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ẋ

=
∂
L

∂
x
,

H
=
ẋ
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ẋ
22

)−
12
m
ω

2
(

x
21
+
x
22

)

a±
=

1√2
( a

1
∓
ia

2
)
,

a †±
=

1√2

(

a †1
±
ia †2

)

[a±
,a †±

]

=
I,

[a±
,a †∓

]

=
0

(H
e
lic

ity
)

F
o
c
k

b
a
sis:

|n
+
,n
− 〉

=
1

√
n
+

!
n
−
!

(

a †+

)
n
+
(

a †−
)
n
−
|0〉

Ĥ
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n
e
rg

y
d
e
g
e
n
e
ra

c
ie

s?
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Ĥ
=

~
ω
(

a †+
a †−
)·
(

1
0

0
1

)

·
(

a
+
a−

)

+
~
ω
,

L̂
=

~

(

a †+
a †−
)·
(

1
0

0
−
1

)

·
(

a
+
a−

)

S
U
(
2
)

in
v
a
ria

n
c
e

[d
y
n
a
m

ic
a
l
sy

m
m

e
try

]:

U
∈
S
U
(2

),
U
†
=
U
−
1
,

d
e
t
U

=
1

:

(

a
+
a−

)

→
(

a ′+
a ′−

)

=
U

(

a
+
a−

)

T
+

=
a †+

a−
,

T−
=
a †−
a
+

=
T
†+
,

T
3

=
12

(

a †+
a
+
−
a †−
a−
)

=
12
~
L̂

T
1

=
12

(

T
+

+
T−
)

,
T
2

=
−
i2

(

T
+
−
T−
)

,
T±

=
T
1
±
iT

2

[T
+
,T−

]

=
2
T
3
,

[ T
3
,T±

]
=
±
T±
,

[T±
,Ĥ

]

=
0

[T
i ,T

j

]

=
iǫ
ijk

T
k
,

[T
i ,Ĥ

]

=
0

L
ie

a
lg

e
b
ra

s:
su

(2
)
=
so

(3
)

[in
te

g
e
r

a
n
d

h
a
lf-in

te
g
e
r
sp

in
]3
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S
U
(
2
)

irre
d
u
c
ib

le
re

p
re

s
e
n
t
a
t
io

n
s
:
j
=

0
,1
,2
,...,−

j
≤
m
≤
j

|j,m
〉
=
|n

+
,n
− 〉

j
=

12

(

n
+

+
n
−
)

,
m

=
12

(

n
+
−
n
−
)

,
n
±

=
j±

m

E
(j,m

)
=

~
ω
(2
j
+

1
)

3
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T
h
e

fi
rs

t
e
x
c
it
e
d

le
v
e
l:
j
=

12

In
th

e
b
a
sis

{|j
=

12
,m

=
12 〉,|j

=
12
,m

=
−

12 〉
}

T
1

=
12

(

0
1

1
0

)

=
12
τ
1

T
2

=
12

(

0
−
i

i
0

)

=
12
τ
2

T
3

=
12

(

1
0

0
−
1

)

=
12
τ
3

τ
i :

P
a
u
li

m
a
t
ric

e
s

4
0



In
t
e
rn

a
l
s
y
m

m
e
t
rie

s
fo

r
fi
e
ld

t
h
e
o
rie

s

C
o
m

p
a
c
t

L
ie

sy
m

m
e
try

g
ro

u
p
G

a
n
d

its
a
lg

e
b
ra

:

g
e
n
e
ra

to
rs

( T
a
)
ij

in
so

m
e

(irre
d
u
c
ib

le
)

re
p
re

se
n
ta

tio
n
R

S
y
m

m
e
try

tra
n
sfo

rm
a
tio

n
s:

[sa
y,

c
o
m

p
le

x
sc

a
la

r
fi
e
ld

s,
in

a
c
o
m

p
le

x
re

p
re

se
n
ta

tio
n
]

φ ′i (x
)
=
(

e
iα
a
T
a
)

ij
φ
j (x

)

φ
i (x

)
=

∫

(∞
)

d
3~k

(2
π
)
3
2
ω
( ~k

)

[a
i ( ~k

)
e −

ik·x
+
b †i ( ~k

)
e
+
ik·x

]

[a
i ( ~k

),a †j ( ~ℓ
)
]

=
(
2
π
)
3

2
ω
( ~k

)
δ
ij
δ
(
3
)
(~k
−
~ℓ
)

I
=
[b
i ( ~k

),b †j ( ~ℓ
)
]

1
-p

a
rtic

le
a
n
d

1
-a

n
tip

a
rtic

le
sta

te
s:

re
p
re

se
n
ta

tio
n
s
R

a
n
d
R

G
a
u
g
e
d

s
y
m

m
e
t
rie

s
?

φ ′i (x
)
=
(

e
iα
a
(x

)T
a
)

ij
φ
j (x

)

4
1


