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Abstract

A new object-orientedMinimization packageis avail-
able for distribution in the samemannerasCLHEP. This
package,designedfor usein HEPapplications,hasall the
capabilitiesof Minuit, but is are-writefrom scratch,adher-
ing to modernC++ designprinciples.

A primarygoalof thispackageis extensibility in several
directions,sothat its capabilitiescanbekeptfreshwith as
little maintenanceeffort aspossible.This packageis dis-
tinguishedby thepriority thatwasassignedto C++ design
issues,and the focus on producingan extensiblesystem
thatwill resistbecomingobsolete.

THE MINIMIZATION PACKAGE

The ZOOM C++ Minimization packageis a re-design,
from thegroundup,implementingthealgorithmsandcapa-
bilities of Minuit. The designexploits the object-oriented
aspectsof C++; theprinciplebenefitis mucheasierexten-
sibility of thesecapabilities.

Thepackagecanbeobtainedat
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and dependsonly on the C++ StandardLibrary. It con-
tainsa library of classes,suitablefor usesascomponents,
andeasyto exploit in applicationsunderotherframeworks,
suchasRoot. An obviousapplicationis asthecentralpart
of a fitter.

Thegroundrulesandassumptionsin designingthepack-
agewereexpoundedin [1]:

, TheMinimization packagemustcontainall the func-
tionality of Minuit., The processingtime is assumedto be dominatedby
thetime takenby functionevaluations.

Thesecondassumptiondictateswhento tradespeedof ex-
ecutionfor betterdesigncleanlinessor flexibility .

As originally stated,we wantedto retainwaysto iden-
tically mimic all behaviors of Minuit. However, we have
modified the principle a bit. In caseswherethe intent of
thealgorithmin Minuit is clearbut a mis-codingin Minuit
hascausedstrayingfrom thatattempt,if theactualMinuit
codeis found not to be an “accidentalimprovement,” we
provide thecorrectedbehavior instead.
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Using the Package

Obtainingandinstalling the Zoom Minimization pack-
agefollows the samemodelrecentlyadoptedfor CLHEP
[2]. No specialbuild systems,nor applicationsbeyond ���.�


, nor otherpackageswill berequired.
Thesequenceof stepsto install thepackageis:

1. Downloadandunpackthetar file.
2. Createabuild directory.
3. Run the
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script which comeswith the

package.
4. Issuethe
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commandto build thelibraries.

5.
 ���.�
1�+��
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to run validationtests.
6.
 ���.�
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to finally place the headersand li-
brariesin theselectedplaces.

Applications will find the headers under the3�"!�$"4 &"�'�����")���
subdirectory of the specified include

area, and the library
3�"+�$"5 &"�'����(")�����
�

in the specified
librariesarea– sharedlibrariesarealsobuilt. This should
befamiliar to anybodywhohasusedCLHEP1.9or newer.

A Sample Program

The user interfaceto the Minimization packageis de-
signedto beasnaturalaspossible.In thesimplestcase,the
userhassomefunctionof 6 variablesto minimize:
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An attractive alternative is to supply a functor (an in-
stanceof a classwhich hasan operator()method,which
behaveslikea function).Thisconveystwo advantages:

, Thefunctorinstancecankeeplocaldata.Forexample,
a function usedto fit datain a few columnsof a big
disk-residentN-tuplecanreadin andsavetherelevant
columnsonce,andwork from memorythereafter., Theusercanwrite othermethodsof thatclassto con-
trol the function object. This obviatesthe un-natural
IFLAG andFUTIL mechanismsnecessaryin Minuit.

For example:
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EXPLOITING THE O-O DESIGN

An object-orientedre-write requiredunderstandingall
thealgorithmsin Minuit, determiningthenaturalconcepts
andinterfacefor minimization,anddesigninganew imple-
mentation.This forcedre-inspectionwasadvantageousin
severalways.

Somefeatureswhich meshwell with the existing capa-
bilities wereeasilyadded.For example,half-openranges
for parametersaresupported.And a few codingflaws are
uncovered; correctionsto the MNSIMP simplex method
arediscussedbelow.

Oncethe re-designhasbeendone,all the usualadvan-
tagestoutedfor object-orientedcodeapply. A particular
improvementis thatsincewell-designedC++ codeavoids
global variables,it becomespossibleto run several mini-
mizationsindependently. And by supplyinganinterfaceto
minimizea functor, we have eliminatedtheneedfor users
to interactwith their targetfunctionsvia globalvariables.

More significantadvantagesstemfrom theseparationof
concernsinherentin a well-designedobjectmodel. This
makesit easierto make the features“orthogonal”, so that
the userhasan easiertime anticipatingcapabilitiesof the
package.And it clarifiesthecodingof applications.Forex-
ample,whendealingwith terminationconditionsin amin-
imization problem,you neednot simultaneouslyconsider
issuesaboutthedomainor thealgorithm.

Directions of Extensibility

The most significantadvantagesof separationof con-
cernsarehighlightedwhenit is necessaryto developnew
functionality, or to inject theuser’s ideasinto the capabil-
ities of the package.This packageis designedto make it
easyfor a user, anexperimentsupportgroup,or a central-
izedtool provider to incorporateextensionsto thecapabil-
ities.

Suchextensionsinvariablyinvolveaddingnew code,and
it is sensibleto saythatpartof the“interface”to anobject-
orientedpackageincludesthespecificationof which capa-
bilities aredesignedto beextended,andrecipesfor incor-
poratingnew codeto producetheseenhancements.The

Zoom Minimization packagecan be extendedby adding
subclassesof s 
�0) #"+��������0 , t �> ��9"+� , and u ������0(">���� .

The s 
�0) &"+��������0 classescanrepresentcriterialike“how
small is my estimateddistanceto minimum?” and“how
small is thelargestremaininguncertaintyin any of thepa-
rameters?”.Thepackagewill provideseveralsuchclasses,
andallow for combiningthemin anaturalway:
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It is alsoeasyto codea customTerminator;anexampleis
presentedbelow.

The t �> ��9"+� expressesthe notion that not every
combination of parametervalues is permitted. The
t �+ ��9"+� correspondingto that available in Minuit isz�
�����"���"!��
���0 t �> ��9"+� , in whicheachparameteris mapped
into a fixedrange.Therangecanbeopenat both,neither,
or eitherend.Someplausiblecustomt �> ���"+� swould be:

, An orthogonaldomain,but with constraintsenforced
by adifferentmapthanis usedin Minuit, for example,
by sigmoidmappings., Multiple probabilityspace,whereeachvariablemust
benon-negative,andtheir summustbe1., Pointson aDalitz plot with somemaximumenergy., Theinterioror surfaceof anN-sphere.

For eachof thesecases,one would replacethe methods
definingmaps,inversemaps,gradientsandinversegradi-
entswith versionsthatwork for thenew restrictions.

The u ������0�">���) class allows for adding other algo-
rithms, for example, that used in FUMILI [3]. Some
thoughtis neededconcerninghow the new algorithm re-
lates to overall conceptssuch as EstimatedDistanceto
Minimum, soaddinganalgorithmrequiresmoreattention
to detail andwould typically be doneby a centraldevel-
opmenteffort. Still, theC++ issuesarisingwhenincorpo-
ratinganalgorithminto theMinimization packagewill be
smallcomparedto themathematicaleffort neededto create
andpolishthenew minimizationscheme.

A Sample Custom Terminator

To illustratehow easy(or hard)it is to extendthis pack-
age,we show how anew s 
�0) #"+��������0 might becoded.To
be concrete,let’s say the userwishesto terminatewhen
the improvementper function call in EstimatedDistance
to Minimum (EDM), averagedover the last 6 calls, falls
below somevalue.

Thebusinessendof any subclassof s 
�0) &"+��������0 is the
required

�("!�$"��>��
�7N;!D
method,whichis calledby thepack-

ageat timeswhenthealgorithmhasdecidedthis might be
avalid stoppingpoint. Addingasketchof the“boilerplate”
codeneeded,this classlookslike:
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IMPROVING SIMPLEX

The second most important minimization algorithm
in Minuit is MNSIMP, implementingan 6 -dimensional
simplex-basedscheme. In the courseof rewriting MN-
SIMP asthe Simplex algorithm,we have repairedfive er-
rors in Minuit’ s MNSIMP code. Two flaws involvedmis-
chosenpointsfor thestartingsimplex, requiringafew extra
functionevaluationsto getstarted.We alsocorrectthefor-
mulausedfor theminimumof a parabola,andeliminatea
possibledivision by zero.

The last flaw is serious,anddifficult to dealwith. The
simplex algorithmasimplementedin Minuit is capableof
incorrectly converging to a point which is not even a lo-
cal minimum, andreportingsuccessfulconvergence.The
Simplex methodin the Minimization packagetakesmea-
suresto make this casemuchrarer. This issueis discussed
in detailbelow, but first, we motivatewhy it is worthwhile
to improvetheSimplex algorithm,ratherthanjust to repli-
catethebasicMNSIMP algorithm.

A goodreasonfor providing astrongSimplex algorithm
is that conjugategradienttechniquessuchas Migrad de-
pendheavily on the existenceof stablefirst and second
derivatives. While many functions,in particularfunctions
representing�m� error accumulationsfor an 6 -parameter
fit, havestablederivatives,this is not a universaltrait.

Imaginea fit wherethe sumto be minimized is a sum
of squaresof errors,but cut off at ��� for eachpoint. This
mightrepresentasituationwhereyoudecideto explainout-
lier pointsasbadreadings,assigneda fixed unlikelihood.
In sucha fit, thefunctionto beminimizedwill becontinu-
ousbut non-analytic;it would appear“f aceted”becauseas
the fit parameterschange,differentpointsenterandleave
theconstant-probabilityregion.

One might expect that Simplex would do a better job
than Migrad on suchfunctions. To verify this, we have
testedbothalgorithmson a “f acetedwine-glass”function:
Startwith anasymmetricwineglassfunctionsuchas

�{�r�#�]�������a� �*� � � � ���B� �r� �*� � � � �B�)� � (1)

This hasa minimumat (2,0).
Now imposeagrid onthe �a�#�]��� plane,with spacing����� .

At eachgrid point,notethevalueof � and � � . Form our
“f acetedwine-glass”function � �a�#�]��� asa2-Dcubicspline,
matching � at the grid points but with gradient �m� � at
the grid points(for somesmall positive � ). Viewed on a
really large scale, � �r�&�
��� looks just like � ; viewed on a
scaleof order � ��� it looks as if it takes stepsand sharp
turns;andultimately, � �r�&�
��� is everywherecontinuousand
differentiable(and � � is alsocontinuous). The function
hasoneminimum; for integer � , the minimumremainsat� � �]¡�� .

This sortof facetedfunctiongivestheMigradalgorithm
fits. As long asthe stepsizeusedin computingfirst and
secondderivativesis large comparedto ����� , Migrad suc-
cessfullyapproximates� by a quadratic,andmovesto a
muchbetterpoint. But asthealgorithmfindssuccess,the
stepsizesdecrease.When stepstaken are of order ����� ,
thederivative calculationsaresomewhatrandom;thecon-
jugatedirectionpropertyof the algorithmgoesaway, and
Migrad dancesaboutas ineffectively as a naive gradient
descentmethod.

TheSimplex algorithm,ontheotherhand,doesn’t much
careaboutthegraininessof � �r�&�
��� , andconvergesalmost
asrapidlyasit would for �{�r�#�]��� .

Comparing the performanceof the two algorithms
in minimizing � �r�&�
��� with � � ¢ � , starting from� � ¡�¡�¡�� � ¡�¡�¡�� , we find that for � � � ¡ , MIGRAD requires
295 function evaluations,while MNSIMP requiresonly
120. (Thesenumbersareprettystableas � varies.)

Themoralhereis not thatSimplex is superiorto Migrad;
typically it is theotherway around.Thepoint is thathav-
ing a choiceof thesetools is betterthanbeingrestrictedto
eitheronealone.It is right to fix andpolishSimplex, rather
thanto relegateit to some“this is flaky” status.

False Convergence

Considera quitewell-behavedfunctionsuchas
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This functionhasits minimumat � � ¢ ¤ � ¤ ¢ ¡�� � ¢ ¤ � � © ¢ ¡�� ¤ ¢ ¡��
andhasno otherlocalminima.Starteachvariableat1000,
andterminatewhentheEDM is � ¡�«�¬ .

The behavior of the simplex algorithmis characterized
by long periods(hundredsof steps)of generalcontraction
of thesimplex volume,andlongperiodsof expansion.Dur-
ing the contractionperiods(particularly toward the end,
whenthe simplex is tiny), thereis little movementof the
locationof thesimplex andlittle improvementin thefunc-
tion value. But asthepointsdraw very closetogether, the
EDM (takento bethevariationin functionvaluesover the
simplex) becomessmall.

For the above function, the secondepisodeof contrac-
tion shrinksthevolumeby a factorof � ¡�­
® , with the sim-



plex far from thetrueminimum. At this point, theEDM is
� ¡ « ª . Sincethe convergencecriterion is an EDM of less
than � ¡ «�¬ , “convergenceis detected”andthe simplex al-
gorithmbailsout,convincedthatit hasfounda goodmini-
mum!

If terminationwere not triggered, the simplex would
thenbegin to expand,reflectinga“realization”thatthesim-
plex doesnot appearto straddlea minimum. Thesimplex
would move to straddlethe actualminimum,anda (final)
periodof contractionwould quickly homein.

How canwe understandthe phenomenonof long-term
contractiontowarda falseminimum?

Saythe simplex haswanderedinto a region which is a
gentlyslopingsteepvalley. That is, in somecombinations
of variables ¯+°<± , the function looks like sharpparabolas
��² ��³ � � , while in otherorthogonaldirections̄�´$± it looks
likeagentlyslopedline, with slopeslessthan µ . Theques-
tion of whetheraproposedstepimprovesthefunctionvalue
is dominatedby whetherthe step improves the distance
from minimumin the ° directions.

Improvementin the ´ directionsbecomesmoot,andthe
simplex wandersaimlesslyin thatspace.Thegentleslope
is felt only whenthechosensteplies within a small cone.
This is the only time that progresswill be madein the ´
directions,andthe simplex will tend to contractfor most
othersteps.In a high numberof dimensions,theconerep-
resentsa tiny fractionof theavailablesolid angle,andthe
simplex will shrink fasterthanit will progress;thesystem
is (temporarily)over-damped.

As thesimplex shrinks,theslopesof theparabolasin the
¯+°<± directionswill decrease,until eventually the coneof
improvementbecomeswide. Oncethathappens,the sim-
plex begins to frequentlyexpandin the ´ directions,the
steep-valley natureof the region becomesmoot, and the
algorithmescapesthefalseminimum.

However, if thetolerance¶¸·Wµ+� �)³ , theonsetof expan-
sion may occur too late. The over-dampedbehavior can
persistlong enoughto trigger the convergencecriterion,
andthealgorithmcanstopat a falseminimum.

One indication that this falseconvergencesituation is
presentis a longsequenceof stepswhichdon’t improveon
the bestsimplex point. The endstageof genuineconver-
genceto a minimumis characterizedby frequentimprove-
ments. A remedy, which is implementedin the current
package,is thatwhenthebestpoint hasremainedstagnant
for 6 iterations,thealgorithmattemptsto expandthesim-
plex in the directionof the bestpoint. This enhancement
makestheover-dampingsituationoutlinedabovemuchless
likely, andcuresmostcasesof falseconvergence.

Anotherapproachwill be to exploit a new, moremean-
ingful notionof EDM in the Simplex algorithm,basedon
quadraticfitting of thelast ¹16O� points. If this EDM rad-
ically disagreeswith the differencebetweenthe bestand
worstsimplex point, this indicatesoverly rapidshrinking.

DIRECTIONS AND INTENTIONS

AlthoughtheMinimizer packageis availablefor use,we
arestill completingit in severalrespects,including:
, ImplementMINOS to fill the one remaininggap in

full Minuit capability., Flesh out the collection of Terminatorclasses,and
logical operatorscombining forming a Terminator
from two others., Add a meaningfulEDM calculationto Simplex., Provide an interface that supplies information and
conveyscontrol to allow GUI developersto easilyin-
teractwith theMinimization classes., Includeassampleapplicationsunbinnedbinomialand
binned�m� fitter classes., Seehow this Minimization packagecanbeintegrated
into or coordinatedwith Root., Extendthesetof Algorithms, to includeFUMILI[3 ],
bi-conjugategradient[4], or othermodernapproaches.

Conclusions

Theeffort of designinga trueobject-orientedminimiza-
tion package,andrewriting thealgorithmsof Minuit from
scratchin C++,hasyieldedapackagewhich is moreeasily
extensibleandis cleanerin conceptsthana straighttrans-
lation of Minuit to C++ would have been.In thecourseof
this re-write, several flaws have beencorrected,but none
werefoundin theheavily-usedMIGRAD algorithm.

The Zoom minimizationpackageis still in the stageof
evolution drivenby its developers,andhashadlittle con-
tactasyetwith theworld of HEPusers.But at thispoint, it
is beingmadeavailableto theseusers,andwewill becoor-
dinatingwith otherHEPdevelopersworkingon minimiza-
tion codesto make the most of the designeffort already
there.

The hopeis to move to the stagewhereextensionsand
contributionsinitiatedby individual usersaddto thepack-
age.
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