) + (g, c̄) + (g, b̄)
6 8 15 (d̄, g) + (ū, g) + (s̄, g) + (c̄, g) + (b̄, g)

7 16
(d, d̄) + (d, ū) + (d, s̄) + (d, c̄) + (d, b̄) + (u, d̄) + (u, ū) + (u, s̄) + (u, c̄) + (u, b̄) + (s, d̄) + (s, ū) + (s, s̄) + (s, c̄) + (s, b̄) +
(c, d̄) + (c, ū) + (c, s̄) + (c, c̄) + (c, b̄) + (b, d̄) + (b, ū) + (b, s̄) + (b, c̄) + (b, b̄)

8 17
(d, d) + (d, u) + (d, s) + (d, c) + (d, b) + (u, d) + (u, u) + (u, s) + (u, c) + (u, b) + (s, d) + (s, u) + (s, s) + (s, c) + (s, b) +
(c, d) + (c, u) + (c, s) + (c, c) + (c, b) + (b, d) + (b, u) + (b, s) + (b, c) + (b, b)

9 20
(d̄, d̄) + (d̄, ū) + (d̄, s̄) + (d̄, c̄) + (d̄, b̄) + (ū, d̄) + (ū, ū) + (ū, s̄) + (ū, c̄) + (ū, b̄) + (s̄, d̄) + (s̄, ū) + (s̄, s̄) + (s̄, c̄) + (s̄, b̄) +
(c̄, d̄) + (c̄, ū) + (c̄, s̄) + (c̄, c̄) + (c̄, b̄) + (b̄, d̄) + (b̄, ū) + (b̄, s̄) + (b̄, c̄) + (b̄, b̄)

10 21
(d̄, d) + (d̄, u) + (d̄, s) + (d̄, c) + (d̄, b) + (ū, d) + (ū, u) + (ū, s) + (ū, c) + (ū, b) + (s̄, d) + (s̄, u) + (s̄, s) + (s̄, c) + (s̄, b) +
(c̄, d) + (c̄, u) + (c̄, s) + (c̄, c) + (c̄, b) + (b̄, d) + (b̄, u) + (b̄, s) + (b̄, c) + (b̄, b)

11 23 (d, d) + (u, u) + (s, s) + (c, c) + (b, b)
12 25 (d̄, d̄) + (ū, ū) + (s̄, s̄) + (c̄, c̄) + (b̄, b̄)

1



• Real-virtual - 54 internal processes

Jet production
• Double virtual - 93 internal processes
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pdf : /Users/sutt/nlo/NNLOJET-rev3678/driver/process/jet/jet-RR.config nprocesses: 25

0 191 196 209 (g, g)
1 192 202 (d, g) + (u, g) + (s, g) + (c, g) + (b, g)
2 193 199 210 (d, d̄) + (u, ū) + (s, s̄) + (c, c̄) + (b, b̄)
3 194 204 (g, d) + (g, u) + (g, s) + (g, c) + (g, b)
4 195 203 213 (d̄, d) + (ū, u) + (s̄, s) + (c̄, c) + (b̄, b)
5 197 208 (g, d̄) + (g, ū) + (g, s̄) + (g, c̄) + (g, b̄)
6 198 207 (d̄, g) + (ū, g) + (s̄, g) + (c̄, g) + (b̄, g)

7 200 211
(d, d) + (d, u) + (d, s) + (d, c) + (d, b) + (u, d) + (u, u) + (u, s) + (u, c) + (u, b) + (s, d) + (s, u) + (s, s) + (s, c) + (s, b) + (c, d) +
(c, u) + (c, s) + (c, c) + (c, b) + (b, d) + (b, u) + (b, s) + (b, c) + (b, b)

8 201 212
(d, d̄) + (d, ū) + (d, s̄) + (d, c̄) + (d, b̄) + (u, d̄) + (u, ū) + (u, s̄) + (u, c̄) + (u, b̄) + (s, d̄) + (s, ū) + (s, s̄) + (s, c̄) + (s, b̄) + (c, d̄) +
(c, ū) + (c, s̄) + (c, c̄) + (c, b̄) + (b, d̄) + (b, ū) + (b, s̄) + (b, c̄) + (b, b̄)

9 205 214
(d̄, d) + (d̄, u) + (d̄, s) + (d̄, c) + (d̄, b) + (ū, d) + (ū, u) + (ū, s) + (ū, c) + (ū, b) + (s̄, d) + (s̄, u) + (s̄, s) + (s̄, c) + (s̄, b) + (c̄, d) +
(c̄, u) + (c̄, s) + (c̄, c) + (c̄, b) + (b̄, d) + (b̄, u) + (b̄, s) + (b̄, c) + (b̄, b)

10 206 215
(d̄, d̄) + (d̄, ū) + (d̄, s̄) + (d̄, c̄) + (d̄, b̄) + (ū, d̄) + (ū, ū) + (ū, s̄) + (ū, c̄) + (ū, b̄) + (s̄, d̄) + (s̄, ū) + (s̄, s̄) + (s̄, c̄) + (s̄, b̄) + (c̄, d̄) +
(c̄, ū) + (c̄, s̄) + (c̄, c̄) + (c̄, b̄) + (b̄, d̄) + (b̄, ū) + (b̄, s̄) + (b̄, c̄) + (b̄, b̄)
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0 216 221 230 241 258 269 (g, g)
1 217 222 228 239 253 264 (g, d) + (g, u) + (g, s) + (g, c) + (g, b)
2 218 223 231 242 257 268 (g, d̄) + (g, ū) + (g, s̄) + (g, c̄) + (g, b̄)
3 219 224 226 237 251 262 (d, g) + (u, g) + (s, g) + (c, g) + (b, g)
4 220 225 232 243 256 267 (d̄, g) + (ū, g) + (s̄, g) + (c̄, g) + (b̄, g)
5 227 238 248 259 (d, d̄) + (u, ū) + (s, s̄) + (c, c̄) + (b, b̄)
6 229 240 252 263 (d̄, d) + (ū, u) + (s̄, s) + (c̄, c) + (b̄, b)

7 233 244 249 260
(d, d) + (d, u) + (d, s) + (d, c) + (d, b) + (u, d) + (u, u) + (u, s) + (u, c) + (u, b) + (s, d) + (s, u) + (s, s) +
(s, c) + (s, b) + (c, d) + (c, u) + (c, s) + (c, c) + (c, b) + (b, d) + (b, u) + (b, s) + (b, c) + (b, b)

8 234 245 250 261
(d, d̄) + (d, ū) + (d, s̄) + (d, c̄) + (d, b̄) + (u, d̄) + (u, ū) + (u, s̄) + (u, c̄) + (u, b̄) + (s, d̄) + (s, ū) + (s, s̄) +
(s, c̄) + (s, b̄) + (c, d̄) + (c, ū) + (c, s̄) + (c, c̄) + (c, b̄) + (b, d̄) + (b, ū) + (b, s̄) + (b, c̄) + (b, b̄)

9 235 246 254 265
(d̄, d) + (d̄, u) + (d̄, s) + (d̄, c) + (d̄, b) + (ū, d) + (ū, u) + (ū, s) + (ū, c) + (ū, b) + (s̄, d) + (s̄, u) + (s̄, s) +
(s̄, c) + (s̄, b) + (c̄, d) + (c̄, u) + (c̄, s) + (c̄, c) + (c̄, b) + (b̄, d) + (b̄, u) + (b̄, s) + (b̄, c) + (b̄, b)

10 236 247 255 266
(d̄, d̄) + (d̄, ū) + (d̄, s̄) + (d̄, c̄) + (d̄, b̄) + (ū, d̄) + (ū, ū) + (ū, s̄) + (ū, c̄) + (ū, b̄) + (s̄, d̄) + (s̄, ū) + (s̄, s̄) +
(s̄, c̄) + (s̄, b̄) + (c̄, d̄) + (c̄, ū) + (c̄, s̄) + (c̄, c̄) + (c̄, b̄) + (b̄, d̄) + (b̄, ū) + (b̄, s̄) + (b̄, c̄) + (b̄, b̄)
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0 270 279 288 301 312 323 336 347 358 (g, g)
1 271 280 289 299 310 321 337 348 359 (g, d) + (g, u) + (g, s) + (g, c) + (g, b)
2 272 281 290 302 313 324 338 349 360 (g, d̄) + (g, ū) + (g, s̄) + (g, c̄) + (g, b̄)

3 273 282 291 304 315 326 331 342 353
(d, d) + (d, u) + (d, s) + (d, c) + (d, b) + (u, d) + (u, u) + (u, s) + (u, c) + (u, b) +
(s, d) + (s, u) + (s, s) + (s, c) + (s, b) + (c, d) + (c, u) + (c, s) + (c, c) + (c, b) + (b, d) +
(b, u) + (b, s) + (b, c) + (b, b)

4 274 283 292 305 316 327 330 341 352
(d, d̄) + (d, ū) + (d, s̄) + (d, c̄) + (d, b̄) + (u, d̄) + (u, ū) + (u, s̄) + (u, c̄) + (u, b̄) +
(s, d̄) + (s, ū) + (s, s̄) + (s, c̄) + (s, b̄) + (c, d̄) + (c, ū) + (c, s̄) + (c, c̄) + (c, b̄) + (b, d̄) +
(b, ū) + (b, s̄) + (b, c̄) + (b, b̄)

5 275 284 293 297 308 319 339 350 361 (d, g) + (u, g) + (s, g) + (c, g) + (b, g)

6 276 285 294 306 317 328 335 346 357
(d̄, d) + (d̄, u) + (d̄, s) + (d̄, c) + (d̄, b) + (ū, d) + (ū, u) + (ū, s) + (ū, c) + (ū, b) +
(s̄, d) + (s̄, u) + (s̄, s) + (s̄, c) + (s̄, b) + (c̄, d) + (c̄, u) + (c̄, s) + (c̄, c) + (c̄, b) + (b̄, d) +
(b̄, u) + (b̄, s) + (b̄, c) + (b̄, b)

7 277 286 295 307 318 329 334 345 356
(d̄, d̄) + (d̄, ū) + (d̄, s̄) + (d̄, c̄) + (d̄, b̄) + (ū, d̄) + (ū, ū) + (ū, s̄) + (ū, c̄) + (ū, b̄) +
(s̄, d̄) + (s̄, ū) + (s̄, s̄) + (s̄, c̄) + (s̄, b̄) + (c̄, d̄) + (c̄, ū) + (c̄, s̄) + (c̄, c̄) + (c̄, b̄) + (b̄, d̄) +
(b̄, ū) + (b̄, s̄) + (b̄, c̄) + (b̄, b̄)

8 278 287 296 303 314 325 340 351 362 (d̄, g) + (ū, g) + (s̄, g) + (c̄, g) + (b̄, g)
9 298 309 320 332 343 354 (d, d̄) + (u, ū) + (s, s̄) + (c, c̄) + (b, b̄)
10 300 311 322 333 344 355 (d̄, d) + (ū, u) + (s̄, s) + (c̄, c) + (b̄, b)

1

• Double real - 25 internal processes
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Inclusive jets at NLO

• Tests of grid closure of the NLO components 

• Only low statistics runs so far - completely 
consistent with NLO jet production from 
numerous sources

• Even with short warmup, agreement generally 
better than 0.1%  
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Inclusive jets at NNLO

• Similarly NNLO contributions also generally better 
than 0.1 % 

• Should improve with longer warmup

• Intend to start larger scale production in the near 
future
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Outlook
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• The NNLOJET project is reaching fruition … 

• Provides a common interface for multifarious physics 
processes - Inclusive Z production Z+jet, W inclusive, 
Inclusive Higgs production, DIS jets, multijets in e+e- …

• The APPLfast-NNLO proof of concept development is 
starting to mature

• Proof of concept validated with common interface for 
both APPLgrid and fastNLO at LO, NLO and NNLO 
order

• Large scale production launched for Z+jets in pp collisions, 
DIS jets

• More processes currently under development: inclusive 
Z production, inclusive jets … 

• Working on completion of correct combination of large 
scale production results 

• Looking forward to completion of the validation for many 
new NNLO grids to provide a veritable smörgåsbord of 
physics processes of the highest order. 
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non frustra viximus !
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