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Abstract. We propose a non-perturbative criterion to investigatethdresupersymmetric lattice gauge theo-
ries preserving partial SUSY can have the desired continimihor not. Since the target continuum theories
of the lattice models are extended supersymmetric gaugei¢iseéncluding the topological field theory (TFT)
as a special subsector, the continuum limits of them shapdoduce the properties of the TFT. Therefore,
whether the property of the TFT can be recovered at the aauntirlimit becomes a non-perturbative criterion.
Then we accept it as a criterion. In this paper, among thdagjmal properties, we investigate the BRST coho-
mology on the two dimensional” = (4,4) CKKU lattice model without moduli fixing mass term. We show
that the BRST cohomology in the target continuum theory ot realized from the BRST cohomology
on the lattice. From this result, we obtain the possible ioapion that the 4" = (4,4) CKKU model cannot
recover the target continuum theory if the non-perturleagiffects are taken into account.

PACS. 11.15.Ha Lattice gauge theory —12.60.Jv Supersymmetriefao

1 Introduction It is very important to investigate whether the models
really solve the fine-tuning problem or not. To do it, we

Supersymmetry is one of the main subjects in the partié?@ou'd investigate whether they recover the target contin-

physics. The supersymmetric gauge theories exhibits a Y4™M theories or not. In the perturbative level, such investi

riety of complex non-perturbative phenomena which ha tions have_done well. (.Fpr example [7].) But, on the other
been vigorously investigated. For example, there are matg/d: there is not a sufficient study which takes the non-
analytic studies about the Seiberg-Witten theéry [1] a rturbat!ve effects into consideration. Then we will non-
AdS/CFT duality [2]. Such approaches to non-perturbatij?rturb"?‘t'vely examine whether the models really solve the
physics are based on the property of duality. We can le fiie-tuning problem or not.
much more from the numerical study using the lattice for-
mulation, which is more universal method, since the method ]
would enable us to calculate any observables. 2 The proposed non-perturbative

In spite of the need for supersymmetric lattice modetriterion
the construction of the lattice formulation applicablehe t
numerical study is difficult. Since the supersymmetry irNote that the models can be regarded as the lattice regu-
cluding the infinitesimal translation in its algebra is brotarization of the topological field theory (TFT). This is be-
ken on the lattice which breaks the translational invaganaause preserved supercharges on the lattice are equivalent
the ordinary lattice formulations suffer from the fine-togi to the BRST charge in the TFT obtained by the topolog-
problem. Fine-tuning problem is the difficulty to recovejcal twisting. The target continuum theories of these lat-
the target continuum theory when the quantum effects aree models are extended supersymmetric gauge theories
taken into account, and it makes the computation time tagcluding the TFT as a special subsector. Therefore the
huge to perform the practical numerical calculation.  topological field theory in the continuum theory must be

To solve the fine-tuning problem, several lattice gaugecovered in the continuum limits if the lattice models re-
theories which preserve partial supersymmetry on the lafly recover the target continuum theories.
tice are proposed[3i/4,/5, 6] recently. They utilize the topo In this work, among the several properties of the TFT,
logical twisting which is picking up a set of supersymmetrwe investigate the behavior of the BRST cohomoldgy [8].
generators which does not include the infinitesimal transf@he BRST cohomology is defined with the vacuum ex-
tion in its algebra. In this way, partial supersymmetry cgpectation valug &) of an operatow’ vanishing under the

be preserved on the lattice. operation of the BRST charg® (BRST closed) but not
BRST exact. The BRST exact is a quantity written by the
@ kohta@phys.tohoku.ac.jp Q-operation of a gauge invariant quantity. We can obtain
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the quantity(©) is independent of the gauge coupling dué/e can confirm that these operators are BRST closed by
to the property of the Hilbert space of the TFT. Namelyhe explicit calculation,

(0)) can be regarded as one of the non-perturbative quanti-

ties. Therefore, by examining whether the BRST cohomol- ¢, — Q/ Wi = / d# 1= / Wi 1=0, (6)

ogy in the continuum theory can be recovered at the con- Y Y v

tinuum limit or not, we can non-perturbatively investigate, )
whether a lattice model can recover the continuum thegii'c€ @ny homology cycle does not have boundaries. Also

or not. the #o can be regarded as the BRST closed operators due
In this paper, we consider whethet = (4,4) two dj- (0 the transformation la@e=0.
mensional CKKU model[[3] really have the desired contin- | "€S€Ck areé BRST cohomologies although they are
uum limit or not. To do it, we study the BRST cohomology°rmally written by the BRST exact form,
on the lattice. Then we compare the BRST cohomology on . .
the lattice with the BRST cohomology in the continuum O1= /QTNPV, 03 :/QTHLI/\V (7)
theory, and we consider whether the BRST cohomology in )
the target theory really recovered in the continuum limitthe operators Tpv and Tr A v are not gauge invariant.
From this study, we consider whether the target theory The BRST exact quantities are defined by @xeperation
recovered in the continuum limit or not. of gauge invariant quantities. Therefore thegeand ¢
are not BRST exact but BRST closed quantities, namely the
. BRST cohomologies. Here, please note thafQkaperation
3 The BRST cohomology in the target changes the gauge transformation laws as
theory.

. . e BRST cohomo) Vu — 9 'vug+9 g, ®)
To make a comparison between the BRST cohomology in _ -1
the target continuum theory and the ones on the lattice, we Q=W = 9 "o ©)

should explain the BRST cohomology in the target contif;g property plays an important role to create the gauge

uum theory. The action of the cor_1tinuum theory is Writtel?\variant BRST cohomology from th@-operation of the
by the BRST exact form as described at the eq. (5.1) in tﬂﬁuge variant quantity.

paper[[9]. The BRST transformation law of the continuum
theory is given at the eq. (5.2) in the paper [9]. Among the

transformation laws in the eq. (5.2), we describe the tran
formation e E_“I’he BRST cohomology on the two
dimensional .4 = (4,4) CKKU lattice

Qp =0, model.
Qvu = Yy,
Quy = iD,o, (1) Next, letus consider the BRST cohomology on the two di-

mensional/” = (4,4) CKKU lattice model without moduli

here, since we use these transformation laws to create figihg mass term. The action of the lattice model is writ-
BRST cohomologies in the continuum theory. In €4d. (1en at eq. (3.14) i 3], and the preserved supercharges and
v, denotes the gauge field and tigp denotes the BRST their transformation laws are given by egs. (3.2),(3.35)3
partner of the gauge field. and (3.6) in[[3]. The action can be written by the equiva-

In the continuum theory, the BRST cohomologies alent BRST exact form described in eq. (2.14),(2.15)in [9],
composed by, v, andy, at least. To compose the BRSTwhere the BRST charge is given by the the linear combi-
cohomologies by these fields, we can utilize the ‘decendtion of the original superchrages as eq. (2.11)in [9]. In
relation’ proposed by Witteri [10]. Let us prepare the diffact, also the BRST exact action eq. (3.6)lin [8] is com-
ferential 0-form, 1-form and 2-form operator set pletely equivalent to eq. (2.11) in][9]. One can check the
equivalence by identifying the fields as follows

Vo =Trg?,
% = Tr(P‘,Ua Xn a4 \/ézl,m /\n Aad \/éw:l.,nv
Wo=Troe(dv+VvAV)+ YA, 2 Xr:r A \/zzl,n, /N\r;r = —\/Efz,n,
where ¢ andv are differential 1-form denoted by = irlr@ \/\/%Z_Z’n’ 3\\?@ ng’n’
WudxH andv = v, dxH. Hered denotes the exterior deriva- ‘0 < V<2, n < V281,
tive. The set satisfies the following the ‘decent relation’ = \/izm, n[&f’ \/E("U&n —An), (10)
Xé(]: <~ \/E)gna Xn = \/§E§,n7
Q# =0, (3) HC & v/2Gn, HCT & \/?Gn,
W= da (k=12 @ e —iv2(gsn+An), Hy & —dn,

Utilizing this property, the BRST closed operat@rs can Py = \/QZS,n-
be constructed by the integral & (k = 1,2) over thek

dimensional homology cyclg, In this paper, we use the BRST exact form eq. (3.7).n [8]

of the CKKU lattice action,
o= | Mo (5) o=
Iy S=0=
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_ 1 _ . 5 9 .09
= :Tr Znn[wn,wn]‘i‘xn'(Hn—léan) +(Dnann+Xn aHn’ (14)
1 t= =yt we can construct the number operaﬁg;, which count the
+§{)\n(xn P — PniXn) number of fields in the sel,, by the anti-commutation re-
- = lation,
A (X Pn — P %)
+/~\n(YnT5n—(5n+er:r) O = i—i— t 9 +Y, i_i_YTi
) ~ - {QaQ} anaxn xn axr-l- naYn n ﬁYr;r
+/\r11:j (Yn-j ‘Dn—d)annj)} ) 7] + 0 ~ d =~y 0
FAhs— + A —= F A= + A —==
"oAn oAl T Mok, T aAS
(11) 9 9 9 9
R _ toxT X VARV + Py +Hn 5o+ s —+ Xn* 35—
Sn = —(XaXq = Xo_iXai +Yn ¥y = Yo 1Yo, 2@, oH, " "an, IXn
&Y = 2 (XaYnyi —YnXn4j)- =N, . (15)

In the tree level, the continuum fimit of the eq. (3.7) ifbjease note that any function of the field variables can be
[8] becomes the topological field theory action eq. (3.14)itten in terms of a sum of eigenfunctitrof N, namely
(or eq. (5.1) in[[9]), which is equivalent to the two dimen-

sional.4" = (4,4) super Yang-Mills theory. In the contin- o N
uum limit, the lattice field variablep becomes the field h= ) bn,,  Neyhn, =nghn,, ny €{0}UN,
@ in the continuum theory, and the gauge fielgscome Ny =0

(16)

since any term in the functioh has definite number of

i 2% AT fields in the setr,. In addition to this homogeneous prop-

field, A,AT,A,AT. For later use, we distinguish the degregrty of the BRST charg®, this Q does not change the

of freedom as the two paftPy }, which is the set composedgayge transformation law opposite to the continuum the-

only by the field®, and the sef, which is composed by ory case. One can confirm it by checking that each field

the other fields. _ o resides on the same link or site as its corresponding BRST
The BRST transformation laws are given in eq. (3.7) ifartner described in the right hand sides of the BRST trans-

[8l, formation laws eq. (3.7) in [8] respectively (see also Fig. 1
QXn :Z\n, Q/N\n = OnXn — Xn P, in [8]).

From these properties of BRST charges, we can see that

from the bosonic link field,X,Y,YT. The BRST part-
ner of the gauge fieldgy, come from the fermionic link

SLHR:*/\F‘}D R 8/\%:7(3”]1?” ~ Py, BRST cohomology must be composed only ¢yon the
H?C B w”’é” VCo Xﬁ(‘: B H?C’ lattice. We will show it. First, let us consider the BRST
QHy = ®n Xy — Xn Pn+itj: QXn =Hp', _ closed functiorh. satisfyingQhe = 0. From the property
Q®Pn = nn, Qnn = [®n, Pn, eq. [16), alsdx; can be decomposed by the sum of eigen-
QP =0. (12) functions of the operatdy,,,
Note that this is a homogeneous transformatiofypfThere- o
fore, the transformation can be written as the tangent vecto he = z hen,, - (17)
H'WZO
17} + 0 v 0 =40 ) _ .
Q= Z /\nm +An -7 —H\naT +Aq 7 Since the BRST operator is homogeneous transformation
n 0Xn n dYn which does not change the number of fieldsdify, the
5} 5} BRST operato commutes with the number operabdy,
@0, Xn ) 30 + (PaXn — Xn Poisi) e namely
oH} OH .
0 0 [Q7 N%] =0. (18)
+(¢nXCT_XCT¢n7iJ)—+’7n— i i i i
n n J dHﬁ:T FIoN Then_, if Qhe = 0, each eigenfunctioh;, , composing the
P 9 functionhe must be BRST closed,
(DX — Xn P i) 3= + (P X = XT Dy ) —=
(n i) g, (K X ')aA,I Qhc=0< Qhen, =0, (n%, € {0}UN).  (19)
7} 7}
+(PnYn — Yo Pnj )OT +(®Yy =Y @, )=  The BRST closed eigenfunctiohg, , with non-zero eigen-
n A value n. # 0 can be formally written as the BRST exact
3} — 0 form since
+Hn'W+[(Dna¢n]W . (13) . . .
" " hen,, =N, MNohen, =nHQ,Qthen, =N, QQhen,, .
From this property, if we introduce another fermionic op- , (20)
erator written by the tangent vector Herga theQ—operauo_n does not change the gauge transfor-
mation law. Then, in the eq_(PORhn,, must be gauge
5 0 + 0 0 + 0 invariant if the functiorhc o, is a gauge invariant function.
Q= ZX“W +X AT +Y”a—;\n + AT Therefore, in the BRST closed functitg, BRST closed
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non-zero eigenfunctiol, , , must be BRST exact. Finally, cohomology is a topological quantity defined by the inner
we can see that the only the zero eigenfunckiggn) which product of the homology cycle and its dual cohomology.
is the polynomial composed only by, can be the BRST Such a topological quantity is generally difficult to be re-
cohomology among the eigenfunctions. This is the end alized on the lattice since the gauge symmetry on the lat-
proof. tice admits the singular gauge transformation which pre-
The above situation stands for any lattice spacing. Thisnts us from defining the topological quantity on the lat-
tells that the BRST cohomology must be composed only lige. From this observation, we can guess that also other
@ no matter how the lattice spacing is small, namely evenodels like [5, 6] might be difficult to recover the desired
in the continuum limit. Therefore the BRST cohomologyarget theories. But, from this, we could obtain the valu-
in the target continuum theory, which are composed nable strategy to develop the lattice formulation which can
only by @ but also by gauge fieldg, and their partners easily recover the desired target continuum theory, namely
Yy, cannot be realized from the BRST cohomology on titee formulation applicable to the numerical study. We pro-
lattice. Finally, we obtain the possible implication thla¢t pose that we should apply the Admissibility conditioni[11]
A = (4,4) CKKU lattice model cannot realize the desireetc, which enables to define the topological quantity like
target continuum theory. the chiral anomaly, to define the BRST cohomology on the
lattice and to recover the desired target theory.
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Moreover, we consider the reason of the impossibility.
The reason of the impossibility would be that the BRST


http://arxiv.org/abs/hep-th/9407087
http://arxiv.org/abs/hep-th/9905111
http://arxiv.org/abs/hep-lat/0307012
http://arxiv.org/abs/hep-lat/0302017
http://arxiv.org/abs/hep-lat/0311021
http://arxiv.org/abs/hep-lat/0410052
http://arxiv.org/abs/hep-lat/0506014
http://arxiv.org/abs/hep-lat/0611011
http://arxiv.org/abs/0705.3831
http://arxiv.org/abs/hep-lat/9811032

	Introduction
	The proposed non-perturbative criterion
	The BRST cohomology in the target theory.
	The BRST cohomology on the two dimensional N =(4,4) CKKU lattice model.
	Conclusion and discussion.

