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Neutrino Masses and Mixings from Quark Mass Hierarchies
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Abstract. In SO(10) models with a vectorial fourth generation of down quarks and leptons, the
structure of the neutrino Majorana and Dirac mass matrices generically coincide with those of up-
and down-quarks, respectively. Then the small neutrino mass hierarchy follows from the mismatch
of the up and down quark mass hierarchies and we can accommodate naturally a normal hierarchy.
The effective CP violating phases in the quark sector, neutrino oscillations and leptogenesis are

unrelated.

PACS. 12.10.Kt Unification of couplings; mass relations — 14.60.Pq Neutrino mass and mixing

1 Introduction

The symmetries and the particle content of the stan-
dard model (SM) point towards grand unified theo-
ries (GUTs) as an underlying theory. In particular,
SO(10) is a very attractive candidate: All quarks and
leptons of one generation are unified in a single multi-
plet, 16 = (Q,u, d°, L, v, e°), where v° can be identi-
fied with the right-handed neutrino; it is anomaly free;
and it contains a gauged U(1)5_; subgroup. Thus,
SO(10) predicts massive neutrinos and it is striking
that the B — L breaking scale, Mp_y, is close to the
scale, where the SM gauge couplings converge, Mguyr.

The masses and mixings of neutrinos are very dif-
ferent from those of quarks. While the quark masses
are strongly hierarchical and their mixing is small,
the neutrino mixing is close to tribimaximal and their
masses can be degenerate. Even if they are hierarchi-
cal, the mass ratio of the heavier neutrino masses is
constrained as ma/mg > \/Am2 | /AmZ,  ~0.2.

In GUT models, fermion masses arise from a few
Yukawa couplings, which implies relations among the
fermion mass matrices. In most models, the Dirac mass
matrices of up quarks and neutrinos, m" and m”, as
well as those of down quarks and charged leptons, m?
and m°®, are strongly related,

m" ~m” | m® ~me . (1)
Whether or not the Majorana mass matrix of the right-
handed neutrino, m”, is related to the other matrices,
depends on the specific breaking mechanism.

The pattern (), however, is no longer valid if we
have additional heavy matter. Consider a model with
three spinorial and one vectorial matter fields, 16; 2 3
and 10, [1]. The presence of 10, adds a fourth gener-
ation of down quarks and leptons. Then m* is a 3 x 3
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matrix, whereas m®, m¢ and m"” are 4 x 4,

(3%x3)
m ~ (M,(fﬁxg)> ) md’e’y ~ (Maﬁ Ma4> . (2)
Mya [Myy

The fourth generation acquires GUT-scale masses when
the GUT symmetry is broken. If My, or M4 are com-
parable to Myy, the mixing among left-handed (LH)
or right-handed (RH) states is large and the effective

3 x 3 mass matrix is much different from m* ~ I\/ISBX3).

In this talk, we will investigate this scenario in
further detail. We will compute the mass eigenstates,
masses and mixing angles and investigate the question
of CP violation, both in the quark and lepton sector
and possible connections between the two.

2 Fermion Mass Matrices

Our discussion is based on a six-dimensional (6D) GUT
model [2]; for details, see Refs. [3l[4]. The fermion mass
matrices have the following simple structure:

1 v N p 00
m~—"—m"N ~ |0 p 0], (3a)
tanﬁ MB—L 00 L3
p 00 m
1 0 po 0 fig
d e v
m® ~m tanﬂm 000 s fis | (3b)
M, M, Ms M,

where tan 3 = v, /vg is the ratio of the vacuum ex-
pectation values (vevs) of the two Higgs doublets. The
hypothesis of a universal strength of Yukawa couplings
at each fixpoint leads to the identification of the diag-
onal and off-diagonal elements of m*/tan 3, m?, m¢
and mP”/tan 8 up to coefficients of order one. This
implies an approximate top-bottom unification with
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large tan 8 and a parameterization of quark and lep-
ton mass hierarchies in terms of the six parameters
1, pos g and f, fo, .

The first three rows of the matrices are propor-
tional to the weak scale. The corresponding Yukawa
couplings have to be hierarchical in order to obtain
a realistic spectrum of quark and lepton masses. The
fourth row is of order the unification scale and, we
assume, non-hierarchical.

The matrices in Eq. (3B) can be diagonalized using
unitary matrices m = UgUsD V;VJ, where Uy and Vy
single out the heavy mass eigenstate, while U3 and V3
act only on the SM flavor indices and perform the final
diagonalization also in the 3 x 3 subspace.

The parameters in the matrices ([B) are generally
complex. With appropriate field redefinitions, however,
m" is real and we can absorb seven phases in m and
choose the remaining three physical phases to be con-
tained into the diagonal parameters u;,

|| € o 0 fi1
0 lpole™ 0 fo

m=| 0 0 e |- @
Ml MQ Mg M4

With this choice, V} is real, while U4 contains complex
parameters; however, the imaginary part is suppressed
by |ui| /M so that their effect on the low energy CP
violation is negligible. Then the discussion of the low
energy CP violation reduces to the case of three light
generations.

The effective mass matrix is given by m, the 3 x 3
part of

Uty = (MO v
mU4mV4<OM)+O<M2)' (5)

As any matrix, m can be transformed into upper tri-
angular form just by basis redefinition on the right,

. Y P Bl
m=mVs=| 0 Ty apuy| . (6)
0 0 73

The expressions for the parameters are given in Ref. [4].
We can choose iy, 115 and vft; to be real, while «, 3,
and p; remain complex.

The form () is particularly suitable for the down
quarks, where 173 acts on the RH quarks and disap-
pears from the low energy Lagrangian due to the ab-
sence of RH current interactions. The matrix ‘73 differs
from the upper 3 x 3 part of the diagonalizing matrix
Vs = ‘73‘/3’, however, they are very similar in the hier-
archical case. The 3 x 3 part of Us is the CKM matrix.

For the leptons, V4 V3 acts on the LH states, so the
mismatch between the charged lepton and neutrino ba-
sis appears in the charged current interaction and the
definition of the flavor neutrino eigenstates. However,
the heavy state is an SU(2), doublet, so Vj is identical
for charged leptons and neutrinos. The PMNS matrix
will only be given by the mismatch between the V3
matrices for charged leptons and neutrinos.

3 Quark masses, mixing, and CP violation

We can choose the parameters in such a way to give a
consistent quark mass pattern and CKM matrix [2],

My DM 2 My ~ b1 2 2 2 43,

my = 3 , Mg ~ [ly , mdNVus|N2|a
/71 /72 ﬁl

Vs ~ — Vep ~ =, Vb ~ = . (7)
2 M3 u3

To describe CP violation for three generations, it is
convenient to use the Jarlskog invariant. Since H,, is
diagonal in our model, the invariant simply reads

 Im (HPHZPHY) .

where, due to the heaviness of the fourth generation,
Hy =mm! =mm' [ and

AN = (mg — m%) (m§ - m%) (m% - m%) .9

Using Eq. (6]), we obtain

[YE *
‘]q - A%g Im [(aﬁQ) (ﬂﬁl) ﬁl:l .

(10)

The Jarlskog invariant is always independent of the
argument of . It vanishes in the limit of vanishing
down-quark mass, i.e., for p1, i1 — 0 such that @; =0
and for py, g2 — 0, which yields a = 3 (cf. Egs. (@),
[)). Thus the presence of a single phase in « is not
sufficient to give CP violation in the low energy: this
phase cancels out in the Jarlskog invariant. This effect
stems from the alignment of the vectors in flavor space;
however, even in the case of vanishing first generation
mass, the corresponding eigenvector does not decouple
from the other two and the mixing matrix does not
reduce to the two-generational case [4].

Now, the down quark is not massless and the real
physical case corresponds to non-zero i, ps and fig.
From the up quark phenomenology, we know that p :
o is similar to the mass ratio of up and charm-quark
[2); in addition, g : fig is fixed by the Cabibbo angle.
We will therefore focus on the linear terms in po and
keep p1 ~ 0.

Contributions to J; come from the complex quan-
tities oy, Opy, and fiy; however, fn; is independent
of po. The first order terms give

[ 373

_ LD
A2

— +
3 2

|M3|2 2
Im —

J, =~ —
! [

(11)
We see that J; vanishes if either s or p13 vanish, so two
complex quantities are needed to obtain CP violation
at low energies.
Substituting the order of magnitude of the param-
eters, we obtain
mgms 1
Jg =2 Vys——— ——=
q us mlg) 4\/5
with fi3 ~ |u3|. The prefactor is of order 10~°, which
has to be compared with the current experimental
value is J; = 3 x 107° [5]. Hence, at least one phase
has to be large.

(3 sin (93 — 92) + sin92) (12)
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4 Lepton Mass Matrices

The charged lepton and Dirac neutrino mass matrices
can be transformed like the down quark mass matrix.
Although charged lepton and down quark parameters
are potentially related by GUT symmetries, the corre-
sponding phases after the redefinition are completely
uncorrelated. Thus, there is no direct relation between
the CP violation in the leptonic and in the hadronic
observables. We will see that different combinations
of the phases determine the experimental observables.
Hence, even if there were relations between the phases
in the quark and lepton sector, these would not be
observable.

The discussion of the charged lepton masses closely
follows the discussion of the down quarks. The param-
eters are chosen such that they match the observed
hierarchy [4]. Here, we have to take into account that
the mass ratio of electron and muon is much smaller
than the ratio of down and strange quark. This im-
plies (pafi1/p3)e < (u2fi1/13)q. Assuming that the
difference is due to the smallest matrix elements, this
indicates (u2)e/(p2)a < 1 and/or (f1)e/(f11)a < 1 for
(f12)e =~ (fi2)q. This fact can easily be accommodated
in the 6D model [2]; for the general case, we have to
allow different values for the small parameters.

The light neutrino masses result from the seesaw
mechanism,

v p\T ( N\l D

meg == (m”) (mY) " m”. (13)

The Majorana matrix is diagonal, but can have com-
plex entries

mV = %3 diag (MleQiA¢13,M2€2iA¢23,M3) , (14)

where Ag;; = ¢; — ¢;. Altogether, we have nine in-
dependent phases in the lepton sector; in the limit of
small p; and p;, they reduce to seven. Since M ~
Mgyt is much larger than the Majorana masses M;,
we will neglect any effect of this heavy fourth genera-
tion doublet and concentrate on the three light gener-
ations including the RH neutrinos.

Since neither m¢ nor m?” is diagonal, we will change
the basis in order to simplify the discussion of the CP
violation. Thanks to the same hierarchical structure,
the large rotations of type V3 (see Eq. (@) are simi-
lar for chazged leptons and neutrinos. We use exactly
the same V3 that transforms the charged lepton mass
matrix into the upper triangular form; the complete
diagonalization can be obtained by applying another
nearly diagonal rotation matrix on the right, corre-
sponding to the mismatch between V3 and ‘73, and a
CKM-like rotation Us on the left. Note that the trans-
formations from the left, Uy and Us, act on the RH
fields and leave both H = m! m and the light neutrino
Majorana mass matrix, mZg;, unchanged.

Now we can write the effective Dirac neutrino mass
matrix in the basis, where the charged leptons are di-

agonal, as

Apy Dp, Py
BEQ E/_)2 P2
Cps b3 p3

(15)

Here we use p; and p; instead of u; and p; in order
to distinguish the parameters of m” from those in m*©.
Again, the expressions for the parameters are given in
Ref. [4].

We assume pg : Py 1 Py ~ P3 P2 i P1 o~ Mp Mg
mg. Then the light neutrino mass spectrum is hierar-
chical with my ~ mg ~ \/AmZ |, m3 ~ \/Am?, and
the weak hierarchy in the neutrino sector can be traced
back to the nearly perfect compensation between down
and up quark hierarchies.

Using the relations between p;, p; and p;, and [,
7; and p; due to the hierarchical structure of the mass
matrices in our model, one obtains the simple expres-
sions,

P2 H2

N?; BN_____a

Ha P2 M2

(16)

Due to the small electron mass, we expect A and C to
be small. Then the mixing angles are given by

B
tanfas ~ |F|, tanfis ~ ﬁ Vi+ IF[*, (17)
B(EF+1 Am?
sin913 ~ ¢ + ( * ) Dol

3/2 2 -
VIHIEE (14+1FP) At

The atmospheric mixing angle 623 is naturally large.
For C ~ 0.1, the reactor angle 6,3 is close to the cur-
rent upper bound and the large solar mixing 6;5 can be
achieved for B ~ 0.1—1 with moderate tuning of E—F'.
For smaller values, C' ~ 0.01, 613 is dominated by the
second term in Eq. (7). Then the angles 612 and 613
depend on the same parameter B, which should be
relatively large. Such value is not unnatural if we ac-
cept p2 > (u2)e. In this case we have sinfi3 < 0.1
correlated with the mass eigenvalues mi < ma < ma.

The largest of the heavy neutrino masses is given
by M3z ~ m3?//Am2,, ~ 10 GeV. For the lightest
heavy Majorana state the model provides the rough
estimate M ~ Mzm, /m; ~ 1010 GeV.

5 CP violation in the leptonic sector

Neutrinoless Double Beta Decay (0v(33). The si-
multaneous decay of two neutrons may result in neu-
trinoless double beta decay. This process is currently
most promising to prove the Majorana nature of neu-
trinos. The decay width can be expressed as

I'=G|M?||me)?, (18)

where G is a phase space factor, M the nuclear Ov(303
matrix element, and m.. is the (11)-element of the
light neutrino mass matrix.
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Since the electron mass is very small, m® in Eq. (@)
has nearly a vanishing first row. Then the LH electron
is already singled out; the remaining rotation mostly
affects the (23)-block. Therefore we can make an esti-
mate of me. from mZ;, which gives

15 / 2iA P3 /
|mee| ~ ﬁ Amztme i + ﬁ_Q Amgol
2 2

If pa/fia < pa2/p2, the last term dominates, yielding
the familiar result for hierarchical neutrinos |mee| <

VAmZ] ~0.01 eV,

. (19)

CP Violation in Neutrino Oscillations. Leptonic CP
violation at low energies can be detected via neutrino
oscillations, which are sensitive to the Dirac phase of
the light neutrino mass matrix. We can define a lep-
tonic equivalent of the Jarlskog invariant, which in our
case simply reads

1

Je:*% Im | (h%)"™ (h%e)™ (h2e)™ |

(20)
with Ay = (mZH)T myg. In general, the Dirac CP phase
is given by a combination of the phases of the neutrino
Dirac mass coefficients B, C, E and F' and no useful
upper bound on Jy can be derived.

In the limit puo — 0, where A = C = 0, but B
relatively large, the leading term reads

Jo ~ |B* (k1 — k2) Im (£2), (21)

where 2= (1+ EF*)F*(E—F) 2 and k; are real
parameters of order unity [4]. The standard Dirac phase
0 is suppressed by the ratio |g2| / 03], as is sin 6y3.

Leptogenesis. The out-of-equilibrium decays of heavy
Majorana neutrinos is a natural source of the cosmo-
logical matter-antimatter asymmetry. In recent years
this leptogenesis mechanism has been studied in great
detail. The main ingredients are CP asymmetry and
washout processes, which depend on neutrino masses
and mixings.

For hierarchical heavy neutrinos the baryon asym-
metry is dominated by decays of the lightest state Nj.
In our model, the corresponding CP asymmetry reads

— —1
3 M, M} P
~ 1=k L 22
€1 87 ,UZ < M2 j§3 Mj nj > ( )

where

—_ o~ L 2
n; = —Im 'A% (1%%)

M M

The phases involved, A¢i3, Ap12 and the phases of
p3, p2, are completely independent of the low-energy
CP violating phase in the quark sector and are not di-
rectly connected to that in neutrino oscillations either

(even if they can contribute to it). For M; ~ 10'° GeV,
one obtains e; ~ 107%, with a baryogenesis tempera-
ture T ~ M; ~ 10'° GeV. These are typical param-
eters of thermal leptogenesis [6].

One finally obtains for the baryon asymmetry ng ~
10710, consistent with observation. So for successful
leptogenesis we need a non vanishing p1, 01 and in par-
ticular g; ~ g2. In such case a zero neutrino eigenvalue
is only possible due to alignment.

6 Conclusions

We have studied a specific pattern of quark and lep-
ton mass matrices, where up quarks and RH neutrinos
have diagonal 3 x 3 matrices with the same hierar-
chy whereas down quarks, charged leptons and Dirac
neutrino mass terms are described by 4 x 4 matrices
which have one large eigenvalue O(Mguyr). With this
ansatz, the CKM mixings are small because the LH
down quarks barely mix with the extra matter. Con-
versely, RH down quarks and LH leptons have large
mixings.

Neutrinos have a small mass hierarchy because of
the seesaw mechanism and the mass relations m? ~
m” and m* ~ m”. The ‘squared’ down-quark hierar-
chy is almost canceled by the larger up-quark hierar-
chy. The PMNS mixings are not suppressed by small
mass ratios; however, the neutrino phenomenology is
largely fixed in terms of quark masses and mixings.

The CP phases in the quark sector, neutrino oscil-
lations and leptogenesis are unrelated. The measured
CP violation in the quark sector can be obtained, even
if the CP invariant is suppressed by the alignment be-
tween the two lightest mass eigenstates. Quantitative
predictions for the lightest neutrino mass m; and 613
require currently unknown O(1) factors.

The mass matrices [B]) can also arise in other mod-
els, where additional matter is present at the GUT (or
compactification) scale. Thus our results are generally
valid for models which share this matrix structure, in-
dependent of their origin.
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