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= Establish equations given in the MADS8 Phy.G.
== Cross-check equations used by MAD-X code.
1 Record assumptions and limitations.

= Discussion...
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The TRANSVERSE LINEAR COUPLING calculation for stable motion in
MAD-X consists of finding some similarity R); that transforms a sector
map M into its normal form M, and apply some parametrization.

— —

X(Sg) = ]\4)((81)7
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Linear motion

A linear motion can be described by s-dependent quadratic Hamiltonian
around some reference trajectory (bilinear matrix form):

1 o o
H=-XTHX,
2
where H is a real symmetrix matrix leading to the motion equation:

xézarH and p;:_B’H = X' =SHX,
8pi 890@

where S is the fundamental symplectic unit matrix:
Sy 0

s=| % ,52=<01 (1)) Sl=§T=_5 §=-I.

w The sector map M is the solution of the motion equation.

Laurent Deniau — BE/ABP MAD-X — Highlights on Coupling Calculations



Hamiltonian components in 4D
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Hamiltonian of the system in 4D

The Hamiltonian of the system is (from previous examples):

2 2
pr+py 1 2 2
=—— + —(F K L(yp, — .
In matrix notation:
F 0 K —L
0 & L O
— P
H= K L G 0|’
—L 0 0 5;

where:

Fth‘o-i-k‘l-i-k‘?, G:_k1+k§a
K=k, L =k,.

w Any bilinear Hamiltonian can be brought to this form by a suitable
canonical transformation.
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Symplectic condition

From two independent solutions Xl and )Zg, we can verify that the
bilinear form )Z'gS)?l is an invariant of the Hamiltonian flow:
(XT8X,) =X7'SX, + X] SX]
=(SHX,)"SX, + X S(SHX,)
=XTHTSTSX, + XISSHX,
=XTH"X, - XTHX, =o0.
XT(52)8X1(s2) =XT (51)5X1(s1). (Liouville Theorem)
Using the sector map:
Xi(s2) =MXi(s1) and Xa(sy) = MXy(s1),
X7 (52)SX1(s2) =(MX5(s1))TSM X (s1)
=XT(s))MTSMX,(s1). (validity check)

w |dentification of terms leads to the symplectic condition M7 SM = S.
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Symplectic structure

Assuming a stable linearized motion implies:

e M € Sp(2n,R) (symplectic real matrix)
o MTSM =S (symplectic condition)
o det(M) = (symplectic matrix)
o {(Miy\ih),i=1.n} (symplectic matrix)
o [\ =1 (stable motion)
o Idem for M ! (symplectic condition)
o |dem for M, (similarity property)

w Given that \ is an eigenvalue of M € Sp(2n,R):

1 1
IMT — ATl =0 22 |- AsM| =0 *=2* M — 1] =0.
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Symplectic conjugate

From the symplectic condition:
MTSM =S8 = M '=5'M"S=-SM"S=M
The symplectic conjugate of a 2n x 2n real matrix is defined by:
A=-SATS (AeSp(2n,R) & A=A4"1)

For a 2 x 2 real matrix, - -

AA = AA=(ad — be)I =det(A)I,
= fa by _[(d —b A+ A = (a+d)I = tr(A),
A<c d> ( ) M AyB = A1,

|A+ B| = |A|+ |B|+ tr(AB).

For 2n x 2n real matrix,

A= (Aij)1§z',j§n = (Aji)lgi,jgn
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Symplectic relations

From the symplectic condition MTSM = MSM”T = §:

M € Sp(4,R)

ATSA+CTSC =8 =5 AA+CC =1
ATSB+CTSD=S =X AB+CD=0
BTSA+DTSC =8 =25 BA+DC =0
BYSB+DYSD=S =X BB+DD=1
ASAT + BSBT =8 £ AA+BB=1
ASCT + BSDT =S £ AC+BD=0
CSAT + DSBT =8 8 CA+ DB =0
cSCT +pSDT =8 = ¢C+DD=1

= [A[+|C = [B] +|D| = |A| +|B| = |C| + |D] = 1,
= |A|=|D| and |B|=]C|.
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Characteristic polynomial

From the symplectic condition: M € Sp(2n,R)
eig(M) = eig(M~") = { (Ass AT1),i = Lun},
eig(M+M)={Ai=X\+\ " i=1n}.
Characteristic polynomial (coupled motion):

A+ A—AT B+C
C+B D+D—AI

_|trA—=ANI C+B
| C+B  (trD-MN)I

=|(tr A— A)(tr D — A)T — (C + B)(C + B)|
— ((tr A= A)(tr D — A) — |C + B)*|I] = 0.
= (trA—A)(trD—A)—|C+ B|=0.

det(M + M — AI) = ‘

Determinant of block matrix:

(_0{4_1 ?) (g g)’:|AD—ACA‘1B| 424D — CBY.
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Characteristic polynomial:
(trA—A)(trD—A)—|C+B|=0
A? — (trA+trD)A +trAtr D — |C + B| = 0.
Solving for A:
A= (trA+trD)* —4(tr Atr D — |C + BJ)
= (tr A —tr D)* - 4|C + B|

Ap= %(trA—f—trD) + %Sign(trA—trD)\/E

Ap =AL' (trAtrD —|C + BJ) (optional)
AeR & |[C+ B|> —i(trA—trD)2 (validity check)
Solving for A:
A=A+1/A = A2 A +1=0 = /\:%(Ai\/H)
AeC\R & Ae(-2,2) (validity check)
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Stable motion

From the characteristic polynomial:
Aap :%(trA +trD) £ % sign(tr A — tr D)VA
|C+B|=(Aap—trD)(Aap —trA) =trAtr D — AaAp
Stable motion: [A\[=1 & A 1=X" & X=X 4uc0,27)

Aap=Aap+1/Aap=2cospap
(Aa —Ap)? =4(cospa —cospp)® = A

Degenerated cases:

A<0 = A¢gR (unstability induced by coupling)
A=%£2 = A==+1 = p=knr (undetermined solution)
B=C=0 = Asgp=trA,D (uncoupled solution)
|IC+B|=0 & Aap=trA,D (uncoupled tunes)
trA=trD = |C+B|>0 (coupled tunes)
Ay =Ap & |C+ B|=—tr(A—D)?/4 (equal tunes)
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For any non-zero eigenvectors X and Y:

(tr A — AT B+C X\ _,
C+B (trD—AA)I) \RaX) 7

((trAAD)I B+C ) (RDY) _o

(M—FM—AAI))?

(M + M — ApI)Y

C+B (trD — Ap)I Y
Leading to the solutions: (full coupling Ra.p ~ al)
C+B B+C C+B _
R + + + _ &,

T As-—uD PTAp—trA  —(As—trD)

MADS Phy.G. eq. 7.6, R = —R4 = Rp: (two typos)

-1

R=- <;(trA—trD) + ;sign(trA—trD)\/E) (C+ B)

From R4, Rp and |B| = |C| we find that BR = RC and RB = CR.
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Normal form

The similarity Rjs that block-diagonalizes M can be built from the
eigenvectors found previously (MAD8 Phy.G. eq. 7.4, R = R;;):

M, = Ry/ MRy = g* Ry MRy
(1 Rp\(A B\(I Rp
9\ rys 1 )\C D)\Rs T
_ o.( I -Rp\(A B\(I Rp
“9\ Ry 1 ¢ D)\Rry, 1
_ .( I -R A B I R\ _ (E 0
9\ R I c p)\-r 1)~ \o F)

where g has to be determined such that RJTjRM = gQRMRM =1.
Solving last equation for £ and F' gives:

E=¢g*A-BR—-RC+RDR), 0=B+AR— RD - RCR
F=¢*(D+RB+CR+RAR), 0=C+ RA— DR - RBR.
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Coupling strength and structure

In the previous normalization, the factor g~ ' represents the strength of

the coupling and gR its structure. To determine g, we solve:

25 _ ofI+RR 0 R B
g°RuRym =g ( 0 I+RR =g (1+|R)I=1I
Thatisg=(1+ |R|)*% = |RM|*%, gR is symplectic and so is M .
1+ RR>0 = |[C+ B|>—(Aap —trD,A)?> (validity check)

From the characteristic polynomial using either A4 p:

|C + B| _ Ap—Ay  Ax—Ap

(Ao —trD)(Ap —trA)  Ap—trA As—trD
C(Ap—Aa\"F  [Aa—Ap)\?
I=\Ap—tra) “\Aa—trD

Edwards—Teng parametrization of gR)s is g = cosf and D = —Rtan¥
from the 4D “symplectic” rotation of planes A and D by angle 6.

1-RasRp=1-—
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Normal form revisited

From previous block diagonal form:

0=(B+AR—RD-RCR)R | 0=(C+RA—DR—- RBR)R

=(A—-RO)|R|+(BR—-RDR) | = (D+ RB)|R| - (CR+ RAR)
E=g¢*(A—RC— (BR—- RDR)) |F =g¢*(D+ RB+ (CR+ RAR))

=1 +[R)"(A-RO)A+|R)| =@ +I[R)(D+RB)1+]R])

=A-RC=A-BR =D+RB=D+CR

MADS Phy.G. eq. 7.6: E = A — BR,

F=D+RC. (typo)
MAD-X code: E=A-BR, -
F=D+RBor F=D+CR. (correct)
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Twiss parameters

Twiss parameters of E (and F') can be found by:

detE=1, |trE|<2 (validity check)
Jo E171 ELQ _ COS fta + (g Sin pig ﬂAsin,uA
Eyq1 Eop —YA SN LA COS Jha — (g Sin g

1 Ei1—Ess\°
cos A = 5‘51‘ E, sinuA = Sign(ELQ)\/ELzEQ?l — (M>

Ei 9 By N Ei1—Es9

: y YA = T ) A :
sin 4 sin 4 2sin pa

M, €Sp(4,R) = detE=1 = faya—a3=1 (validity check)

1+a?
Ba

MAD-X code: y4 =
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Ripken—Mais parameters

From the previous Twiss parameters, g and R, MAD-X computes:

B11 = QQﬁA,
B22 = 9*Bp.,

2
Q11 = g @A,

2
Q22 = g Qp,
_ 2
Y11 = 9 YA,

Y22 = gz’YDy

Bi2 = ¢°(R3 28D +2R1,2Ra2ap + R 57p)
Bo1 = ¢*(R} Ba —2R12R1104 + B3 574)

a1z = g¢*(Ra1R2,28p + (R1,2R2,1 + R1,1R22)ap + R1,2R1,17D)
az1 = —g?(R2,1R1,184 — (R1,2R2,1 + R1,1R2,2)aa + Ri2R2274)

(1-¢%)?°+ o

Y12 = 67 if B12 # 0, otherwise y12 =0
12
1—g2)2 + a2
Y21 = (‘(]5)721 if 812 # 0, otherwise v21 =0
21

Note that Ripken—Mais formalism uses eigenmodes (and eigenbasis):

1
21

1
{2 (Aa.p+Xip) =cospap,—= (Aap—Nap) =— SiHMA,D}
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Conclusions and comments

Requirements:
v Sector map M is symplectic (bug fixed in 2016).

1= Stable linearized motion.

Things to look at:

= Why |C + B| should not be negative in MAD8 Phy.G.?
i.e. Should be related to (unstable) sum of resonances...

== What about implementing the complete tracking of M,
i.e. recompute Ay p, R, E, and F from scratch.
== Add checks for symplectic conditions after each element.
C+B

—  ~aol.
Ai—trD > ©

1= Handling of strong/full coupling, i.e. R4 =

1= Check numerical instabilities,
e.g. avoid catastrophic cancellation.
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