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Relativistic Kinematics and
Special Relativity

Massive particle: Lorentz factor: ~ = HH = 3= m
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Relativistic invariants

Energy-momentum Light cOne Space-time
2
E? — mevw = ASQMV (ct)? — 72 = s2
E hot
=0
>0
{0
el
|7
2
E = ,\GSM + (me?) s2 > 0: time-like
s2 = 0: light-like

s2 < 0: space-like

Massless particle: m = 0O: light-like particle

—

E = |pc], 8] =1, vl =c

—

Photon: E=hw=hv, p=hk, |k|l=2%, [p|=% vi=¢ h=4t

E? — () =0



Lorentz boosts:

cosh?w — sinh?w =1, coshw =1+, sinhw=pgy, tanhw=2,

E'= FEcoshw — (pzc)sinhw AQQ =~[ (ct) — Bx]
(pl.c) = —Esinhw + (pzc) coshw ' = v [-B(ct) + x]
(pyc) = (pyc) y =y
AB\NQV = (pzc) 2=z

Minkowski spacetime: Pseudo-Euclidean or hyperbolic geometry
2
E2? — (pc)? = ASQMV o (ct)2— 72 =52
4-vectors: zt = (ct, 7)), p* = (F,pc), t;t|oHM“w i,7=1,2,3

Minkowski metric: n,, = diag(+ — ——), xu = nuz’, ! =nxy
Lorentz invariants: x -y = nuaty’, x° = nuata’ = (ct)? — 2 = s°

Ew — ASQMVM

Henceforth: ||c = 1| (Choice of natural particle physics units)
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Particle decay: X — X1+ X5
™m mi1 Mmoo

pt iP5

Energy-momentum conservation (4 independent relations):
p = p1+ P2

Invariant relation: m? = m? + m3 + 2p1 - po

Center-of-mass frame: Vanishing total momentum
p* = (m,0), p} = (E1,p), ph = (E2 —p)

EXxercise

1. Solve the center-of-mass kinematics of the 1 — 2 particle decay.



Particle scattering: X{ 4+ Xo — X3+ X4
mi1 Mo m3 Mgy

] ph s o

Energy-momentum conservation (4 independent relations):
p1 + P2 = p3 + P4

Mandelstam variables: s (p1 ._.Svm = (p3 ._.Evm

t = (p1—p3)° = (p2—pa)’
u = (p1—pa)® = (p2—p3)°
s+t+u = §w+gw+§w+gm
EXxercises
1. Solve the center-of-mass kinematics of the 2 — 2 particle scat-
tering.

2. Establish the identity s 4+t 4+ u = m% 4+ m3 + m3 + m3.

3. Determine the values of the three Mandelstam variables in the
case of 4 identical particles as a function of the scattering angle and
the total energy in the center-of-mass frame.



Quantum Dynamics

T he quantum harmonic oscillator:
mass m, angular frequency w, position x, momentum p = mx

/\@.\u ..u \(_m.\é EQUMM

Z\VVNJ

R A

—

mzﬂmoc?\n_lwv, n=20,1,2,..
Hilbert space:
w basis of quantum states

/

3 . _ 1 n

) Fock states: |n) = e A@J |0)
(0|0) =1, a|0) =0, (n|m) = dn.m

_HOnxm_@mUB“ Tv @J HH_

Number operator: N = ala, N|n) = n|n)
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Fundamental operators

Hamiltonian: A = ?5 + v 52 + Emw?z?
h h
~_ | h + ~ A G |
T = MSEAgn_u@vu P = —1mw MSEAQ @v
[z, p] = iRl

TQE =1
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Schrodinger picture: &mg_e b — = H |, 1), Q@PSVHQ|TS|S5

dt
b t) = U o) [, to), [0ty = 3 ) e #10) En (n)ap o)
n=0
S |n) (| =1
n=0

Heisenberg picture: in%4(1) — A(t), B], A(t) = Ut(t,t0) Ato) U(t, to)

z(t) = e A@ e” Wl 4 gl eTiw ﬁv (tog = 0)

2muw
Euler-Lagrange equation of motion:

Action principle: Variational principle
t d 1
%T&|3\x& A Hv — Zw?z?
dt 2
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Lagrangian —> Hamiltonian

formulation (Legendre transform) formulation
\ /
h ] ACTION (Symmetries) 1 h
/ N
Functional integral Operator
quantisation — quantisation
1 1
Slx] = \& L(x,x), L(x,z) = Mg&mlmgocm&m mi = —mwz
oL doL OL
ox dt Ox ox
1 1 df (x,p,t
M3 2 dt
: 1 . 5
r=A{x,H} = —p, p={p,H} = —mw*x
m

Sle.pl = [ dt [ip — H(z,p)



Symmetries and Noether’s (First) Theorem

For each (independent) continuous symmetry transformation
(leaving the equations of motion invariant, namely the action
invariant up to a total derivative), there exists a conserved
quantity, the corresponding so-called Noether charge

t' =1'(t), "'(t") = ¢"'(¢",t)
&@:\ dq™ dN\(q",t)
S :\H\&\h n H\&h n— “ = S[q¢"] + t.d.
[a"] i vl B "] +

Space translations

Space rotations

Physical time translations
Internal space symmetries

Total momentum

Total angular-momentum
Total energy

Additional conserved charges

Gauged symmetries: A secret of the fundamental interactions
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Spherically symmetric harmonic oscillator (d = 2)

L= Jmi? = Jmae? = S (i + 43) - Sma? (o + o3)

2 2 2

T&U @E = I,

(Helicity) Fock basis: |ng,n_)

~~

H = hw A@M@H - W - @W@M - Wv = hw A@H'@+ - @W@I - Hv

SO(2) = U(1) symmetry: L =h A@H.@+ — @_ﬂla|v“ ?Lﬂ =0

Hing,n-)=E(my,n-)|ng,n-), Ling,n-)="nhlngy—n_)|ngy,n_)

E(ny,n_) =ho(ng +n_ +1) Energy degeneracies?
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Particle physics natural units

c=1 h

|
[ —

Conversion factors: hc~ 197 MeV-fm, c¢~3x10% m-s—1

space < time A (energy)~1 & (mass) 1

EXxercise
1. Consider the evaluation of Heisenberg’s uncertainty relation
Ax Ap > wm for each of the Fock states of the quantum harmonic
oscillator.
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Relativistic Quantum Particles and Fields

Free relativistic particles:

wB)=E2+m?  [EG) = /()2 + (me?)?)
a(k),al ()] = (2m)3 2w(k) 5(3) (F—2) 1
1-particle states:  |k) = af(k) |O)
Energy-momentum (operators): [quantum vacuum energy]

NW = d°k EQMV FeTNA (T
A P v B \Aoov (27)3 2w (k) A L v a'(k)a(k)

—~

— -  —

k) = k|k)

my
ES
~~—F—"
I
&
VY
o]
N’
ES)
gl
~
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—
—

Heisenberg picture: Relativistic invariance: k-x = k92° — k- 7

o(zt) = o(t,7)

37 . = = . - 1.&
_ \ *k (P QLAEQ&T\A.HV L at(R) mi?c,&?w :
(00) (27)3 2w(k)
Euler-Lagrange equation of motion:
- 52 . -
2 _ 2 2 _
(O+m2)60) = (53 ~ 92 + m?) 3) = 0

Klein-Gordon equation (wave dynamics)
Action principle:
1

st = [d*ar {2 @82 - (96)° - Sm?6?}

/ %im (96)2 — wswi = [d*a £, 8u0)

¢*(x) = ¢(x)

Real scalar field «—— neutral spin O (scalar) (massive) particle

Fundamental unification: 7 + c| [Spacetime symmetries]
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The Feynman propagator
Spacetime localised 1-particle quantum states:

~ d3k .
U — 1k-x
%AH v _Ov \Aoov Awﬁ.vw MEQMV c _onEQMv _\aV

Causal propagation: time-ordered 2-point function or
Feynman propagator

(0]T'p(x)9(y)[0) 0(z” —y°) (0lp(x)p(1)]0) + 6(y° — 2°) (0]p(y)p(2)[0)

| \ &R:At s ml%.@lwv
(00) (2T)% k2 — m?2 + e

A _WQ

—w\R) g

S —
=

LolByae

EXxercise
1. Through contour integration in the complex kO plane, confirm this
manifest spacetime invariant expression of the Feynman propagator.
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The complex scalar field

1 1 1 1
L(6,0p0) = 3 (0p1)? = SmP¢F + (0p2)? = SmP¢3 = |0u6|” — m?|¢|”
6(2) = = (91(@) + i (@)

Internal SO(2)=U(1) [global] symmetry: ¢(z) — e @ ¢p(x)

N d3k T QL?A@TM.& . %A&@Tm&
6@ = | o 4P + 5(R)
() = 7= [a1(R) + iaa(B)] b(7) = = [a1 () — iaa(B)

a(k),al ()| = (2m)3 2w(k) 6 (k — £) 1= [b(k), b ()]
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v PE ) [a (Bral) + b (BB
(o0) (27)3 2w(k)

_ DV ali) — bt

+ af(k) |0)

Qa'(k) |0)
— bi(k)|0)

Particles: QQ = +1,
Qbl (k) |0)

Antiparticles: @Q = —1,

Fundamental unification: & + c¢| [Internal symmetries]
Gauging the U(1) symmetry:  o(z) — e~ ) ¢(z)
—= Fundamental interactions governed by the symmetry

EXxercise
1. Establish the expressions for the 2-point functions, i.e., the Feyn-

man propagator of the complex scalar field. Explain the outcome of
the analysis in terms of the conserved U(1) quantum number.
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The real vector field: Neutral spin/helicity 1 particles

Aue) = | ok S [alk, A) eu(k, X) e + af(k,2) € (F, A) eFF2]
g (00) (2m)3 2w (i) &= L1V ) mLE ) ek,

Kkt mtA\Mu v,v — Ou MU mtA\M“ v,v mHA\Mu v,v — —Nuv
A

a(k,A),a (G N)| = (2m)3 2w(k) 6, 6 (k- 0) T

1 1
L=~ Fu F" + msm A AR, Fuy = 0,Ay — 0uA,, O AF =0

[Three polarisations states in the massive case]
Massless case: two polarisation states (helicity +1)

LLocal gauge symmetry: Vector gauge boson

\f\gﬁ&v — \».QAHV + @tXAHvu NU\DN\AHV — TJE\AHV

21



The Dirac spinor field: U(1) Charged spin/helicity w (anti)particles

&wm i i |.w i i .
- b(k, \) ua(k,\) e % 4 dT(k, ) va(k, \) e T
o @%Mg@:WT ) ua(k,\) e * T 4 dl (k, X) va(k, A) et 7]

Ya(z) = \A
(YHky —m) u(k, A) = 0, (v*ky +m) v(k,A) =0

S ualk, gk, A) = (F+m)ag, Y valk, ) 0g(k,A) = (F—m)yp4
A—+ A=+

A\V\tvxﬁ\w — MS\E\Q Q\\w — J\O J\.C J\Ov @ — €+ Ou QQQ — ”_J Muwgb.

{b(k, A), 01 (LX)} = (27)3 2w(k) 6y, 6 (B — £) T={d(k, \),d'(£; \)}

_ 1 _ _
L=9 ) —m)y,  L=i(9Vou — duy) — miy

Dirac equation: (i@ — m) Y(x) =0
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The Feynman propagator

(0|T9a(2)P3(y)[0) = 6(z"—y°)(0|¢a(2)P3(y)|0) — 6(y°—z°) (0l g(y)1balx)(0)

- \ d* otk (z—y) ¢
(00) (27)% kK —m + ie o

\ d*h o—ik-(z—y) A i(f +m) v
af

k2 — m?2 4+ ie

Fermionic Fock algebra: Pauli exclusion principle
? E =1

|0y =0 , b'|0) =]1)
b|1) = [0) , b'|1) =0

(0]0) =1 = (1]1), (0]1) = 0 = (1]0)
Other spin 1/2 spinors:

Left- and right-handed Weyl spinors, Majorana spinor
23



Scattering and Perturbation Theory

1 1 1
L= Lo+ Lint = (0u9)® — 5m?¢% — A, A>0
f(t,7) = — 05— ae(t,3), {6t 7), (7))} =63 (@ — )
9 @@O%Aﬁumv O b 9 9 9 9

1, 1
iHio+i_3ﬁH|ﬂ+|

5 m?& +om?e? + 10

\A v%mi — H = Ho + Hiyy = \A BEHy+ [ dBEHnt
o0

) (c0)
é

Hé%&r&
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In-state: lim e {0y 1) = fim et Hojy,  14)

t——oo N ~ t——oo ™ ~-
_ﬁvvwv _ﬁb:\?wv
Out-state: lim e {0ty 40y = |im e i—t)Hopy 4 10)
_vmuwv _VAOCTNV

Transition probability amplitude

AXg iﬁg wv — AXU NwO_ﬁu ~wOv —
lim AXOCT NO_ rms.AwnT|w0v~|~o®|s.g+|w0v~u~\r®s.ﬁl|wOv~.~®|2wl|wOv~.~O\ _ﬁv:\j ﬂOv

BFFes Qt4.to) Q1 (1 to)
= (Xouts to|S|%in, to)

S: Scattering operator, S matrix

— f
S wu_u_|_v3n_4nOObAﬂ|_|vﬂOvb Awluwcv
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WMA@“@OV — @&Qlwﬁuvmo @I&Qlwﬁuvm
Differential equation:

i 9, Q(t, to) = e (t—t0)Ho (H — Hp) o—i(t—to)H _ i(t—to)Ho Hi o—i(t—to) H

Interaction picture: A (t) = e!(t=to)Ho A (4.) e~i(t—to)Ho

i0,Q(t, to) = H (1) Q(t,to)

int

&w\ &HNANV Aw\v

. rt
Q(t, tg) = ﬂm|§o int [Time ordered product]

o — AW g i [0 ar D) _ i [T a0

. ~ . ~
@ls %Aoov d*at i_Asﬁv — ﬂ@s %Aoov &#chm{w

S matrix: | S=T

[Non derivative couplings]
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Field operators in the interaction picture

%ANV Aﬁv Dluvv — @&AN|NOVN|NO ﬂANOV mmvv ®|&AN|NOVN|NO
mp(t,E) = e (t=t0)Ho (40 7Y ¢~ i(t—t0) Ho
(0(t0, @), m(to, ) = D@ =), |on(t @), mn ()] = D@ - 7)

d3k
%QvA&vl \Aoov Awﬁvwmocﬁmv

TA\MV gk -+ QAQMv mn_l:a.ﬁ

d3k
(@) = \E 582

(—iw(B)) [aky e ™ — al(k) eth]

dtkH ? —1k-(x—
(0T 1y (2)(1)(1)]0) = \E i e e

|0): perturbative Fock vacuum
Fock space quantization:
appropriate for the particle picture of particle interactions
Perturbation theory in Hist or Lint-
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Feynman Rules and Cross Sections

Simplest Example: L = IIVéA A>0
_Amﬁv — |y @m: : [normal — ordering]

Process: ki1 4+ ko — p1 4+ po

2N
/
Yinsto) = al (k)al (k) 0) =77 n

Xout, to) = al(p1)al(po) |0)

Transition amplitude: {xout, tolS|%in, to)
_ p—i [ dbarHE) 4 pqp (DY 1 4 pq, (1)
— Tt ) AT |m+ﬂA \& oM H +M% Is\& oM H |_|..
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Lowest order contribution

(Ola(p2)a(p1) I Q+AvaQ+Ava_Ov =
- AwﬂvaEA\ﬁv Awﬁ.vaEQAmV T@iﬁ%@mwm + %@H\Sm@me

a 2 y P b Y
. _Z —=
R
\To« %\6

~_ —

2\

First order contribution

(<)) [ @ Olatp)a(pr) : () +al(k1)al (2)]0)

# wl.
” @AINWV\ w— &N@ \&h%t%@i&mlwwlﬁvéx
41 =1 (2m)32w(¥;)

x(0la(p2)a(p1) a' (£1)a’ (€2)a(l3)a(ls) a' (k1)al (k2)|0)
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The matrix element is

(Ola(p2)a(p1)a’ (¢1)al (L2)a(ts)alla)al (ky)al (kp)|0) =

4
_ 3
- .:HGi 2w () (801 p8tapy + 001900y | [Otaky Oekn F Otaindeshy)
1=
hence
A .
(Xout> to|S2|¥in,to) = 4 X6 Al&ﬂv \%&:%@1@#7@@

= (—i\) 2m)* 6@ (p1 4 po — k1 — ko)

Diagrammatic representation: Vertex Feynman rule

Combinatorial factor: 4! Al&%v = (—i))
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Feynman rules in momentum space

. _r. ;
Propagator: . e
Vertex: X (—2M)

: <
External lines: ~ 1

Momentum conservation at each vertex:
overall factor (2m)*6™ (3 p;)

&Aﬁt

Integration over undetermined loop momenta: [ (2m)?

Divide by symmetry factors
to be determined by combinatorics
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Cross sections

General structure: S =1 4 T

(F1, P2, - - [iT k4, k) = 2m) 6B (kg + kp = pf)iM(ks + kg — py)
f

Cross-section differential element in the final state phase space

1 d>p
do = X 5
4\/(ka-kp)® —mam3 w_ (2m)32w(pp)

x(2m)* 6 (kg + kg — > py) *
f

X

x|iM(k A+ kg — pp)|

Extra symmetry factor for the total cross section
if there are identical particles in the final state
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Decay rates
In the decay rest frame

1 d>p
dlr = X
U enmu@)

2m 4
x(2m)* 6 (kg 4+ kp = > pf) X
f

X

x[iM(kp — pp)|°

EXxercise
1. Consider a model with two species of neutral scalar particles ¢
and y of masses m and M, respectively, such that M > 2m, with the
following coupling,

1 1 1 1 1
L= 2 ()2 — T M2 4 2 (6. 3)2 — 2m262 — S avd?
5 (Oux)™ = SMX" + 5 (@)™ — Sm 9" — Jgx¢

the real coupling constant g having a dimension of mass in particle
physics units. Compute to first order in perturbation theory the
lifetime 7 of the particle x, 7= 1/ (x — 2¢).
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Lie Groups and Symmetries

Continuous Lie groups and transformations

Translation in time: |[¢,t + tg) = e~ fto 1l 1, t)

—~

Continuous parameter: tg;  (Infinitesimal) Generator: H

Translation in space: . . p
x4 a) = e h W |z),  (z|eh™|)) = etdrp(z) = ¢(z +a)

—~

Continuous parameter: a; (Infinitesimal) Generator: p

Rotation in a plane: SO(2) or U(1)

\ nOmmmSm . |. . |.
A&\VHAIQ:% nOmmv AMvu d=dtiyf =e W (ztiy) =2

%% |. .
ﬂu|&|:H o@u mgvum%
df lg=o t 0

Continuous parameter: 6;  (Infinitesimal) Generator: T
34



Rotation in (three dimensional euclidean) space: SO(3)

1 0 0 cosfo 0O —sinés
R1(01) = | O cosf; sinf1 |, Ro(6>) = 0 1 0
O —sinfy cosby sinf> 0 cos6s

cosf3 sinfd3 O

R3(03) = | —sinf3 coséfz O
0 0 1
0T dR;(0;
msA%sv = ms%@ﬂﬁ MJ& = |&t , Aﬂsvu\a = |&m@.\§ &?w.u k = ”_J Mu 3

do; l0,=0

General SO(3) rotation: R(01,605,03) = R1(61) R>(0>) R3(63)

R(a;) = etlarTitaslxtasls)

Non-abelian Lie group
Non-abelian Lie algebra (three dimensional)

TJ? \.NJL =1 m@.w \.NJ\A
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General (compact) Lie group and Lie algebra
Generators: Ty, M =Tg, a=1,2,...,d

Lie algebra: [T, Tyl = if e Te, fqpe: real structure constants
Lie group: g(a) = e'@la, gi(a) = g7 1(a)

Symmetries

-~ -~

Noether charges (no induced surface terms): T%:@L = il fupe Qe

—~

Finite symmetry transformations: ehi%a Qa

In the case of field theories: [current algebra]
Qu= [ dPzr=0  gulti=o0
(c0)
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Spherically symmetric harmonic oscillator (d = 2)

2 2 2 2
a+ = /\FM (a1 Fiap), @Mw = w A@M + SWV
TIU@E =1, T&@ﬂ =0, |ng,n_)= 1 _ A@M_.v:._. A@sz| |0)

~~

H = hw AQLTS - W - @wgm - Wv = hw A@LH_.Ql_. - @W@I - Hv

SO(2) = U(1) symmetry: L =18 A@H.@+ — @ﬁ@|vu T»:mg =0

Hing,n-)=E(my,n-)|ng,n-), Ling,n-)="nlng—n_)|ng,n_)

E(ny,n_) =hw(ng +n_ +1) Energy degeneracies?
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) (3 ) (2 ) e o) (2 2

SU(2) invariance [dynamical symmetry]:

/
UesSU(2), U'=u"1 detu=1: Afvl@wvu A

mJ._nﬂauglu ﬂl“%@._'ﬂﬂf ﬂw“W? ay —a @IVH|h
T - 2 \"F - 25

ﬂHHWAﬂ++ﬂ|Y @Hl*ﬁlﬁvv Ty =Ty +iT5

Fﬁﬂ; = 275, [T5,Ty] = +T4, Fc E =0

Lie algebras: su(2) = so(3) [integer and half-integer spin]
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Eomm v 4

r/,m#\(f,*i‘s
SU(2) irreducible representations: j=0,1,2,..., -1 <m <
_.w.v Sv — _3|_13|V
1 1
] = MA§++SV SHMAS.TISIY ner=73+tm

E(j,m) = hw(2j + 1)
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N

The first excited level: j; =

|
N
>
[

|
NI

3

|

|

In the basis ﬁ_w =3,m

;. Paull matrices



Internal symmetries for field theories

Compact Lie symmetry group G and its algebra:
generators (14);; in some (irreducible) representation R

Symmetry transformations:
[say, complex scalar fields, in a complex representation]

bi(x) = (e"oTn) - 6;(x)

b= [ —LF

. 1. mliaé + 7 mu_lta.a
(00) (27)3 2w (k) ﬁ i(F) + b (k) g

?%y%m )| = (2m)3 2w (k) 8;6) (k- 1) 1= F@u&% )]

1-particle and 1l-antiparticle states: representations R and R

Gauged symmetries?

dj(z) = (¢alDTa) - ¢;(x)
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