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Why lattice perturbation theory is needed?

Where lattice perturbative calculations are either
useful or necessary?

To determine the Λ parameter of QCD in the lattice regularization
and its relation to the respective value ΛQCD in the continuum
theory.

Λ = lim
a→0

a−1 · (b0g2(a))
−

b1

2b2
0 · e

−
1

2b0g2(a) (1)

exp

{

−

∫ g(a)

0
dt

(

1
β(t)

+
1

b0t3 −
b1

b2
0t

)}

,

where bi are the coefficients of the expansion

β(g) = −g3
[

b0 + b1g2 + b2g4 + . . .
]

(g → 0). (2)

and g(a) is the solution of the RG equation a
dg
da

= β(g).
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Why lattice perturbation theory is needed?

The relation between the bare lattice and the renormalized coupling
(defined as the three-point function at a certain momentum p) is

gR(p) = g(a)
[

1 + g2(a)
(

− b0 log ap + CL + O(a2p2 log ap)
)

+ O(g4)
]

,

whereas for the continuum coupling (M̄S scheme) one has

gR(p) = gms

[

1 + g2
ms

(

− b0 log
p
µ

+ Cms
)

+ O(g4
ms)
]

.

Combining these two equations, we arrive at

g(a) = gms

[

1 + g2(a)
(

Cms − CL + b0 log aµ
)

+ O(g4) + O(a2)
]

.

Substituting this relation into the definition of Λ, we arrive at the relation
between ΛQCD and ΛLAT . For the pure gauge Wilson action (covariant
gauge) one obtains

Λms

Λlat
= 28.80934(1). (3)
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Why lattice perturbation theory is needed?

A determination of the renormalization factors of matrix elements
of operators and of the renormalization of the bare parameters of
the Lagrangian, like couplings and masses. Perturbation theory is
needed to establish the connection of the matrix elements
simulated on a lattice with their values in the physical continuum
theory. Every lattice action defines a specific regularization
scheme, and thus one needs a complete set of renormalization
computations in order for the results obtained in Monte Carlo
simulations be understood properly.
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Why lattice perturbation theory is needed?

Studies of the anomalies on the lattice. Perturbation theory is also
important for defining chiral gauge theories on the lattice at all
orders in the gauge coupling. Thus the lattice is the only
regularization that can preserve both chiral and gauge invariance
(without destroying basic features like locality and unitarity).

study of the general approach to the continuum limit, including the
recovery of the continuum symmetries broken by the lattice
regularization (like Lorentz or chiral symmetry) in the limit a → 0,
and the scaling violations, i.e., the corrections to the continuum
limit which are of order an.
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Why lattice perturbation theory is needed?

Perturbative calculations provide the only possibility for an
analytical control over the continuum limit. Lattice perturbation
theory is tightly connected to the continuum limit of lattice QCD.
Because of asymptotic freedom, one has g0 → 0 when µ → ∞,
which means a → 0. Perturbative calculations play an important
role in proving the renormalizability of lattice gauge theories.
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Why lattice perturbation theory is needed?

p p

k

k-p

=
G2

0(p)

(2π)4

∫

BZ
dk

1


m2 +
2
a2

4
∑

µ=1

(1 − cos(kµa))







m2 +
2
a2

4
∑

µ=1

(1 − cos((p−k)µa))





This integral is extremely complicated and cannot be calculated
analytically at finite values of a. In the limit a → 0 it can be evaluated
using the
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Why lattice perturbation theory is needed?

Kawai–Nakayama–Seo method.
The above integrand can be represented in the form

p

k

k-p

= I(k , p, m2; a) =

= I(k , 0, 0; a) + (I(k , p, m2; a) − I(k , 0, 0; a)), (4)

UV dirergent UV-finite
IR divergent IR-divergent

I(k , p, m2; a) − I(k , 0, 0; a) has
a smooth continuum limit (pa → 0 and ma → 0).

◮ dimensional regularization
◮ fictitious mass regularization
◮ something similar
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Why lattice perturbation theory is needed?

IR divergencies in I(k , 0, 0; a) and (I(k , p, m2; a) − I(k , 0, 0; a))
cancel each other

IR regularization by a fictitious mass is introduced:

k2 → k2 + µ2
R

I(k , p, m2; a) = lim
µ2

R→0
I(k , p, m2; a, µ2

R).
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Why lattice perturbation theory is needed?

Thus the sought-for integral for the vacuum polarization, is represented
as the sum of the integral over the Euclidean momentum space

ΠC(p) = lim
µ2

R→0

∫

dk

(

1
(k2 + m2 + µ2

R)((k − p)2 + m2 + µ2
R)

−
1

(k2 + µ2
R)2

)

and the ”zero-momentum” integral over the Brillouin zone

Πlatt(p) = lim
µ2

R→0

∫

BZ

dk


µ2
R +

2
a2

4
∑

µ=1

(1 − cos(pµa))





2 .
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Why lattice perturbation theory is needed?

Gauge Theories

An expression for a typical Feynman diagram involves a plethora of k̂µ

to even powers

k̂µ =
2
a

sin
(kµa

2

)

(odd powers do not give contribution because the domain of
integration is symmetric in kµ, whereas the integrand is antisymmetric).
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One-Loop Boson Integrals at Zero External Momentum

Since k̂2
µ = 2

a2 (1 − cos(kµa)),

a typical Feynman integral has the form

F (q, n1, n2, n3, n4) =

=

∫

BZ
dk

cos(k1)
n1 cos(k2)

n2 cos(k3)
n3 cos(k4)

n4

∆q
B

where

∆B = 4 + µ2
B − cos(k1) − cos(k2) − cos(k3) − cos(k4),

µB is the IR regularization mass, δ is an infinitesimal parameter for
intermediate regularization.
F (q; n1, n2, n3, n4) is symmetric in n1, n2, n3, and n4, =⇒
we consider only the case when n1 ≥ n2 ≥ n3 ≥ n4.
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The Burgio-Caracciolo-Pelissetto method

The Burgio-Caracciolo-Pelissetto method

If we introduce an auxiliary regularization parameter δ

F (q, n1, n2, n3, n4) =

= lim
δ→0

∫

BZ
dk

cos(k1)
n1 cos(k2)

n2 cos(k3)
n3 cos(k4)

n4

∆
(q+δ)
B

we can employ the method of integration over the Brillouin zone by
parts and thus derive the recursion relations (I).
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The Burgio-Caracciolo-Pelissetto method

These recursion relations have the form

if nµ ≥ 2 then F (q; ..., nµ, ...) =

= F (q; ..., nµ − 2, ...) −

−
(nµ − 1)F (q − 1; ..., nµ − 1, ...)

q − 1 + δ
+

+
(n4 − 2)F (q − 1; ..., nµ − 3, ...)

q − 1 + δ
,
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The Burgio-Caracciolo-Pelissetto method

if n4 ≥ 2 then F (q, n1, n2, n3, n4) = F (q, n1, n2, n3, n4 − 2) −

−
(n4 − 1)F (q − 1, n1, n2, n3, n4 − 1) − (n4 − 2)F (q − 1, n1, n2, n3, n4 − 3)

q − 1 + δ
,

else if n3 ≥ 2 then F (q, n1, n2, n3, 0) = F (q, n1, n2, n3 − 2, 0) −

−
(n3 − 1)F (q − 1, n1, n2, n3 − 1, 0) − (n3 − 2)F (q − 1, n1, n2, n3 − 3, 0)

q − 1 + δ
,

else if n2 ≥ 2 then F (q, n1, n2, 0, 0) = F (q, n1, n2 − 2, 0, 0) −

−
(n2 − 1)F (q − 1, n1, n2 − 1, 0, 0) − (n2 − 2)F (q − 1, n1, n2 − 3, 0, 0)

q − 1 + δ
,

else if n1 ≥ 2 then F (q, n1, 0, 0, 0) = F (q, n1 − 2, 0, 0, 0) −

−
(n1 − 1)F (q − 1, n1 − 1, 0, 0, 0) − (n1 − 2)F (q − 1, n1 − 3, 0, 0, 0)

q − 1 + δ
.
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The Burgio-Caracciolo-Pelissetto method

F (q, n1, n2, n3, 1) = (4 + µ2
B)F (q, n1, n2, n3, 0) − F (q − 1, n1, n2, n3, 0)

− F (q, n1 + 1, n2, n3, 0) − F (q, n1, n2 + 1, n3, 0)

− F (q, n1, n2, n3 + 1, 0),

F (q, n1, n2, 1, 0) =
1
2

(

(4 + µ2
B)F (q, n1, n2, 0, 0) − F (q − 1, n1, n2, 0, 0)

− F (q, n1 + 1, n2, 0, 0) − F (q, n1, n2 + 1, 0, 0)) ,

F (q, n1, 1, 0, 0) =
1
3

(

(4 + µ2
B)F (q, n1, 0, 0, 0) − F (q − 1, n1, 0, 0, 0)

− F (q, n1 + 1, 0, 0, 0)) ,

F (q, 1, 0, 0, 0) =
1
4

(

(4 + µ2
B)F (q, 0, 0, 0, 0) − F (q − 1, 0, 0, 0, 0)

)

.
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The Burgio-Caracciolo-Pelissetto method

Thus we obtain an expression for each integral F (q, n1, n2, n3, n4) in
terms of the functions

Gδ(q, µ2
B) =

∫

dk
(2π)4

1
(∆B)q+δ

,

q axis

-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9

q ≥ 2 − divergent parts:
Gδ(q, µ2

B) = D(q, µ2
B) + J(q) + O(µ2

B) + O(δ)

q ≤ 0 − O(δ) terms: Gδ(q, µ2
B) = B(q) + δJ(q) + O(µ2

B) + O(δ2)

R. N. Rogalyov (IHEP) Methodology of Computations in Theoretical Physics 25.02.2010 18 / 55



The Burgio-Caracciolo-Pelissetto method

Isolating the Divergent Part
(Fictitious Mass Regularization)

Gδ(q, µ2
B) =

1
Γ(q + δ)

∫ ∞

0
tq−1+δ dt

[

e−4t−µ2
B t I4

0(t)
]

=
1

Γ(q + δ)

{

∫ 1

0
tq−1+δ dt

[

e−4t−µ2
B t I4

0(t)
]

+

+

∫ ∞

1
tq−1+δ dt e−µ2

B t



e−4t I4
0(t) −

1
(2πt)2

q−2
∑

n=0

bn

tn





+

∫ ∞

1
tq−1+δ dt

1
(2πt)2 e−µ2

B t
q−2
∑

n=0

bn

tn






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The Burgio-Caracciolo-Pelissetto method

F (q; 1, 1, 1, 1) =

=

∫

d4k
(2π)4

cos(k1) cos(k2) cos(k3) cos(k4) { ZERO}

∆q+δ
B

where

ZERO = − ∆B + 4 + µ2
B − cos(k1) − cos(k2) − cos(k3) − cos(k4)

Thus we arrive at

0 = (4 + µ2
B) ∗ F (q; 1, 1, 1, 1) − 4F (q; 2, 1, 1, 1) − F (q − 1; 1, 1, 1, 1);

and the relations are obtained when the above F functions are
expressed in terms of G(q).
(Burgio-Caracciolo-Pelissetto, Nucl.Phys.B, 1995)
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The Burgio-Caracciolo-Pelissetto method

At q ≥ 4 we can derive (with FORM and REDUCE packages)

J(q) =
1

384(q − 1)(q − 2)2(q − 3)

{

16(q − 2)(q − 3) [12 + 25(q − 2)(q − 3)] J(q − 1)

+ 4(q − 3)2
[

−17 − 35(q − 3)2
]

J(q − 2)

+ 4
[

1 + 5(q − 3)3(q − 4) − 5(q − 3)(q − 4)2
]

J(q − 3)

−(q − 4)4 J(q − 4)
}

+
1

(q − 2)

{

D(q) −
25

24(q − 1)
(2q − 5) D(q − 1)

}

+
1

96(q − 1)(q − 2)2

{[

17 + 105(q − 3)2
]

D(q − 2)

+
5

(q − 3)

[

−1 − 4(q − 3)2(q − 4) + 2(q − 4)2
]

D(q − 3)

+
5

4(q − 3)
(q − 4)3 D(q − 4)

}

;
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The Burgio-Caracciolo-Pelissetto method

Thus integrals G(q) can be expressed in terms of the quantities

Z0 = 0.154933390231060214084837208 (5)

Z1 = 0.107781313539874001343391550

F0 = 4.369225233874758

determined from the relations

F (1, 0, 0, 0, 0) = 2Z0 + O(µ2
B) (6)

F (2, 0, 0, 0, 0) = −
lC

(2π)2 +
F̄0

(2π)2 + O(µ2
B)

F (3, 0, 0, 0, 0) =
1

(2π)2

(

1
2 µ2

B

−
lC
4

−
13
48

+
F̄0

4

)

−
1

128
+

Z1

32
+ O(µ2

B),

where F̄0 = F0 − ln 2, lC = ln µ2
B + C, C = 0.577... is the Euler constant.
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The Burgio-Caracciolo-Pelissetto method

The Wilson-fermion propagator is given by

m + ∆ + i
∑4

µ=1 γµsµ(p)

(m + ∆)2 + s2(p)
(7)

where

∆ =
r
a

4
∑

µ=1

(1 − cos(pµa)), (8)

sµ(p) =
1
a

sin(pµa).

r is the Wilson parameter.
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Fermion Integrals

Fermion Integrals

F (p, q; n1, n2, n3, n4) =

= lim
δ→0

∫

d4k
(2π)4

cosn1(k1) cosn2(k2) cosn3(k3) cosn4(k4)

∆q
B∆p+δ

F

where

∆F = 10 − 4
4
∑

µ=1

cos(kµ) (9)

+
∑

1≤µ<ν≤4

cos(kµ) cos(kν) + µ2
B

∆B = 4 + µ2
B − cos(k1) − cos(k2) − cos(k3) − cos(k4).
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Fermion Integrals

Making use of the recursion relations

F (p, q, ..., l , ...) = F (p, q, ..., l − 2, ...)

+ µ2
B (F (p, q, ..., l − 1, ...) − F (p, q, ..., l − 3, ...))

− (F (p, q − 1, ..., l − 1, ...) − F (p, q − 1, ..., l − 3, ...))

−q
(F (p − 1, q + 1, ..., l − 1, ...) − F (p − 1, q + 1, ..., l − 3, ...))

p − 1 + δ

−
((l − 2)F (p − 1, q, ..., l − 2, ...) − (l − 3)F (p − 1, q, ..., l − 4, ...))

p − 1 + δ
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Fermion Integrals

F (p, q; n1, n2, n3, 2) =

F (p, q − 2, n1, n2, n3, 0) − 2 µ2
B F (p, q − 1, n1, n2, n3, 0)

−2 F (p − 1, q, n1, n2, n3, 0) + (4 + 2 µ2
B + µ4

B) F (p, q, n1, n2, n3, 0)

−F (p, q, n1 + 2, n2, n3, 0) − F (p, q, n1, n2 + 2, n3, 0)

−F (p, q, n1, n2, n3 + 2, 0),

F (p, q, n1, n2, n3, 1) = (µ2
B + 4) F (p, q, n1, n2, n3, 0)

−F (p, q − 1, n1, n2, n3, 0) − F (p, q, n1 + 1, n2, n3, 0)

−F (p, q, n1, n2 + 1, n3, 0) − F (p, q, n1, n2, n3 + 1, 0)

we can express F (p, q; n1, n2, n3, n4) in terms of the integrals

G(p, q) =

∫

d4k
(2π)4

1

∆q
B∆p+δ

F
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Recursion relations

F (p, q; 1, 1, 1, 1) =

=

∫

d4k
(2π)4

cos(k1) cos(k2) cos(k3) cos(k4) { ZERO}

∆q
B∆p+δ

F

where

ZERO = − ∆F + 10 − 4
4
∑

µ=1

cos(kµ) (10)

+
∑

1≤µ<ν≤4

cos(kµ) cos(kν) + µ2
B

or

ZERO = − ∆B + 4 + µ2
B − cos(k1) − cos(k2) − cos(k3) − cos(k4)
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Recursion relations

Identities of the second type

From the above we derive

0 = (4 + 2µ2
B + µ4

B)F (p + 1,−q; 1, 1, 1, 1) (11)

−2µ2
BF (p + 1,−q − 1; 1, 1, 1, 1)

−4F (p + 1,−q; 3, 1, 1, 1)

+F (p + 1,−q − 2; 1, 1, 1, 1) − 2F (p,−q; 1, 1, 1, 1);

and the recursion relations are obtained
when the above F functions

are expressed in terms of G(p, q).

(Burgio-Caracciolo-Pelissetto, Nucl.Phys.B, 1995)
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Recursion relations

It is convenient to represent

Gδ(p, q) =

∫

d4k
(2π)4

1

∆q
B∆p+δ

F

in the form

Gδ(p, q) = D(p, q;µ2
B) + B(p, q) (12)

+δ (L(p, q;µ2
B) + J(p, q)) + O(δ2), p ≤ 0;

Gδ(p, q) = D(p, q;µ2
B) + J(p, q) + O(δ), p > 0.
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Recursion relations

J(−p,−q) = (24J(−p + 1,−q − 1)(q + 2)(q + 3)(−5p + 3)

+2J(−p + 1,−q − 2)(6q3 − 21(p − 3)q2

+q(−20p2 − 91p + 207) + 12(−5p2 − 7p + 18))

+(p − 1)(24J(−p + 2,−q − 2)(q + 3)(−11p + 14)

+4J(−p + 2,−q − 3)(15q2 + q(−20p + 121) + 5(−6p2 + 4p + 35))

+J(−p + 2,−q − 4)(21q2 + 8q(p + 18) + 2(−5p2 + 26p + 120)))

+(p − 1)(p − 2)(24J(−p + 3,−q − 3)(−15p + 31)

+2J(−p + 3,−q − 4)(66q + 73p + 85)

+4J(−p + 3,−q − 5)(10q + 10p + 23)

+6J(−p + 3,−q − 6)q

+6(p + 3)J(−p + 3,−q − 6))

+(p − 1)(p − 2)(p − 3)(192J(−p + 4,−q − 4)

−20J(−p + 4,−q − 5) − 3J(−p + 4,−q − 6))

)/24/(q + 1)/(q + 2)/(q + 3)
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Recursion relations

+(24B(−p + 1,−q − 1)(q + 2)(q + 3)(−10p3 + 39p2 − 36p + 3)

+B(−p + 1,−q − 2)(q + 3)((3(p − 2)2 − 1)(12q2 + 6q − 128)

+(p − 2)2(−84q(p − 2) − 8(5(p − 2)2 + 54(p − 2) + 5)))

+(p − 1)2(24B(−p + 2,−q − 2)(q + 3)(−11p2 + 28p − 4)

+B(−p + 2,−q − 3)(60q2(2p − 5) + 4q(−20p2 + 242p − 485)

+20(−26p2 + 142p − 199))

+B(−p + 2,−q − 4)(21q2(2p − 5) + 8q(p2 + 36p − 96)

+2(p2 + 300p − 756)))

+(p − 1)2(p − 2)2(−336B(−p + 3,−q − 3)

+4B(−p + 3,−q − 4)(33q + 152)

+4B(−p + 3,−q − 5)(10q + 53) + 6B(−p + 3,−q − 6)(q + 6))

+24B(−p,−q)(q + 1)(q + 2)(q + 3)(−3p2 + 12p − 11)

)/24/(p − 1)/(p − 2)/(p − 3)/(q + 1)/(q + 2)/(q + 3);
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Recursion relations

1 2 3 4 5 6 7 8 9

1

3

4

5

-1

-2

-3

-4

-5

-6
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Recursion relations

G(p, q) can be expressed in therms of the quantities

Y4 =
J(1, 0)

2
, Y5 = J(1,−1), (13)

Y6 = 2J(1,−2), Y7 =
J(2,−1)

2
,

Y8 = J(2,−2), Y9 =
J(3,−2)

2
,

Y10 = J(3,−3), Y11 = 2J(3,−4),

Y0 =
J(2, 0)

4
−

F0

16π2
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Recursion relations

and

Y1 =
1
48

−
1
4

Z0 −
1
24

J(−1, 2) +
1
12

J(0, 1) +
1
12

J(1, 0);

Y2 =
1
6
−

1
π2 − Z0 −

1
6

J(−1, 2) +

1
3

J(0, 1) −
1

24
J(1,−2) −

1
12

J(1,−1) −

−
17
8

J(1, 0) + 4 J(1, 1) −
1
48

J(2,−2)

+
25
6

J(2,−1) − 4 J(2, 0);

Y3 = −
1

384π2 − F0
1

128π2 +
1
96

Z0 −

1
48

J(−1, 3) +
1

192
J(0, 1) +

1
48

J(0, 2) +
1
48

J(1, 1);
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Recursion relations

Y0 − 0.01849765846791657356
Y1 0.00376636333661866811
Y2 0.00265395729487879354
Y3 0.00022751540615147107

Y4 = F(1, 0) 0.08539036359532067914
Y5 = F(1,−1) 0.46936331002699614475
Y6 = F(1,−2) 3.39456907367713000586
Y7 = F(2,−1) 0.05188019503901136636
Y8 = F(2,−2) 0.23874773756341478520
Y9 = F(3,−2) 0.03447644143803223145
Y10 = F(3,−3) 0.13202727122781293085
Y11 = F(3,−4) 0.75167199030295682254

Table: New constants appearing in the general fermionic case.

( S. Capitani, Phys. Rep., v. 382 (2003) )
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Recursion relations

The respective programs can be found on the web page of the ITEP
Lattice group
http://www.lattice.itep.ru/∼pbaivid/lattpt/
The results presented there are as follows:

The program for a computation of F (p, q; n1, n2, n3, n4

at 0 ≤ p, q ≤ 9 and n1 + n2 + n3 + n4 ≤ 25
that can be readily used by anyone.

The values of the functions J(p, q) and B(p, q) at
−26 ≤ p ≤ 0, −56 − 2p ≤ q ≤ 34 and the values of J(p, q) at
1 ≤ p ≤ 9, −28 ≤ q ≤ 33 − p;

The explicit expressions for F (p, q; n1, n2, n3, n4 at some particular
values of p and q and n1 ≤ 6.
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Two-Loop Integrals

Two-Loop Integrals

x 0 ≡ A(k) =

=
∑

x∈Λ e−ikxG3(x)

where

G(x) =
1

(2π)4

∫

BZ
e−ikx 1

2∆
, (14)

∆ is the bosonic or fermionic propagator.

R. N. Rogalyov (IHEP) Methodology of Computations in Theoretical Physics 25.02.2010 37 / 55



Two-Loop Integrals

Such diagrams in the bosonic case were computed by
M. Lüscher and P. Weisz (Nucl.Phys. B445 (1995)):

x 0
= AB(x)

The value of AB(p) at zero momentum

Asymptotic expansion of AB(p) when p → 0

Similar integrals with nontrivial numerators

R. N. Rogalyov (IHEP) Methodology of Computations in Theoretical Physics 25.02.2010 38 / 55



Two-Loop Integrals

We outline the LW method by considering A(0) =
∑

x∈Λ G3(x):

A(0) = G3(0) +
∑

x∈Λ′

G3
as(x) (15)

+
∑

x∈{FN}

(

G3(x) − G3
as(x)

)

+
∑

x∈{Λ′\FN}

(

G3(x) − G3
as(x)

)

FN = {x ∈ Λ : |x1| + |x2| + |x3| + |x4| ≤ N}

Λ = {x : xµ ∈ ZZ} , Λ′ = Λ\ {0} .
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The Luscher–Weisz method

The Lüscher–Weisz method is based on

recursion formulas for the free bosonic propagator in the
x-representation,

GB(x + µ̂) = GB(x − µ̂) +
2xµ

(

∑4
ν=1 xν

)

4
∑

λ=1

(GB(x) − GB(x − λ̂));

asymptotic expansion of G(x) at x → ∞.

In the fermionic case,
there are no analogous recursion relations,
and asymptotic formulas are little more complicated.
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The Luscher–Weisz method

First we compute

GB(x) =
1

(2π)4

∫

BZ
e−ikx 1

2∆B
(16)

GF (x) =
1

(2π)4

∫

BZ
e−ikx 1

2∆F

over the domain F+
48:

x1 ≥ x2 ≥ x3 ≥ x4 ≥ 0 (17)

x1 + x2 + x3 + x4 ≤ 48

Here

BZ =

{

k :
−π

a
≤ kµ ≤

π

a

}

R. N. Rogalyov (IHEP) Methodology of Computations in Theoretical Physics 25.02.2010 41 / 55



The Luscher–Weisz method

The integrals

Ḡ(x1, x2, x3, x4) =

∫

d4k
(2π)4

cos(k1x1) cos(k2x2) cos(k3x3) cos(k4x4)

∆F

can be expressed in terms of the quantities

F (p, q; n1, n2, n3, n4) =

∫

d4k
(2π)4

cosn1(k1) cosn2(k2) cosn3(k3) cosn4(k4)

∆q
B∆p+δ

F

by making use of relations

cos(nx) = 2n−1 cosn x +
n
2

[n/2]−1
∑

k=0

(−1)k+1

k + 1
Ck

n−k−2(2 cos x)n−2k−2
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The Luscher–Weisz method

Using the quantities F (p, q; n1, n2, n3, n4) evaluated by the
Burgio-Caracciolo-Pelissetto method and FORM package,
we compute the values G(x1, x2, x3, x4) at |x1| + |x2| + |x3| + |x4| ≤ 48.
This takes about three months on a PC.

The result is a linear combination

G(x1, x2, x3, x4) =

11
∑

n=4

cn(x)Yn + cπ(x)
1
π2 + c(x)

.
cn(x) show exponential growth with |x |, therefore Yn should be
evaluated to a high precision.
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The Luscher–Weisz method

First we compute GF (x) at the points

x1 = (96, 0, 0, 0); (18)

x2 = (95, 0, 0, 0);

x3 = (95, 1, 0, 0);

x4 = (94, 2, 0, 0);

x5 = (94, 1, 1, 0);

x6 = (93, 3, 0, 0);

x7 = (93, 2, 1, 0);

x8 = (93, 2, 0, 0).

The result furnishes a linear combination of the constants Y4 ÷ Y11, 1,

and
1

(2π)2 with rational coefficients.
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The Luscher–Weisz method

Thus we arrive at the system of linear equations for Y4 ÷ Y11,

8
∑

j=1

MNjYj+3 = CN − GF (xN), (19)

the right-hand side involves the linear combinations CN of 1 and
1

(π)2

with rational coefficients as well as the eight values of GF (xN).
The coefficients MNj in the left-hand side are rational numbers
increasing exponentially with |xN |, the same is valid for CN . Our
computation of the values of Yn is based on the fact that, at large |xN |,
GF (xN) can be neglected as compared to CN . In fact, we do not simply
neglect GF (xN) but use the asymptotic expansion
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The Luscher–Weisz method

Thus we arrive at

Y4 = 0.08539036359532067913516702888533412058194147127443265(1)

Y5 = 0.46936331002699614475347539705751803482046295887523184(1)

Y6 = 3.39456907367713000586008689702374496453685272313733503(1)

Y7 = 0.05188019503901136636490228766471579940968012757291508(1)

Y8 = 0.23874773756341478520233613930386970445280194983477988(1)

Y9 = 0.03447644143803223145396188144243193600121277124715784(1)

Y10 = 0.13202727122781293085314731098196596971197144795959477(1)

Y11 = 0.75167199030295682253543148590778110991011277193144803(1)

That is, to a precision of 54 digits.
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The Luscher–Weisz method

A(0) = G3(0) +
∑

x∈Λ′

G3
as(x) (20)

decreases rapidly +
∑

x∈{FN}

(

G3(x) − G3
as(x)

)

can be neglected +
∑

x∈{Λ′\FN}

(

G3(x) − G3
as(x)

)

FN = {x ∈ Λ : |x1| + |x2| + |x3| + |x4| ≤ N}

Λ = {x : xµ ∈ ZZ} , Λ′ = Λ\ {0} .
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The Luscher–Weisz method

Asymptotic behavior

We compute asymptotic behavior at x → ∞ of the quantities

GB[F ] =

∫

dp
(2π4)

e−ipx

DB[F ](p)
, (21)

KB[F ] =

∫

dp
(2π4)

(e−ipx − 1)

D2
B[F ](p)

,

LB[F ] =

∫

dp
(2π4)



e−ipx − 1 +
x2

8
(4 −

4
∑

µ=1

cos2 kµ)





D3
B[F ](p)

,

which are defined to be infrared finite.
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The Luscher–Weisz method

The functions GB(x), GF (x), KB(x), KF (x), LB(x), and LF (x) can be
expressed in terms of the quantities

JB
n (mR , x) =

∫

dp
(2π4)

e−ipx

(DB(p) + m2
R)n

, (22)

JF
n (mR , x) =

∫

dp
(2π4)

e−ipx

(DF (p) + m2
R)n

as follows:

KB = lim
mR→0

(

JB
2 (mR , x) −

1
4

FR
(

0, 2; 0, 0, 0, 0;
m2

R

2

)

)

, (23)

KF = lim
mR→0

(

JF
2 (mR , x) −

1
4

FR(2, 0; 0, 0, 0, 0;
m2

R

2
)

)
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The Luscher–Weisz method

The derivation of asymptotic behavior of the quantity

JF
n (mR, x) =

∫

dp
(2π4)

e−ipx

(DF (p) + m2
R)n

is based on the asymptotic expansion of the denominator of the
integrand

1
(DF (p) + mR)n ≃

∞
∑

k=0

∞
∑

α=4k

Qα
F (n, k ; p)

(p2 + m2
R)k+n

where Qα
B(n, k ; p) is a polynomial in p of degree α.

Then one can employ the relation

∫

dp
(2π4)

e−ipx

(p2 + m2
R)n

≃
2π2

Γ(n)

(

x
2mR

)n−2

Kn−2(mR |x |),

where Kν(z) is the McDonald function.
First we tend mR → 0 and only then |x | → ∞.
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The Luscher–Weisz method

Using the designations

[x2] = x2
1 + ... + x2

4 , ... [x8] = x8
1 + ... + x8

4 ,

we can represent the rusults as follows:

GB(x) ≃
1

[x2]
+

(

−
1

[x2]2
+ 2

[x4]

[x2]4

)

(24)

+

(

−4
1

[x2]3
− 48

[x6]

[x2]6
+ 16

[x4]

[x2]5
+ 40

[x4]2

[x2]7

)

GF (x) ≃
1

[x2]
+

(

− 4
1

[x2]2
+ 8

[x4]

[x2]4

)

(25)

+

(

−40
1

[x2]3
− 768

[x6]

[x2]6
+ 208

[x4]

[x2]5
+ 640

[x4]2

[x2]7

)

(Gas
B (x) was found by Lüscher and Weisz (1995).)
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The Luscher–Weisz method

Summation of an asymptotic expansion, an example

Z (s) =
∑

Λ′

1
[x2]s

=

=
πs

Γ(s)

∑

x ∈ Λ′
(

αs−1(πx2) + Es−1(πx2)
)

where (n > 0)

En(z) =

∫ ∞

1

e−tz

tn dt

αn(z) =

∫ ∞

1
e−tz tn dt
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An example of computations

QBBB
1 =

∫

BZ

d4k
(2π)4

d4q
(2π)4

4
∑

µ=1

k̂2
µ q̂2

µ

DB(k)DB(q)DB(r)
(26)

QBBF
1 =

∫

BZ

d4k
(2π)4

d4q
(2π)4

4
∑

µ=1

k̂2
µ q̂2

µ

DB(k)DB(q)DF (r)

and so on.
In a similar way, we can consider

QBBF
2 =

∫

BZ

d4k
(2π)4

d4q
(2π)4

4
∑

µ=1

k̂2
µq̂2

µr̂2
µ

DB(k)DB(q)DF (r)
(27)

etc.
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An example of computations

The results of my computations are as follows:

QBBB
1 = 0.042306368(1) (28)

QFBB
1 = 0.020079702(3)

QBBF
1 = 0.024555253(3)

QFFB
1 = 0.00969896(1)

QBFF
1 = 0.01173224(1)

QFFF
1 = 0.00576013(3)

QBBB
2 = 0.05462397818(1)

QBBF
2 = 0.02659175158(3)

QBFF
2 = 0.0130373237(1)

QFFF
2 = 0.0064945681(3)
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Summary and Outlook

Summary and Outlook

The Burgio-Caracciolo-Pelissetto algorithm is realized on a
computer

The Lüscher-Weisz method is extended to the case of fermions

G(p, q) are found over a large domain of values of p and q,
making it possible to compute GF (x) at |x | ≤ 96

GF (x) is evaluated at |x | ≤ 48

Values of some Yn are computed to a better precision (54
significant digits) (Z0 and Z1 are known to 396 significant digits :-) )

Some two-loop fermionic integrals are evaluated to a precision of
10 significant digits

The work is in progress!
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