
T
h
e

D
ira

c
a
n
d

M
a
xw

ell
eq

s.
ca

n
b
e

d
erived

fro
m

th
e

la
g
ra

n
g
ia

nL
Q

E
D

=
Ψ̄

(iγ
m

D
m
−

M
)Ψ

−
14

F
2m

n
.

(1
1
)

T
h
e

co
u
p
led

E
u
ler-L

a
g
ra

n
g
e

fi
eld

eq
s.

are
th

en
(1

0
),

p
lu

s

∂
m

F
m

n
=

gΨ̄
γ
n Ψ

≡
jn

,
(1

2
)

w
h
ere

jn
is

th
e

electro
m

a
g
n
etic

cu
rren

t
o
f
th

e
ch

arg
ed

ferm
io

n
.

F
ro

m
(1

2
)

w
e

ca
n

d
erive

th
e

ch
arg

e
co

n
ser-

va
tio

n

2
5



∂
m

jm
=

0
→

d
Qd
t

=
�

d
3x

∂
m

jm
=

0
,

w
h
ere

Q
=

�
d
3x

j0 (x
)

.
(1

3
)

•
T

h
e

m
a
ssless

p
h
o
to

n
h
a
s

tw
o

d
eg

rees
o
f
freed

o
m

.

•
A

p
h
o
to

n
m

a
ss

L
m

a
ss

=
M

2A
2

A
2m

b
rea

k
s

g
a
u
g
e

in
vari-

a
n
ce

a
n
d

d
escrib

es
th

ree
d
eg

rees
o
f
freed

o
m

.

•
T

h
e

p
ro

p
a
g
a
to

r
o
f
a

m
a
ssive

p
h
o
to

n
is

fo
u
n
d

fro
m

−
14

F
2m

n
+

M
2A

2
A

2m
=

12
A

m
[g

m
n (�

+
M

2A
)−

∂
m

∂
n ]A

n
,

∆
−
1

m
n (x

−
y)

=
[g

m
n (�

+
M

2A
)−

∂
m

∂
n ]δ

4(x
−

y)
(1

4
)

2
6



T
h
erefo

re,
in

m
o
m

en
tu

m
sp

a
ce

(exercice)

∆
m

n(k
)

=
g
m

n
−

k
m

k
n

M
2A

k
2
−

M
2A

.
(1

5
)

•
D

u
e

to
th

e
cu

rren
t
co

n
serva

tio
n

∂
m

jm
=

0
,
th

e
lo

n
g
i-

tu
d
in

a
l
p
o
lariza

tio
n

d
o
es

n
o
t

co
n
trib

u
te

to
a
m

p
litu

d
es

→
U
V

p
ro

p
erties

o
f

th
e

m
a
ssless

a
n
d

m
a
ssive

p
h
o
to

n

th
eo

ries
are

th
e

sa
m

e.

•
E
xp

erim
en

ta
l
lim

it
p
h
o
to

n
m

a
ss

m
γ
≤

1
0
−
1
8

eV
.

2
.3

.
N
o
n
-a

b
e
lia

n
g
a
u
g
e

th
e
o
rie

s.

U
(1

)
is

a
p
articu

lar
ca

se
o
f
u
n
itary

a
b
elia

n
tra

n
sfo

rm
a
-

tio
n
s.

A
n
o
th

er
ca

se
o
f
p
articu

lar
in

terest
:

n
o
n
-a

b
elia

n

tra
n
sfo

rm
a
tio

n
s.

2
7



2
8



S
U
(n

)
tra

n
sfo

rm
a
tio

n
s
are

d
escrib

ed
b
y

m
a
trices

U
,
sa

t-

isfyin
g

U
†U

=
U

U
†
=

I
,

d
et

U
=

1
.

(1
6
)

T
h
e

sim
p
lest

ca
se

is
S

U
(2

),
p
ro

p
o
sed

b
y

Y
a
n
g

a
n
d

M
ills

in
1
9
5
4
.

S
im

p
lest

rep
resen

ta
tio

n
is

a
d
o
u
b
let

Ψ
=

�
Ψ

1
Ψ

2 �

,
Ψ
�=

U
(θ)Ψ

,
w
h
ere

U
(θ)

=
e

i2
g
θ
a τ

a
,(1

7
)

w
h
ere

τ
a

are
th

e
P
a
u
li

m
a
trices.

T
h
e

n
u
m

b
er

o
f
g
a
u
g
e

b
o
so

n
s
eq

u
a
ls

th
e
n
u
m

b
er

o
f
g
en

era
to

rs
(th

ree
fo

r
S

U
(2

)).

S
im

p
lest

to
in

tro
d
u
ce

a
m

a
trix

W
m

=
W

am
τ
a2

=

�
W

3m
W

1m
−

iW
2m

W
1m

+
iW

2m
−

W
3m

�

≡
�

W
3m

√
2
W

+m
√

2
W
−m

−
W

3m

�

2
9



E
xercice

:
sh

o
w

th
a
t

D
m
Ψ
≡

(∂
m
−

ig
W

m
)Ψ

→
(D

m
Ψ

) �=
U

D
m
Ψ

,

if
W

m
→

W
�m

=
U

W
m

U
−
1
−

ig
(∂

m
U
)U
−
1

(1
8
)

a
n
d

th
e

in
fi
n
itesim

a
l
varia

tio
n

in
co

m
p
o
n
en

t
fo

rm

δW
am

=
D

m
θ
a
≡

∂
m

θ
a
+

g
�a

bc W
bm
θ
c

(1
9
)

T
h
e

fi
eld

stren
g
th

is
b
u
ilt

fro
m

[D
m

,D
n ]

=
−

ig
F

m
n

(2
0
)

E
xercice

:
sh

o
w

th
a
t

F
m

n
=

∂
m

W
n −

∂
n
W

m
−

ig[W
m

,W
n ]

,
F

m
n
→

F
�m

n
=

U
F

m
n
U
−
1

3
0



F
o
r

S
U
(2

)
th

is
im

p
lies

(exercice
:)

F
am

n
=

∂
m

W
an
−

∂
n
W

am
+

g
�a

bc W
bm
W

cn
(2

1
)

T
h
e

Y
a
n
g
-M

ills
la

g
ra

n
g
ia

n
is

L
Y

M
=
−

14
F

am
n
F

a
,m

n
=
−

14
(∂

m
W

an
−

∂
n
W

am
)
2

−
g2
�a

bc ∂
m

W
an
W

b,m
W

c,n
−

g
24
�a

bc �a
d
e W

bm
W

cn
W

d
,m

W
e,n

•
N
o
n
-a

b
elia

n
g
a
u
g
e

b
o
so

n
s

h
a
ve

self-in
tera

ctio
n
s,

u
n
-

like
th

e
p
h
o
to

n
!

F
u
ll

L
a
g
ra

n
g
ia

n
d
escrib

in
g

in
tera

ctio
n

o
f
Y
a
n
g
-M

ills
fi
eld

s
w
ith

ch
arg

ed
ferm

io
n
s

L
=

Ψ̄
(iγ

m
D

m
−

M
)Ψ

−
14

F
am

n
F

a
,m

n
.

(2
2
)

3
1



E
xercice

:
sh

o
w

th
a
t

fo
r
a
n

S
U
(2

)
d
o
u
b
let

Ψ̄
(iγ

m
D

m
−

M
)Ψ

=
Ψ̄

k[δ
k
l (iγ

m
∂

m
−

M
)+

g2
γ

m
W

am
(τ

a )
k
l ]Ψ

l

F
ield

eq
s.

are

(iγ
m

D
m
−

M
)Ψ

=
0

,

∂
m

F
am

n
+

g
�a

bc A
b,m

F
cm

n
=
−

gΨ̄
γ
n
τ
a2
Ψ

(2
3
)

o
n

th
e

r.h
.s.

is
th

e
S

U
(2

)
ferm

io
n
ic

cu
rren

t
j
an
�

•
H
ere

∂
m

j
am
�=

0
;
a

m
a
ssive

fi
eld

p
ro

p
a
g
a
to

r
is

∆
a
b

m
n (k

)
=

δ
a
b g

m
n
−

k
m

k
n

M
2A

k
2
−

M
2A

.
(2

4
)

•
a
n
d

th
e

lo
n
g
itu

d
in

a
l
p
o
lariza

tio
n

d
o
es

co
n
trib

u
te

to

a
m

p
litu

d
es.

3
2



→
U
V

p
ro

p
erties

o
f
th

e
m

a
ssless

a
n
d

m
a
ssive

Y
M

th
eo

-

ries
are

d
iff

eren
t.

T
h
e

Y
a
n
g
-M

ills
b
o
so

n
m

a
sses

sh
o
u
ld

n
o
t

b
e

a
d
d
ed

b
y

h
a
n
d
.

3
3



3
.

S
p
o
n
ta

n
e
o
u
s

sy
m

m
e
try

b
re

a
k
in

g
.

S
ym

m
etries

(N
o
eth

er
th

eo
rem

)
→

co
n
served

ch
arg

es.

T
h
ere

are
h
o
w
ever

tw
o

w
ays

th
e

sym
m

etries
are

rea
l-

ized
in

n
a
tu

re
:

i)
W

eyl-W
ig

n
er

:
va

cu
u
m

sta
te

is
in

varia
n
t

u
n
d
er

th
e

sym
m

etry
→

sym
m

etry
m

a
n
ifest

in
th

e
sp

ectru
m

a
n
d

in
tera

ctio
n
s.

E
x:

tra
n
sla

tio
n
s

(m
o
m

en
tu

m
),

ro
ta

tio
n
s

(a
n
g
u
lar

m
o
-

m
en

tu
m

),
U
(1

)
em

(electric
ch

arg
e)...

ii)
N
a
m

b
u
-G

o
ld

sto
n
e

:
va

cu
u
m

sta
te

n
o
t

in
varia

n
t

u
n
-

d
er

th
e

sym
m

etry
→

sym
m

etry
n
o
t

m
a
n
ifest.

3
4



E
x

:
ro

ta
tio

n
(o

r
p
arity)

sym
m

etry
in

ferro
m

a
g
n
ets,

S
U
(2

)
w

ea
k ,

S
U
(2

)
L
×

S
U
(2

)
R

ch
ira

l
sym

m
etry

o
f
stro

n
g

in
tera

ctio
n
s.

C
o
lem

a
n

:
”
th

e
sym

m
etry

o
f

th
e

va
cu

u
m

is
th

e
sym

-

m
etry

o
f
th

e
w
o
rld

”
.

S
im

p
lest

exa
m

p
le

o
f

th
e

N
G

rea
liza

tio
n

is
th

e
Isin

g

m
o
d
el

d
im

en
sio

n
d,

N
sp

in
s,

o
f
h
a
m

ilto
n
ia

n

H
=
−

J
�(i,j)

S
i S

j −
B

�

i

S
i

,
(2

5
)

w
ith

S
i
=

±
1
.

F
o
r
zero

m
a
g
n
etic

fi
eld

B
=

0
th

e
system

h
a
s

a
Z

2
sym

m
etry

S
i →

−
S

i .

3
5



T
h
e

m
a
g
n
etiza

tio
n

M
=

lim
B

=
0
,N
→
∞

1N

N�k
=

1 �S
k �

sh
o
u
ld

th
erefo

re
va

n
ish

.
H
o
w
ever

M
=

0
fo

r
T
≥

T
c

,
M
�=

0
fo

r
T

<
T

c ,
w
h
ere

k
T

c
=

2
d
J

(2
6
)

3
6



3
.1

T
h
e

G
o
ld

sto
n
e

th
e
o
re

m
.

In
a

th
eo

ry
w
ith

co
n
tin

o
u
s

sym
m

etry,
fo

r
every

g
en

er-

a
to

r
w
h
ich

d
o
es

n
o
t

a
n
n
ih

ila
te

th
e

va
cu

u
m
�T

aΦ
�
�=

0

th
ere

is
a

m
a
ssless,

N
G

p
article.

E
x
:

T
h
e

O
(N

)
lin

e
a
r
sig

m
a

m
o
d
e
l.

N
sca

lar
fi
eld

s
Φ

=
(Φ

1
,Φ

2
,···Φ

N
),

w
ith

la
g
ra

n
g
ia

n

L
=

12
(∂

m
Φ

)
2
−

V
(Φ

)
,

V
(Φ

)
=
−

µ
22
Φ

2
+

λ4
(Φ

2)
2

(2
7
)

T
h
e

m
o
d
el

h
a
s

a
co

n
tin

o
u
s

O
(N

)
sym

m
etry

a
ctin

g
a
s

Φ
→

R
Φ

,
w
ith

R
a

ro
ta

tio
n

m
a
trix.

T
h
e

p
o
ten

tia
l
is

m
in

im
ized

fo
r

Φ
0
2

=
µ
2λ
≡

v
2

(2
8
)

3
7



T
h
e

va
cu

u
m

m
a
n
ifo

ld
is

O
(N

)
in

varia
n
t.

B
y

a
ro

ta
tio

n
,

th
e

g
ro

u
n
d

sta
te

ca
n

b
e

ch
o
sen

to
b
e

Φ
0
=

(0
,0

···v)
(2

9
)

p
reservin

g
a
n

O
(N
−

1
)
su

b
g
ro

u
p
.

G
o
ld

sto
n
e’s

th
eo

rem
:

w
e

exp
ect

N
−

1
m

a
ssless

p
articles,

O
(N

)/O
(N

−
1
).

3
8



In
o
rd

er
to

ch
eck

th
is,

w
e

d
efi

n
e

a
set

o
f
sh

ifted
fi
eld

s:

Φ
(x

)
=

(π
k(x

),v
+

σ
(x

))
,

k
=

1
···N

−
1

,
(3

0
)

su
ch

th
a
t
�π

k�
=
�σ�

=
0
.

T
h
e

la
g
ra

n
g
ia

n
b
eco

m
es

L
=

12
((∂

m
π
)
2
+

(∂
m

σ
)
2)−

µ
2
σ
2
−
√

λ
µ
σ
3

−
√

λ
µ
π
2
σ
−

λ4
(σ

2
+

π
2)

2
(3

1
)

T
h
e

m
a
n
ifest

sym
m

etry
is

in
d
eed

O
(N

−
1
),

ro
ta

tin
g

th
e

π
’s.

T
h
e

p
h
ysica

l
m

a
sses

are

m
2σ

=
2
π
2

,
m

2π
k
=

0
(3

2
)

T
h
e

”
p
io

n
s”

are
m

a
ssless,

th
ey

are
th

e
N
G

b
o
so

n
s.

O
(N
−

1
)

is
rea

lized
a

la
W

W
,

O
(N

)
is

rea
lized

a
la

N
G
.

3
9



G
en

era
l(cla

ssica
l)

p
ro

o
f
o
f
th

e
G
o
ld

sto
n
e
th

eo
rem

.
C
o
n
-

sid
er

L
=

12
(∂

m
Φ

i )
2
−

V
(Φ

i )
(3

3
)

a
n
d

a
g
lo

b
a
l
co

n
tin

u
o
u
s

sym
m

etry

V
(Φ

i +
δΦ

i )
=

V
(Φ

i )
,

w
ith

δΦ
i
=

iθ
aT

aij Φ
j

(3
4
)

th
a
t

im
p
lies

∂
V

∂
Φ

i T
aij Φ

j
=

0
.

(3
5
)

4
0



D
iff

eren
tia

tin
g

a
g
a
in

a
n
d

ta
k
in

g
th

e
vev,

w
e

g
et

�
∂
2
V

∂
Φ

k ∂
Φ

i T
aij Φ

j
+

∂
V

∂
Φ

i T
aik �

=
0

(3
6
)

In
th

e
va

cu
u
m

,M
2k
i
=

∂
2
V

∂
Φ

k ∂
Φ

i
is

th
e

sca
lar

m
a
ss

m
a
trix,

w
h
erea

s
�

∂
V

∂
Φ

i �
=

0
.

T
h
en

w
e

g
et

M
2k
i
(T

av)
i

=
0

(3
7
)

If
th

e
va

cu
u
m

is
n
o
t
in

varia
n
t
u
n
d
er

th
e

sym
m

etry
g
en

-

era
to

r
T

av
�=

0
,
th

en
T

av
is

a
n

eig
en

vecto
r
o
f
th

e
m

a
ss

m
a
trix

M
2

co
rresp

o
n
d
in

g
to

a
zero

eig
en

va
lu

e

→
th

e
G
o
ld

sto
n
e

th
eo

rem
.

W
h
a
t

h
a
p
p
en

s
if

th
e

sym
m

etry
is

lo
ca

l
(g

a
u
g
e)

?

4
1



3
.2

T
h
e

H
ig

g
s

m
e
c
h
a
n
ism

.

C
o
n
sid

er
a
n

a
b
elia

n
g
a
u
g
e

th
eo

ry

L
=
−

14
F

2m
n
+
|D

m
Φ
| 2
−

V
(Φ

)
,

(3
8
)

w
ith

D
m

=
∂

m
+

ieA
m
,
Φ

=
1√2

(Φ
1
+

iΦ
2 ),

a
n
d

sca
lar

p
o
ten

tia
l

V
=
−

µ
2|Φ

| 2+
λ
(|Φ

| 2)
2

=
−

µ
22
(Φ

21 +
Φ

22 )+
λ4
(Φ

21 +
Φ

22 )
2

,

(3
9
)

in
varia

n
t

u
n
d
er

th
e

lo
ca

l
U
(1

)
tra

n
sfo

rm
a
tio

n
s

Φ
→

e
iα

(x
)Φ

,
A

m
→

A
m
−

1e
∂

m
α

(4
0
)

W
e

exp
a
n
d

aro
u
n
d

th
e

va
cu

u
m

sta
te

4
2



Φ
0

=

�
µ
2

2
λ

=
v√2

,
Φ

(x
)
=

1√2
(v

+
φ
1
+

iφ
2 )

(4
1
)

F
ro

m
th

e
q
u
a
d
ra

tic
m

a
ss

term
s

w
e

fi
n
d

m
21

=
2
µ
2,

m
2

=
0
,

so
φ
2

is
th

e
G
o
ld

sto
n
e

b
o
so

n
.

N
ew

fea
tu

res

a
p
p
ear

fro
m

th
e

k
in

etic
term

|D
m
Φ
| 2

=
12
(∂

m
φ

i )
2
+

ev
A

m
∂

m
φ
2
+

e
2
v
2

2
A

2m
+
···

(4
2
)

→
th

e
g
a
u
g
e

b
o
so

n
a
cq

u
ired

a
m

a
ss

M
2A

=
e
2
v
2.

B
u
t

th
is

ca
n

o
n
ly

h
a
p
p
en

if

A
m
(M

A
=

0
)
+

φ
2
→

A
m
(M

A
�=

0
)

(4
3
)

T
h
is

is
in

d
eed

tru
e

a
n
d

ca
n

b
e

seen
in

vario
u
s

w
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i)
T

h
e

q
u
a
d
ra

tic
term

ca
n

b
e

d
ia

g
o
n
a
lized

−
14

F
2m

n
+

12
(∂

m
φ
2 )

2
+
√

2
ev

A
m

∂
m

φ
2
+

e
2
v
2

2
A

2m

=
−

14
(∂

m
B

n
−

∂
n
B

m
)
2
+

e
2
v
2

2
B

2m
,

(4
4
)

w
h
ere

B
m

=
A

m
+

1ev ∂
m

φ
2 .

φ
2

d
isa

p
p
eared

fro
m

th
e

q
u
a
d
ra

tic
p
art,

a
n
d

is
a
b
so

rb
ed

in
to

th
e

lo
n
g
itu

d
in

a
l

co
m

p
o
n
en

t
o
f
th

e
g
a
u
g
e

fi
eld

.

ii)
T

h
e

G
o
ld

sto
n
e

ca
n

b
e

elim
in

a
ted

a
lto

g
eth

er
in

th
e

u
n
itary

g
a
u
g
e

Φ
(x

)
=

1√2
e

iθ(x
)

v
(v

+
ρ(x

))
(4

5
)

b
y

th
e

tra
n
s.

Φ
→

Φ
�=

e −
iθv
Φ

,
A

m
→

A
�m

=
A

m
+

1ev ∂
m

θ.
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In
th

e
u
n
itary

g
a
u
g
e,

th
e

la
g
ra

n
g
ia

n
is

L
=
−

14
(F
�m

n )
2+

(∂
m
−

ieA
�m
)Φ

�(∂
m
+

ieA
�m

)Φ
�−

µ
2Φ

� 2−
λ
Φ
� 4

H
ig

g
s

m
e
c
h
a
n
ism

,
n
o
n
-a

b
e
lia

n
c
a
se

C
o
n
sid

er
a

g
a
u
g
e

g
ro

u
p

G
o
f
ra

n
k

r
a
n
d

sca
lar

fi
eld

s
in
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m

e
irred

u
cib

le
n
-d

im
.

rep
resen
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tio

n

L
=
−

14
F

am
n
F

a
,m

n
+
|[(∂

m
−

ig
T

aA
am
)Φ

]| 2
−

V
(Φ

)
(4

6
)

w
ith

V
th

e
sca

lar
p
o
ten

tia
l
m

in
im

ized
fo

r
�Φ
�
=

v,
a
n
d

H
∈

G
th

e
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b
g
ro

u
p

o
f
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n
k

s
lea

vin
g

v
in

varia
n
t

T
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=
0

,
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=
1
···s

T
av
�=

0
,

a
=

s
+

1
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(4
7
)
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U
n
itary

g
a
u
g
e

p
ara

m
etriza

tio
n

(�
G
o
ld

sto
n
e’s)

Φ
(x

)
=

e
i �

ra
=

s+
1

T
a

ξa
(x

)
v

ρ(x
)
+

v
√

2
,

(4
8
)

w
h
ere

�ξ
a �

=
�ρ�

=
0
.

T
h
e

g
a
u
g
e

tra
n
s.

Φ
(x

)
→

Φ
�(x

)
=

U
Φ

,
w
ith

U
=

e −
i �

ra
=

s+
1

T
a

ξa
(x

)
v

A
m
→

A
�m

=
U

(A
m

+
ig
∂

m
)

U
−
1

(4
9
)
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in
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tes

th
e

G
o
ld

sto
n
e’s

fro
m

th
e
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n
g
ia

n
.

T
h
e
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g
m

a
ss

m
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trix
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f
th

e
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=
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a v) †(T
b v)
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0
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s
g
a
u
g
e

b
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so

n
s

b
eco

m
e

m
a
ssive.
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A
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a
→
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=
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−
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D

m
ξ
a
+
···
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1
)
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�
�

m
a
ssive

4
7



4
.

T
h
e

e
le

c
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w
e
a
k

se
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to

r
o
f
th

e
S
ta

n
d
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rd

M
o
d
e
l.

4
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.
G

a
u
g
e

g
ro

u
p
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n
d
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r
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o
n
te

n
t.

S
ta

n
d
ard

m
o
d
el

=
”
u
n
ifi

ed
”

d
escrip

tio
n

o
f

w
ea

k
a
n
d

electro
m

a
g
n
etic

in
tera

ctio
n
s.

F
ro

m
th

e
F
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th
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o
f
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k
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n
s

w
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G
F

/ √
2
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M
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,
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n
o
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th
a
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w
e

n
eed
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b
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