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SM: self-couplings 
determined by mH , v

Why measure Higgs pair production?
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EXP: need measurements 
to confirm/refute this



5

HH Production Channels at the LHC

Gluon Fusion

Vector Boson Fusion

Associated Production (W,Z)

Associated Production ( )tt̄

LHCHXSWG-2019-005
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gg → HH (NNLOFTapprox)
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WHH (NNLO)
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σ(pp → HH + X) [fb]
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Production channels similar to H 
A very important difference: 

 σ(pp → HH) ∼
σ(pp → H)

1000



Gluon Fusion: State of the Art



An approximate history (30 years in 30 seconds)
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Figure 1: Sample Feynman diagrams contributing to the real radiation. Contributions
such as those shown in (c) lead to n

3

h
contributions which have already been computed in

Ref. [25]. The n
3

h
contributions of (d) contain a top quark loop without a Higgs coupling

and have not been computed in Ref. [25]; they are considered here.

(a) (b) (c) (d)

Figure 2: Sample Feynman diagrams in the forward-scattering kinematics. Three- and
four-particle cuts are shown by blue and green dashed lines, respectively. The n

3

h
contri-

butions as shown in (b) have already been considered in [25] but those in (c) have not;
they are considered here.

butions which have a closed loop with only gluon couplings (as shown in Fig. 1(c)). Such
terms are not included in Ref. [25], but are computed in this paper.

The remainder of the paper is organized as follows: in the next section we discuss the
individual parts of our calculation. This concerns in particular the setup used for the
computation of the real-radiation corrections including the asymptotic expansion and the
reduction to phase-space master integrals. Furthermore, we discuss the ultraviolet and
collinear counterterms to subtract the divergences from initial-state radiation. Section 3
is dedicated to the phase-space master integrals. We provide details on the transformation
of the system of di↵erential equations to ✏ form and on the computation of the boundary
conditions in the soft limit. We discuss our analytic and numerical results in Section 4 and
summarize our findings in Section 5. In the appendix we provide useful additional mate-
rial such as explicit formulae used for the computation of the collinear counterterms, the
integrands of the phase-space master integrals, NNLO virtual corrections to the channel
qq̄ ! HH and NNLO virtual corrections involving four closed top quark loops. Further-
more, we describe in detail our approach to obtain the leading 1/mt term for double Higgs
production from the analytic expressions of the single-Higgs production cross section.

4

[25,27] NNLO 1/m2
T
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Heavy Top Limit (HTL): integrate out top quarks ( ) 
Introduces couplings  &  between gluons and Higgs, matched to SM @ 4-loops 

mT → ∞
ch chh

HTL valid for 

HH production

p
ŝ ⌧ 2mT

2mH <
p
ŝ

A useful approximation: Heavy Top Limit

No internal masses, easier to compute higher-order corrections:

Spira 16; Gerlach, Herren, Steinhauser 18

NLO NNLO N3LO

de Florian, Mazzitelli 13 Chen, Li, Shao, Wang 19Dawson, Dittmaier, Spira 98

K ≈ 2 K ≈ 1.2 K ≈ 1.03
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Figure 12. Invariant mass distributions for the Higgs boson pair production in proton-proton
collisions with

p
s = 13, 14, 27, 100 TeV. The bands represent the scale uncertainties. The red, green,

brown and blue bands correspond to the LO, NLO, NNLO and N3LO predictions, respectively. The
bottom panel shows the ratios to the N3LO distribution.

class-a corrections for other differential cross sections. As we already mentioned in section
2.3.2, the class-a differential cross sections can be divided into two pieces given in eq.(2.14).
The second piece d�(a,2),N3LO

hh is essential to cancel the remaining renormalisation scale de-
pendence in d�b,NNLO

hh . Both of them are in fact known fully differentially. For the first
piece d�(a,1),N3LO

hh (i.e. the class-a cross sections by setting Chh = Ch), we have the fully dif-

– 17 –

9

N3LO Heavy Top Limit

Chen, Li, Shao, Wang 19

3

momentum of the Higgs pair system is imposed to be
larger than the cuto↵ parameter pvetoT . In such a case,
there must be an additional jet in accompany with the
Higgs pair. Therefore, in order to have NNLO cross sec-
tion of class-b, we only need to calculate the NLO cor-
rections to hh plus a jet, of which the underlying Born
is represented for example by Fig.1(b) but with an ad-
ditional gluon emission. In this work, we use the Mad-

Graph5 aMC@NLO [78] framework to perform such cal-
culations. The two Wilson coe�cients are also expanded
in a series of ↵s. Since the contribution of this class is
from the interference between the amplitudes with only
one e↵ective vertex insertion and with two e↵ective ver-
tices, one has to organize these coe�cients and ampli-
tudes in an appropriate way. Thanks to the recent de-
velopment [79] to handle mixed-order scenarios, we are
able to obtain the results order-by-order in ↵s. To calcu-
late the one-loop amplitudes automatically, we prepare
the model files by using FeynRules [80], FeynArts [81]
and an in-house Mathematica program, which has been
validated in [82, 83]. The counter-terms, especially the
rational R2 terms, have been extensively checked with
the results in the literature [84, 85]. The tensor inte-
grals appearing in the one-loop amplitudes are evalu-
ated by MadLoop [78, 86] equipped with Collier [87],
while the real emission contribution is computed with
the module MadFKS [88, 89] with the FKS subtraction
method [90, 91]. We want to stress that the inclusion
of the contribution from class-b is indispensable in the
sense that it not only contributes to the same order in ↵s

but also cancels the remaining scale dependence in class-
a at N3LO (details shown in the supplemental material).
Finally, since the NLO cross sections of class-c can be
obtained with full-fledged methods, we refrain ourselves
from presenting details about them, but they have been
routinely included in our final results.

We have performed many cross checks and validations
in our calculations. All the terms except for O(↵5

s) terms
of class-a and class-b listed in Table I have been cross
checked at least by two independent calculations at the
inclusive total cross section level. Specifically, we have
reproduced the cross section of a single Higgs boson pro-
duction up to NNLO in iHixs2 by using our program.
This agreement can check our implementations of the
two-loop beam and soft functions, as well as the calcula-
tion of one-loop amplitudes with one e↵ective vertex. In
addition, we have calculated the NLO and NNLO correc-
tions to Higgs pair production in the infinite top-quark
mass limit, and found agreement with HPair2 [12, 13]
and Ref.[18], respectively. This helps to check Eq.(3)
and the calculation of one-loop amplitudes with two ef-
fective vertices. These nontrivial checks already ensure
the correctness of many components of our calculations.
For the O(↵5

s) term of class-a, we simply used iHixs2 by
employing Eq.(3). Such a program has been validated
with the Higgs pair cross sections from LO to NNLO,

which makes us convinced that the O(↵5
s) piece of class-

a is correct. For the remaining O(↵5
s) part of class-b,

we carefully checked the various pieces that are used in
our calculation. In particular, we have checked the scale
dependence of the finite part in the two-loop amplitudes
with two e↵ective vertices [74] by the renormalization
group equation that the hard function should satisfy.
The one-loop amplitude can also been extracted from the
scale-dependent part of the two-loop amplitudes, and it
has been compared against the analytical result we cal-
culated with fire [92] and to the numerical result from
MadLoop. Again, we find perfect agreements. Moreover,
we have checked the independence of the final NNLO re-
sults for class-b on the values of pvetoT over the range from
4 GeV to 20 GeV (see the supplemental material).
Results – In our numerical calculations, we take

v = 246.2 GeV and the Higgs boson mass mh =
125 GeV. The top-quark pole mass, which enters only
into the Wilson coe�cients, is mt = 173.2 GeV. We
use the PDF4LHC15 nnlo 30 PDF [93–96] provided by
LHAPDF6 [97], and the associated strong coupling ↵s.
The default central scale is chosen to be the invariant
mass of the Higgs pair divided by 2, i.e. µ0 = mhh/2,
and the scale uncertainty is evaluated through the 9-point
variation of the factorization scale µF and the renor-
malization scale µR in the form of µR,F = ⇠R,Fµ0 with
⇠R, ⇠F 2 {0.5, 1, 2}.

order

p
s

13 TeV 14 TeV 27 TeV 100 TeV

LO 13.80+31%
�22% 17.06+31%

�22% 98.22+26%
�19% 2015+19%

�15%

NLO 25.81+18%
�15% 31.89+18%

�15% 183.0+16%
�14% 3724+13%

�11%

NNLO 30.41+5.3%
�7.8% 37.55+5.2%

�7.6% 214.2+4.8%
�6.7% 4322+4.2%

�5.3%

N3LO 31.31+0.66%
�2.8% 38.65+0.65%

�2.7% 220.2+0.53%
�2.4% 4438+0.51%

�1.8%

TABLE II: The inclusive total cross sections (in unit of fb)
of Higgs boson pair production at di↵erent center-of-mass en-
ergies from LO to N3LO. The quoted relative uncertainties
are from the 9-point scale variations µR,F = ⇠R,F

mhh
2 with

⇠R, ⇠F 2 {0.5, 1, 2}. The errors due to the numerical Monte
Carlo integration are well below 1h.

We present the inclusive total cross sections (from LO
to N3LO) of the Higgs boson pair production at di↵erent
center-of-mass energies in Table II and Fig. 2. Similarly
to the single Higgs case, the QCD higher-order correc-
tions are prominent. The NLO corrections increase the
LO cross section by 87% (85%) at

p
s = 13 (100) TeV.

The NNLO corrections improve the NLO cross section
further by 18% (16%), reducing the scale uncertainty by
a factor of 2 to 3 to be below 8%. Finally, the N3LO
corrections turn out to be 3.0% (2.7%), which lies well
within the scale uncertainty band of the NNLO result.
Now, the scale uncertainty at N3LO is less than 3% (2%),
with another significant reduction of 2-3 times. For the
purpose of the comparison, the PDF parameterization
uncertainty at 13 TeV amounts to ±3.3%, which is larger

Ingredients: N3LO H calculation 

+ 2-loop 4-point functions

Anastasiou, Duhr, Dulat, Herzog, Mistlberger 15; 
Dulat, Lazopoulos, Mistlberger 18

Banerjee, Borowka, Dhani, Gehrmann, 
Ravindran 18

→ See: Hua-Sheng (Tue) Very mild scale dependence
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Beyond HTL @ NLO (Schematically)

Dawson, 
Dittmaier, Spira 98

Maltoni, Vryonidou, 
Zaro 14

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, (Schubert), Zirke (16),16; 
Baglio, Campanario, Glaus, Mühlleitner, (Ronca), Spira, (Streicher) 18, 20;

B-i HTL:

FTapprox:

Full Theory:

N⇥
<latexit sha1_base64="DlDwfEsg+zRQmJtm2jkfczSeAyg=">AAACKXicbVDLSsNAFL3xWeOr1aWbwVJwUUqigq6k4MaVKFhbaEKZTKZ1cPJg5qZaQj/FrS78Gnfq1h9xmnah1QMDh3NfZ06QSqHRcT6shcWl5ZXV0pq9vrG5tV2u7NzqJFOMt1giE9UJqOZSxLyFAiXvpIrTKJC8HdyfT+rtIVdaJPENjlLuR3QQi75gFI3UK1e8iOKdivLLMfFQRFz3ylWn4RQgf4k7I1WY4apXscALE5ZFPEYmqdZd10nRz6lCwSQf2zUv0zyl7J4OeNfQmJozfl6YH5OaUULST5R5MZJCtX9M5DTSehQFpnNiVc/XJuJ/tW6G/VM/F3GaIY/Z9FA/kwQTMkmChEJxhnJkCGVKGLOE3VFFGZq8fm0KhyLVhes6UpNs/ZGFij74+eP0D7bJzJ1P6C+5PWy4Rw3n+rjaPJulV4I92IcDcOEEmnABV9ACBg/wBM/wYr1ab9a79TltXbBmM7vwC9bXN2AlpkU=</latexit>

N⇥
<latexit sha1_base64="DlDwfEsg+zRQmJtm2jkfczSeAyg=">AAACKXicbVDLSsNAFL3xWeOr1aWbwVJwUUqigq6k4MaVKFhbaEKZTKZ1cPJg5qZaQj/FrS78Gnfq1h9xmnah1QMDh3NfZ06QSqHRcT6shcWl5ZXV0pq9vrG5tV2u7NzqJFOMt1giE9UJqOZSxLyFAiXvpIrTKJC8HdyfT+rtIVdaJPENjlLuR3QQi75gFI3UK1e8iOKdivLLMfFQRFz3ylWn4RQgf4k7I1WY4apXscALE5ZFPEYmqdZd10nRz6lCwSQf2zUv0zyl7J4OeNfQmJozfl6YH5OaUULST5R5MZJCtX9M5DTSehQFpnNiVc/XJuJ/tW6G/VM/F3GaIY/Z9FA/kwQTMkmChEJxhnJkCGVKGLOE3VFFGZq8fm0KhyLVhes6UpNs/ZGFij74+eP0D7bJzJ1P6C+5PWy4Rw3n+rjaPJulV4I92IcDcOEEmnABV9ACBg/wBM/wYr1ab9a79TltXbBmM7vwC9bXN2AlpkU=</latexit>

N⇥
<latexit sha1_base64="DlDwfEsg+zRQmJtm2jkfczSeAyg=">AAACKXicbVDLSsNAFL3xWeOr1aWbwVJwUUqigq6k4MaVKFhbaEKZTKZ1cPJg5qZaQj/FrS78Gnfq1h9xmnah1QMDh3NfZ06QSqHRcT6shcWl5ZXV0pq9vrG5tV2u7NzqJFOMt1giE9UJqOZSxLyFAiXvpIrTKJC8HdyfT+rtIVdaJPENjlLuR3QQi75gFI3UK1e8iOKdivLLMfFQRFz3ylWn4RQgf4k7I1WY4apXscALE5ZFPEYmqdZd10nRz6lCwSQf2zUv0zyl7J4OeNfQmJozfl6YH5OaUULST5R5MZJCtX9M5DTSehQFpnNiVc/XJuJ/tW6G/VM/F3GaIY/Z9FA/kwQTMkmChEJxhnJkCGVKGLOE3VFFGZq8fm0KhyLVhes6UpNs/ZGFij74+eP0D7bJzJ1P6C+5PWy4Rw3n+rjaPJulV4I92IcDcOEEmnABV9ACBg/wBM/wYr1ab9a79TltXbBmM7vwC9bXN2AlpkU=</latexit>

Born improved NLO HTL:
Spira et al. (HPAIR)

dσNLO(mT) ≈
dσLO(mT)

dσLO(mT → ∞)

N

dσNLO(mT → ∞)



11

NLO: Combining small-  and small-  expansionspT mT
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Figure 3: Modulus of the box form factors contributing to gg ! HH at NLO, for a fixed
value of (a,c)

p
ŝ = 0.9 TeV and (b,d)

p
ŝ = 2 TeV. The pT and HE expansions are shown

as solid blue and purple lines, respectively, while the [1,1] pT - and [6,6] HE-Padé are shown
as dashed light blue and pink lines, respectively.
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where the finite part of the virtual corrections Vfin is defined as in ref. [26]. The results are
shown in fig. 4. The grid of ref. [33] shows very good agreement with our results at every
invariant mass, except for the first few bins at low MHH . The reason is a large uncertainty
of the numerical grid on the low MHH bins, that are described by only a few points in the
numerical grid due to their small contribution to the total cross section. For moderate and
large MHH we observe di↵erences below 1%.

Finally, we show that our merging approach is flexible with respect to the modification
of the input parameters by computing the virtual corrections for various renormalisation
schemes of the top quark mass. It was noted in refs. [9, 10] that the di-Higgs production
process su↵ers from a large uncertainty associated to the renormalisation scheme of the
top quark mass. In particular, an uncertainty on the NLO cross section between +4% and
�18% [34] is related to the change from the on-shell renormalisation scheme to the MS
scheme for the top mass, with the latter evaluated at di↵erent values of the renormalisation
scale (mt, MHH and MHH/4). The results presented so far have been calculated using the
on-shell scheme for the top mass, however the form factors in the MS scheme can be obtained
by simply shifting our result according to:

F
NLO,MS

i = F
NLO,OS

i � 1

4

@F
LO
i

@m
2
t

�m2
t

(14)

with i = �,⇤, 2 and

�m2
t
= 2m2

tCF


�4 + 3 log

✓
m

2

t

µ2

◆�
. (15)
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Expansion around  and also around  are known p2
T + m2

H ≤ ̂s/4 mH ≪ mT ≪ ̂s, | ̂t |
Bonciani, Degrassi, Giardino, Gröber 18; Davies, Mishima, Steinhauser, Wellmann 18, 18

Using Padé approximants:   

Can find some overlap where the two approximations agree for all relevant  

This approximation agrees well with the numerical NLO result

[m /n](x) =
p0 + p1x + ⋯ + pmxm

1 + q1x + ⋯ + qnxn

̂s, ̂t
Bellafronte, Degrassi, Giardino, Gröber, Vitti 22

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, (Schubert), Zirke (16),16; 
Baglio, Campanario, Glaus, Mühlleitner, (Ronca), Spira, (Streicher) 18, 20;
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Beyond HTL @ NNLO
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Mazzitelli 18; (+NNLL) de Florian, Mazzitelli 18;
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Figure 2: Higgs boson pair invariant mass distribution at NNLO for the di↵erent approximations,
together with the NLO prediction, at 14TeV (left) and 100TeV (right). The lower panels show the
ratio with respect to the NLO prediction, and the filled areas indicate the NLO and NNLOFTapprox

scale uncertainties.

harder and the softer Higgs boson (pT,h1 and pT,h2, Figs. 6 and 7), and the azimuthal separation
between the two Higgs bosons (��hh, Fig. 8). For the sake of clarity, we only show the scale
uncertainty bands corresponding to the NLO and NNLOFTapprox predictions.

We start our discussion from the invariant-mass distribution of the Higgs boson pair, re-
ported in Fig. 2. We observe that the NNLOB-proj and NNLONLO-i approximations predict a
similar shape, with very small corrections at threshold, an approximately constant K-factor for
larger invariant masses, and only a small di↵erence in the normalization between them, which
increases in the 100TeV case. The NNLOFTapprox, on the other hand, presents a di↵erent shape,
in particular with larger corrections for lower invariant masses, a minimum in the size of the
corrections close to the region where the maximum of the distribution is located, and a slow
increase towards the tail. The di↵erent behavior of the NNLOFTapprox in the region close to
threshold is more evident at 100TeV, where the increase is about 30% in the first bin. Naively
we could expect that if this region is dominated by soft parton(s) recoiling against the Higgs
bosons, the Born projection and FTapprox should provide similar results. We have investigated
the origin of this di↵erence, and we find that in the region Mhh ⇠ 2Mh the cross section is actu-
ally dominated by events with relatively hard radiation recoiling against the Higgs boson pair
(for example, at

p
s = 100TeV, the average transverse momentum of the Higgs boson pair in

the first Mhh bin is pT,hh ⇠ 100GeV at NLO). In this region the exact loop amplitudes behave
rather di↵erently as compared to the amplitudes evaluated in the HEFT: As the production
threshold is approached, they go to zero faster than in the mass-dependent case, thus explain-
ing the di↵erences we find. Within the NNLOFTapprox, the corrections to the Mhh spectrum
range between 10% and 20% at 14TeV. The scale uncertainty is substantially reduced in the
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Differential NNLO HTL + NLO SM 

Top quark mass effects studied using 
3 different approximations

1) NNLONLO-i 

Rescale NLO by KNNLO = NNLOHTL/NLOHTL 

2) NNLOB-proj 

Project real radiation contributions to Born 
configurations, rescale by LO/LOHTL 

3) NNLOFTapprox  
NNLO HTL squared amplitude rescaled for each 
multiplicity by:

p
s 13 TeV 14 TeV 27 TeV 100 TeV

NLO [fb] 27.78 +13.8%
�12.8% 32.88 +13.5%

�12.5% 127.7 +11.5%
�10.4% 1147 +10.7%

�9.9%

NLOFTapprox [fb] 28.91 +15.0%
�13.4% 34.25 +14.7%

�13.2% 134.1 +12.7%
�11.1% 1220 +11.9%

�10.6%

NNLONLO�i [fb] 32.69 +5.3%
�7.7% 38.66 +5.3%

�7.7% 149.3 +4.8%
�6.7% 1337 +4.1%

�5.4%

NNLOB�proj [fb] 33.42 +1.5%
�4.8% 39.58 +1.4%

�4.7% 154.2 +0.7%
�3.8% 1406 +0.5%

�2.8%

NNLOFTapprox [fb] 31.05 +2.2%
�5.0% 36.69 +2.1%

�4.9% 139.9 +1.3%
�3.9% 1224 +0.9%

�3.2%

Mt unc. NNLOFTapprox ±2.6% ±2.7% ±3.4% ±4.6%

NNLOFTapprox/NLO 1.118 1.116 1.096 1.067

Table 1: Inclusive cross sections for Higgs boson pair production for di↵erent centre-of-mass
energies at NLO and NNLO within the three considered approximations. Scale uncertain-
ties are reported as superscript/subscript. The estimated top quark mass uncertainty of the
NNLOFTapprox predictions is also presented. The uncertainties due to the qT -subtraction and
the numerical evaluation of the virtual NLO contribution are both at the per mille level.

NNLOFTapprox, i.e. by about a factor of three. This reduction of the scale uncertainties is
stronger as we increase the collider energy, being close to a factor of five at 100TeV.

As is well known, scale uncertainties can only provide a lower limit on the true perturbative
uncertainties. In particular, from Table 1 we see that the di↵erence between the NNLO and
NLO central predictions is always larger than the NNLO scale uncertainties (although within
the NLO uncertainty bands). In any case, the strong reduction of scale uncertainties, together
with the moderate impact of NNLO corrections, suggests a significant improvement in the
perturbative convergence as we move from NLO to NNLO.

It is also worth mentioning that the three approximations have a di↵erent behaviour withp
s. For instance at 100TeV, the increase with respect to the NLO prediction for the NNLOB-proj

and NNLONLO-i approaches is 23% and 17%, respectively, values that are close to the ones for
14TeV (20% and 18%, respectively). By contrast, the NNLOFTapprox result increases the NLO
prediction by 7% at 100TeV, i.e. the correction is smaller by almost a factor of two than
at 14TeV (12%), which also means a larger separation with respect to the other two NNLO
approximations. The smaller size of the NNLO corrections in the FTapprox at higher energies
is also consistent with the observed reduction of scale uncertainties.

As was mentioned already in Section 2.2, the NNLOFTapprox result is expected to be the most
accurate one among the approximations studied in this work, and therefore it is considered to
be our best prediction. In order to estimate the remaining uncertainty associated with finite top
quark mass e↵ects at NNLO, we start by considering the accuracy of the FTapprox approximation
at NLO. At 14TeV the NLO FTapprox result (see Table 1) overestimates the full NLO total cross
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Figure 6: Transverse momentum distribution for the harder Higgs boson at 14TeV (left) and 100TeV
(right).

for the pT,hh distribution, and the agreement between NNLOB�proj and NNLOFTapprox at low
pT,j1. The di↵erence between the NNLONLO�i and NNLOFTapprox results is more pronounced
here, with the FTapprox predicting a softer spectrum for this observable, and small corrections
that are almost always contained in the NLO scale uncertainty band.

The transverse-momentum distributions of the harder and the softer Higgs boson are re-
ported in Figs. 6 and 7, respectively. As can be expected from the pT,hh spectrum, the
NNLOB-proj result for pT,h1 features very large corrections as pT,h1 increases. The e↵ect, how-
ever, is less severe than the one observed in pT,hh because the pT,h1 observable is already well
defined at LO. The NNLONLO-i curve is overall in good agreement with the NNLOFTapprox pre-
diction: It shows moderate corrections with respect to the NLO result which increase as pT,h1

increases, while the scale uncertainties are about ±15%. At very small pT,h1 the higher-order
corrections become perturbatively unstable as the available phase space for the real radiation
is severely restricted in this regime yielding large logarithms that should be resummed in order
to get a reliable prediction, see also the discussion in Section 3.4 of Ref. [19]. For the transverse
momentum of the softer Higgs boson, pT,h2, the NNLO e↵ect is rather uniform in all three ap-
proximations, especially at 14TeV. The NNLOFTapprox predicts small corrections of order 10%,
while the other two approximations show larger corrections with a similar shape. In the tail of
the distribution the scale uncertainty at NNLO is larger than at NLO, most likely due to an
accidentally small size of the NLO scale variation (in fact, in this region the NLO corrections
almost vanish).

Finally, the distribution in the azimuthal angle between the two Higgs bosons, ��hh, is
shown in Fig. 8. At LO we have ��hh = ⇡, due to the back-to-back production of the two
Higgs bosons at Born level. Real contributions allow ��hh to be smaller than ⇡, and again we
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Differential NNLO HTL + NLO SM 

Top quark mass effects studied using 
3 different approximations

1) NNLONLO-i 

Rescale NLO by KNNLO = NNLOHTL/NLOHTL 

2) NNLOB-proj 

Project real radiation contributions to Born 
configurations, rescale by LO/LOHTL 

3) NNLOFTapprox  
NNLO HTL squared amplitude rescaled for each 
multiplicity by:

p
s 13 TeV 14 TeV 27 TeV 100 TeV

NLO [fb] 27.78 +13.8%
�12.8% 32.88 +13.5%

�12.5% 127.7 +11.5%
�10.4% 1147 +10.7%

�9.9%

NLOFTapprox [fb] 28.91 +15.0%
�13.4% 34.25 +14.7%

�13.2% 134.1 +12.7%
�11.1% 1220 +11.9%

�10.6%

NNLONLO�i [fb] 32.69 +5.3%
�7.7% 38.66 +5.3%

�7.7% 149.3 +4.8%
�6.7% 1337 +4.1%

�5.4%

NNLOB�proj [fb] 33.42 +1.5%
�4.8% 39.58 +1.4%

�4.7% 154.2 +0.7%
�3.8% 1406 +0.5%

�2.8%

NNLOFTapprox [fb] 31.05 +2.2%
�5.0% 36.69 +2.1%

�4.9% 139.9 +1.3%
�3.9% 1224 +0.9%

�3.2%

Mt unc. NNLOFTapprox ±2.6% ±2.7% ±3.4% ±4.6%

NNLOFTapprox/NLO 1.118 1.116 1.096 1.067

Table 1: Inclusive cross sections for Higgs boson pair production for di↵erent centre-of-mass
energies at NLO and NNLO within the three considered approximations. Scale uncertain-
ties are reported as superscript/subscript. The estimated top quark mass uncertainty of the
NNLOFTapprox predictions is also presented. The uncertainties due to the qT -subtraction and
the numerical evaluation of the virtual NLO contribution are both at the per mille level.

NNLOFTapprox, i.e. by about a factor of three. This reduction of the scale uncertainties is
stronger as we increase the collider energy, being close to a factor of five at 100TeV.

As is well known, scale uncertainties can only provide a lower limit on the true perturbative
uncertainties. In particular, from Table 1 we see that the di↵erence between the NNLO and
NLO central predictions is always larger than the NNLO scale uncertainties (although within
the NLO uncertainty bands). In any case, the strong reduction of scale uncertainties, together
with the moderate impact of NNLO corrections, suggests a significant improvement in the
perturbative convergence as we move from NLO to NNLO.

It is also worth mentioning that the three approximations have a di↵erent behaviour withp
s. For instance at 100TeV, the increase with respect to the NLO prediction for the NNLOB-proj

and NNLONLO-i approaches is 23% and 17%, respectively, values that are close to the ones for
14TeV (20% and 18%, respectively). By contrast, the NNLOFTapprox result increases the NLO
prediction by 7% at 100TeV, i.e. the correction is smaller by almost a factor of two than
at 14TeV (12%), which also means a larger separation with respect to the other two NNLO
approximations. The smaller size of the NNLO corrections in the FTapprox at higher energies
is also consistent with the observed reduction of scale uncertainties.

As was mentioned already in Section 2.2, the NNLOFTapprox result is expected to be the most
accurate one among the approximations studied in this work, and therefore it is considered to
be our best prediction. In order to estimate the remaining uncertainty associated with finite top
quark mass e↵ects at NNLO, we start by considering the accuracy of the FTapprox approximation
at NLO. At 14TeV the NLO FTapprox result (see Table 1) overestimates the full NLO total cross
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Beyond HTL @ N3LO

Top quark mass effects included in N3LO HTL (up to NLO)

Chen, Li, Shao, Wang 19
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Figure 15. Invariant mass distributions of the Higgs boson pair under three top-quark mass
approximations at

p
s = 13, 14, 27, 100 TeV. The bands represent the scale uncertainties. The

red, green, blue and black curves are the N3LO�NLOmt , N3LOB�i�NLOmt , N3LO⌦NLOmt and
NLOmt predictions, respectively. The bottom panel shows the ratios to the NLOmt distribution.

rapidity distribution of a random Higgs boson. The latter histogram is equivalent to the
arithmetic mean of the former two histograms. Similar to the yhh distribution, the higher-
order QCD corrections only change the shape slightly. The central region has a bit larger
radiative corrections than the forward and backward regions. The difference is however
quite insignificant, which is only at 1-2 percent level. The importance of the inclusion of
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production in proton-proton collisions at
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Results agree with NNLO result but with reduced scale uncertainty 
-like result not known, requires  in realsFTapprox mT → See: Hua-Sheng (Tue)



�LO (fb) �NLO (fb) �NNLO (fb) �N3LO (fb)

Basic HTL 17.07+30.9%
�22.2% 31.93+17.6%

�15.2% 37.52+5.2%
�7.6% 38.65+0.65%

�2.7%

B-i/proj HTL 19.85+27.6%
�20.5% 38.32+18.1%

�14.9% 39.58+1.4%
�4.7% 40.44+1.9%

�4.7%

FTapprox 19.85+27.6%
�20.5% 34.25+14.7%

�13.2% 36.69+2.1%
�4.9% –

Full Theory 19.85+27.6%
�20.5% 32.88+13.5%

�12.5% – –

NLO-i. HTL – 32.88+13.5%
�12.5% 38.66+5.3%

�7.7% 39.56+0.64%
�2.7%
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Total Cross Section & Scale Uncertainty @ 14 TeV

If we trust the NLO + NmLO HTL combinations 

Scale:           PDF+ :  
 approx:      scheme: 

+2.2 % / − 5.0 % αs ±3.0 %
mT ±2.7 % mT +4.0 % / − 18.0 %

Note: papers @ 13/14 TeV (not 13.6 TeV)

See: HH Twiki
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Figure 3: Total cross sections at the LO and NLO in QCD for HH production channels, at the
√

s =14 TeV LHC as a function of the
self-interaction coupling λ. The dashed (solid) lines and light- (dark-)colour bands correspond to the LO (NLO) results and to the scale and
PDF uncertainties added linearly. The SM values of the cross sections are obtained at λ/λSM = 1.
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Theory uncertainties on cross section translate into uncertainties on the self-

coupling extraction: for  close to SM   we have   

Self coupling dependence known at: 
NLO+PS (full theory) 
N3LO (re-weighted HTL)

gg → HH λhhh
Δσ
σ

∼ −
Δλ
λ

1.1. Overview of production modes 7

gg → HH (NNLOFTapprox)

VBF (N3LO)

WHH (NNLO)

ZHH (NNLO)
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Figure 1.2: Total production cross sections for Higgs pairs within the SM via gluon fusion,
vector-boson fusion, double Higgs-strahlung and double Higgs bremsstrahlung off top quarks.
PDF4LHC15 parton densities have been used with the scale choices according to Table 1.1. The size
of the bands shows the total uncertainties originating from the scale dependence and the PDF+Æs
uncertainties.
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Figure 1.3: Higgs pair invariant mass distribution at leading order for the different contributions to
the gluon fusion production mechanism and their interference.
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Figure 5: Total cross section, normalised to its SM value, as a function of each of

the anomalous couplings. The horizontal line corresponds to the best current experi-

mental limit [13]. The panel on the right shows the ratio to the NLO curves, that is

(�/�SM)NNLO
0/(�/�SM)NLO.

level [13], indicated by the yellow horizontal line. From this comparison we conclude

that, with the only exception of cggh, all of the anomalous couplings can, within the

limits given in Eq. (3.1), generate variations in the di-Higgs cross section which are

larger than the current experimental limit. While Eq. (3.1) describes the allowed region

in the EFT parameter space only in a qualitative way, the results in Fig. 5 (left) clearly

indicate that, with the present level of precision achieved by the LHC, a simultaneous

variation of all couplings is needed for a meaningful EFT analysis.

The right panel of Fig. 5 shows the ratio of the NNLO0 and NLO results for the

same coupling modifications that are present in the left panel of the figure. As we

are comparing perturbative predictions for the ratio �/�SM, we can expect a reduced

impact from higher-order corrections, since their e↵ect will partially cancel between

numerator and denominator (in particular, the quantity presented in the right panel of

Fig. 5 is, by definition, equal to 1 in the SM limit). In fact, we can observe that for

some of the curves displayed in Fig. 5 the di↵erence between NNLO0 and NLO is below

1%. Other coupling variations (cggh and cgghh) feature a larger deviation from the NLO

prediction, the di↵erence going up to 8% in the case of cgghh for the considered range.

We note that larger deviations between the NNLO0 and NLO predictions for �/�SM

can be obtained when all couplings are allowed to vary simultaneously.
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EFT Results in various approximations: 
B.I. NLO HTL 
NLO (HEFT) 
+ PS 
NLO (SMEFT) 
B.I. NNLO HTL 
NLO + NNLO’

Gröber, Mühlleitner, Spira, (Streicher) (15), 17; 

Buchalla, Capozi, Celis, Heinrich, Scyboz 18;  

Heinrich, SJ, Kerner, Scyboz 20; 

Heinrich, Lang, Scyboz 22; 

de Florian, Fabre, Mazzitelli 17; 

de Florian, Fabre, Heinrich, Mazzitelli, Scyboz 21

de Florian, 
Fabre, 
Heinrich, 
Mazzitelli, 
Scyboz 21

NNLO corrections have typically ~10% effect on  
Significantly reduce scale uncertainties

(σ/σSM)NNLO′�/(σ/σSM)NLO
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Mass Scheme Uncertainty

7

choice of mt = 172.5 GeV for the top pole mass to an MS
mass of mt(mt) = 163.02 GeV. The renormalisation of the
top mass has been adjusted accordingly. Taking the maxi-
mum and minimum of the differential cross section in Q

2

at four different values of Q
2 for a variation of the MS top

mass in the range between Q/4 and Q we obtain the follow-
ing variations of the Higgs-pair cross section,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+9%
�23% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+7%
�7% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+0%
�26% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+0%
�30% fb/GeV,

(20)

using PDF4LHC parton densities. The top-quark scheme un-
certainty is significant over the whole range of mHH . The
prediction involving the top pole mass, that we take as our
central prediction, is the maximal prediction for high mHH

values. The uncertainties induced by the top-mass scheme
and scale choice on the total cross section at NLO will be
given in a forthcoming publication [50].

6 Conclusions

We have presented the calculation of the full NLO QCD
corrections to Higgs-boson pair production via gluon fu-
sion for the top-loop contributions. This has been performed
by numerical integrations of the involved virtual two-loop
corrections to the four-point functions, while the results of
the single-Higgs case have been translated to the three-point
contributions that involve the trilinear Higgs self-coupling.
The one-particle reducible contributions that appear for the
first time at NLO have been inferred from the explicit analyt-
ical one-loop results for H ! Zg , where the Z-boson mass
plays the role of the virtuality of the gluon in the dressed
Hgg

⇤ vertex. In order to isolate the ultraviolet, infrared and
collinear divergences, we have performed appropriate end-
point subtractions at the integrand level and described the
explicit construction of infrared subtraction terms that al-
low for a clean separation of the infrared singularities from
the regular rest. The real corrections have been obtained by
generating the full matrix elements with automatic tools. We
have constructed the infrared and collinear subtraction term
as the heavy-top limit of the real matrix elements involving
the fully massive LO sub-matrix element. Adding back the
full results in the heavy-top limit completed the full real cor-
rections. The final results we have obtained agree with pre-
vious calculations for the individual finite parts of the real
and virtual corrections. We find finite NLO mass effects that

are up to �30% for large invariant Higgs-pair masses, while
the total NLO top-mass effects modify the total cross section
by about �15%.

We have studied the theoretical uncertainties related to
variations of the renormalisation and factorisation scales and
have found agreement with the previously known results
finding uncertainties at the level of 10� 15%. A novel out-
come of our calculation is the additional uncertainty induced
by the scheme and scale dependence of the top mass that
can be significant, amounting to +9%/� 23% at mHH =
300 GeV and +0%/� 30% at mHH = 1200 GeV. The in-
duced uncertainty on the total cross section will be given in
a forthcoming publication [50].

In the future we plan to extend our calculation to beyond-
the-SM models as e.g. the 2HDM or MSSM.
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Württemberg through bwHPC and the German Research Foundation
(DFG) through grant no INST 39/963-1 FUGG.

References

1. G. Aad et al. (ATLAS), Phys. Lett., B716, 1 (2012),
arXiv:1207.7214 [hep-ex] .

2. S. Chatrchyan et al. (CMS), Phys. Lett., B716, 30 (2012),
arXiv:1207.7235 [hep-ex] .

3. P. W. Higgs, Phys.Lett., 12, 132 (1964).
4. F. Englert and R. Brout, Phys.Rev.Lett., 13, 321 (1964).
5. P. W. Higgs, Phys.Rev.Lett., 13, 508 (1964).
6. G. Guralnik, C. Hagen, and T. Kibble, Phys.Rev.Lett., 13, 585

(1964).
7. S. Dawson, S. Dittmaier, and M. Spira, Phys. Rev., D58, 115012

(1998), arXiv:hep-ph/9805244 [hep-ph] .
8. A. Djouadi, W. Kilian, M. Muhlleitner, and P. M. Zerwas, Eur.

Phys. J., C10, 45 (1999), arXiv:hep-ph/9904287 [hep-ph] .
9. T. Plehn and M. Rauch, Phys. Rev., D72, 053008 (2005),

arXiv:hep-ph/0507321 [hep-ph] .
10. T. Binoth, S. Karg, N. Kauer, and R. Ruckl, Phys. Rev., D74,

113008 (2006), arXiv:hep-ph/0608057 [hep-ph] .
11. B. Fuks, J. H. Kim, and S. J. Lee, Phys. Rev., D93, 035026 (2016),

arXiv:1510.07697 [hep-ph] .
12. O. J. P. Eboli, G. C. Marques, S. F. Novaes, and A. A. Natale,

Phys. Lett., B197, 269 (1987).
13. E. W. N. Glover and J. J. van der Bij, Nucl. Phys., B309, 282

(1988).
14. D. A. Dicus, C. Kao, and S. S. D. Willenbrock, Phys. Lett., B203,

457 (1988).
15. T. Plehn, M. Spira, and P. M. Zerwas, Nucl. Phys., B479,

46 (1996), [Erratum: Nucl. Phys.B531,655(1998)], arXiv:hep-
ph/9603205 [hep-ph] .

Top quark mass scheme unc:

Large uncertainty obtained 
comparing  scheme with  
scheme at scale 

OS MS
mHH

Seraina Glaus KIT-NEP 2019, Karlsruhe 8.10.2019

Uncertainty due to mt: total hadronic cross section 
Take for individual Q values the maximum / minimum differential cross section and 
integrate  

23

m
HH

[GeV]

gg ! HH at NLO QCD |
p
s = 14 TeV | PDF4LHC15

d�/dm
HH

[fb/GeV]
µ
R
= µ

F
= m

HH
/2

Full NLO results in di↵erent top-mass schemes

MS scheme with m
t
(m

t
)

MS scheme with m
t
(m

HH
/4)

MS scheme with m
t
(m

HH
)

OS scheme

�(gg ! HH) = 32.78(7)+4.0%
�17%

with PDF4LHC15

Top mass uncertainty

OS to  mass conversion: MS mt → mt(μt) 1 +
αs(μR)

4π
CF 4 + 3 log [ μ2

t

mt(μt)2 ]

With such a tiny scale uncertainty, other sources of uncertainty become relevant 

HH@NLO:  in the  and  schememT OS MS Baglio, Campanario, Glaus, Mühlleitner, 
(+Ronca), Spira, Streicher 18, (20)
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Mass Scheme Uncertainty (II)

Combination of scale ( ) and top mass scheme (  / ) studied 

If we wish to take the envelope of the predictions as the uncertainty, then the two 
uncertainties should be added linearly (validated at NLO)

μR, μF OS MS
Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira 20

4 Uncertainties for di↵erent Higgs self-interactions

A variation of the trilinear Higgs coupling � modifies the interplay between the LO box
and triangle contributions that interfere destructively for the SM case. One of the basic
questions is what will happen to the uncertainties for di↵erent values of �. This can be
traced back to the approximately aligned uncertainties of the triangle and box diagrams
[8,18]. The renormalization and factorization scale uncertainties change by up to about
6% at NLO for large and small values of � [17] such that the change with respect to the
central uncertainties of the SM value of ⇠ 10–15% is of moderate size. In a similar way the
uncertainties originating from the scheme and scale choice of the top mass depend only
mildly on the trilinear coupling �. Eq. (9) shows the central NNLOFTapprox predictions for
the total cross section for various choices of � = �/�SM for

p
s = 13 TeV. The per-cent

uncertainties display the usual factorization and renormalization scale uncertainties [19].

� = �10 : �tot = 1680+3.0%
�7.7% fb,

� = �5 : �tot = 598.9+2.7%
�7.5% fb,

� = �1 : �tot = 131.9+2.5%
�6.7% fb,

� = 0 : �tot = 70.38+2.4%
�6.1% fb,

� = 1 : �tot = 31.05+2.2%
�5.0% fb,

� = 2 : �tot = 13.81+2.1%
�4.9% fb,

� = 2.4 : �tot = 13.10+2.3%
�5.1% fb,

� = 3 : �tot = 18.67+2.7%
�7.3% fb,

� = 5 : �tot = 94.82+4.9%
�8.8% fb,

� = 10 : �tot = 672.2+4.2%
�8.5% fb (9)

These predictions for the cross sections have been obtained by adopting the top pole mass
for the LO and higher-order contributions. Modifying the scheme and scale choice of the
top mass according to the SM analysis we end up with the additional uncertainties at
NLO

� = �10 : �tot = 1438(1)+10%
�6% fb,

� = �5 : �tot = 512.8(3)+10%
�7% fb,

� = �1 : �tot = 113.66(7)+8%
�9% fb,

� = 0 : �tot = 61.22(6)+6%
�12% fb,

� = 1 : �tot = 27.73(7)+4%
�18% fb,

� = 2 : �tot = 13.2(1)+1%
�23% fb,

� = 2.4 : �tot = 12.7(1)+4%
�22% fb,

� = 3 : �tot = 17.6(1)+9%
�15% fb,

� = 5 : �tot = 83.2(3)+13%
�4% fb,

� = 10 : �tot = 579(1)+12%
�4% fb (10)

6

Scale (μR, μF)
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traced back to the approximately aligned uncertainties of the triangle and box diagrams
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6% at NLO for large and small values of � [17] such that the change with respect to the
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the total cross section for various choices of � = �/�SM for

p
s = 13 TeV. The per-cent

uncertainties display the usual factorization and renormalization scale uncertainties [19].

� = �10 : �tot = 1680+3.0%
�7.7% fb,
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� = 1 : �tot = 31.05+2.2%
�5.0% fb,
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�8.5% fb (9)

These predictions for the cross sections have been obtained by adopting the top pole mass
for the LO and higher-order contributions. Modifying the scheme and scale choice of the
top mass according to the SM analysis we end up with the additional uncertainties at
NLO

� = �10 : �tot = 1438(1)+10%
�6% fb,

� = �5 : �tot = 512.8(3)+10%
�7% fb,

� = �1 : �tot = 113.66(7)+8%
�9% fb,

� = 0 : �tot = 61.22(6)+6%
�12% fb,

� = 1 : �tot = 27.73(7)+4%
�18% fb,

� = 2 : �tot = 13.2(1)+1%
�23% fb,

� = 2.4 : �tot = 12.7(1)+4%
�22% fb,

� = 3 : �tot = 17.6(1)+9%
�15% fb,

� = 5 : �tot = 83.2(3)+13%
�4% fb,

� = 10 : �tot = 579(1)+12%
�4% fb (10)

6

NLO Mass Scheme Unc.

The uncertainties originating from the scheme and scale choice of the top mass turn out
to develop a mild dependence on � as expected. The size of the total uncertainty band
is much less sensitive to � than the location of the band. Combining these relative
uncertainties with the previous renormalization and factorization scale uncertainties of
Eq. (9) linearly we arrive at the central values with combined uncertainties,

� = �10 : �tot = 1680+13%
�14% fb,

� = �5 : �tot = 598.9+13%
�15% fb,

� = �1 : �tot = 131.9+11%
�16% fb,

� = 0 : �tot = 70.38+8%
�18% fb,

� = 1 : �tot = 31.05+6%
�23% fb,

� = 2 : �tot = 13.81+3%
�28% fb,

� = 2.4 : �tot = 13.10+6%
�27% fb,

� = 3 : �tot = 18.67+12%
�22% fb,

� = 5 : �tot = 94.82+18%
�13% fb,

� = 10 : �tot = 672.2+16%
�13% fb (11)

These final numbers should serve as the recommended values for the total cross sections
and uncertainties at the LHC with

p
s = 13 TeV as a function of �.

5 Conclusions

We have analyzed the combination of the usual renormalization and factorization scale
uncertainties of Higgs-pair production via gluon fusion with the uncertainties originating
from the scheme and scale choice of the virtual top mass in the Yukawa coupling and
the propagators. Due to the observation that the latter relative uncertainties are nearly
independent of the renormalization and factorization scale choices, the proper combination
of the relative uncertainties is provided by a linear addition.

In a second step we derived the dependence of the uncertainties related to the top-mass
scheme and scale choice on a variation of the trilinear Higgs self-coupling �. The relative
uncertainties are again observed to develop only a small dependence on �. We combined
all the uncertainties for

p
s = 13 TeV with the ones of the present recommendation of

the LHC HXSWG, obtaining state-of-the-art predictions for Higgs pair production cross
sections at the LHC including both renormalization/factorization scale and top-quark
scale and scheme uncertainties.
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Mass Scheme Uncertainty (III)

Such mass scheme uncertainties show up in other processes (e.g. H*, HJ, ZH)
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Several challenges/considerations with using Effective Field Theories (EFTs) 
Can construct more than one EFT with different constraints/relations on operators  

HEFT:  
Higgs boson field  is  singlet 
Expand in loop orders  

 

A priori no relation between  &  

SMEFT  HEFT:  
Higgs field complex doublet 
Expand in canonical dimension  

 

Relation 

h(x) SU(2)L × U(1)Y
∼ 1/(16π2)

ℒHEFT = ℒ2 +
∞

∑
L=1

∑
i

( 1
16π2 )

L

C(L)
i O(L)

i

cggh cgghh

⊂

∼ 1/Λ2

ℒSMEFT = ℒSM + ∑
i

C(6)
i

Λ2
O(6)

i + 𝒪 ( 1
Λ3 )

cggh ∼ cgghh

22

EFT Choice

→ See: Raquel/Ludovic/Nicolas (Tue), Alexandre (Fri)

cggh cgghh

chhh ctt
ct

Related in SMEFT
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EFT Truncation

→ See: Jannis (Fri)

How the EFT expansion is truncated is not always innocent

Collider Physics at the Precision Frontier Gudrun Heinrich11

Results: total HH cross section 

flat directions very different for different truncation options figures: Jannis Lang

negative  
cross section

linear quadratic
option (a) option (b)

all squared
option (d)

note: full NLO QCD corrections building on Borowka, Greiner, GH, Jones, Kerner, et al. ‘16

Figure: Gudrun Heinrich LL2022

σ ≃

σSM + σSM×dim6 (a)
σ(SM+dim6)×(SM+dim6) (b)
σ(SM+dim6)×(SM+dim6) + σ(SM×dim62) (c)
σ(SM+dim6+dim62)×(SM+dim6+dim62) (d)

i.e. Include  at cross section level 

i.e. Include  at amplitude level 

i.e. +  at cross section level 

i.e. +  at amplitude level

1/Λ2

1/Λ2

1/Λ2 ⋅ 1/Λ2

1/Λ2 ⋅ 1/Λ2

Can get wildly different EFT limits both at LO & NLO Heinrich, Lang, Scyboz 22



Gluon Fusion: Horizon



Options: 1) Try to understand structure of mass logarithms 
2) Keep calculating 3) Other ideas(?)

25

Tackling Mass Scheme Uncertainties

Liu, Penin 17, 18; 
Liu, Modi, Penin 22
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Low invariant mass:  
expand in  
known to NNLO

1/m2
t

Grigo, Hoff, Steinhauser 15;

Around Peak: 
threshold expansion
Gröber, Maier, Rauh 17

High energy: 
small-  expansion 
known at NLO

mt

Davies, Mishima, Steinhauser, 
Wellmann 18, 19

See also: Bonciani, Degrassi, Giardino, Gröber 18; Davies, Steinhauser 19;  Davies, Herren, 
Mishima, Steinhauser 19; Davies, Gröber, Maier, Rauh, Steinhauser 19; Bellafronte, Degrassi, 
Giardino, Gröber, Vitti 22;
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 1: Sample Feynman diagrams for ij ! ij with i, j 2 {g, q}. Solid, dashed and
curly lines represent quarks, Higgs bosons and gluons, respectively. The first line contains
LO and NLO contributions. NNLO contributions are shown in the second and third
lines. The contributions to the Higgs boson pair production cross section is obtained by
considering cuts which involve at least two Higgs bosons.

the contributions where exactly two Higgs bosons are cut. Note that besides the virtual
corrections to the NLO 1PR diagram (Fig. 1 (e)) also diagrams such as Fig. 1 (j) have three
closed top quark loops. At NLO the final state of the real radiation corrections contains
two Higgs bosons and an additional parton. At NNLO one has either one or two additional
partons in the final state. We refer to the former as “real-virtual” (Fig. 1 (f), (g), (h)
and (k)) and the latter as “double-real” (Fig. 1 (l)).

The real-virtual corrections can be sub-divided according to the number of closed top
quark loops which involve a coupling to one or two Higgs bosons. At NNLO this is either
two or three, as can be seen from the Feynman diagrams in Fig. 1. We will refer to
them as n

2
h
and n

3
h
contributions in the following. In this paper we consider only the

n
3
h
contribution, with three closed top quark loops. In an asymptotic expansion in large

Mt all top quark lines are part of the so-called hard subgraphs, which means that the
remaining Feynman diagrams which involve the Higgs bosons are either one- or two-loop
diagrams.

At NLO, n3
h
terms are only present in the virtual corrections, see Fig. 1(c). They serve

as an e↵ective LO contribution for the n3
h
NNLO corrections we are interested in. In this

sense, one can consider the subset of real-virtual corrections with three top quark loops
as e↵ective NLO real corrections. Thus, they share many features with the NLO real
corrections and many steps of the calculation can be performed in analogy to Ref. [7].

3

Tnh Tnh CFTnh CATnh

(Tnh)2 C2
FTnh CACFTnh C2

ATnh

CF (Tnh)2 and CA(Tnh)2 and CA(Tnh)2 (Tnh)3

CFT 2nhnl CAT 2nhnl

Figure 1: Sample Feynman diagrams contributing to gg → HH . For simplicity we show
diagrams with a triple-Higgs boson coupling only at one-loop order. A sample colour
factor is shown below each diagram. However, note that in general a diagram contributes
to more than one colour structure. Solid, dashed and curly lines denote quarks, Higgs
bosons and gluons respectively.

It is furthermore convenient to express the final result in terms of the transverse momen-
tum of one of the Higgs bosons which is given in terms of the Mandelstam variables by
(equivalent to Eq. (3))

p2T =
tu−m4

H

s
. (10)

3 Calculation details

We generate the Feynman amplitudes with the help of qgraf [33] and obtain 11, 197 and
5703 diagrams at one, two and three loops. Note that both one-particle irreducible (1PI)
and one-particle reducible (1PR) contributions have to be considered. Sample diagrams
are shown in Fig. 1 together with the corresponding colour factors expressed in terms
of the Casimir invariants of SU(Nc): CA = Nc and CF = (N2

c − 1)/(2Nc). Furthermore
we have T = 1/2 and use the labels nl and nh for closed massless and massive fermion
loops respectively. For numerical evaluation we set nl = 5 and nh = 1. In the following
subsections we provide several technical details of the calculation of the form factors.

5

NNLO Beyond HTL

NNLO Virtual & Real Corrections in a  expansion:1/m2
t

3-loop virtual piece in large-  expansion (up to ) 

5-loop forward scattering amplitude ( ) piece 

5-loop forward scattering amplitude (all pieces)

mt 1/m8
t

n3
h

Davies, Steinhauser 19

Davies, Herren, Mishima, 
Steinhauser 19

(a) (b) (c) (d) (e) (f)

Figure 1: Sample Feynman diagrams contributing to the real radiation. Contributions
such as those shown in (c) lead to n

3

h
contributions which have already been computed in

Ref. [25]. The n
3

h
contributions of (d) contain a top quark loop without a Higgs coupling

and have not been computed in Ref. [25]; they are considered here.

(a) (b) (c) (d)

Figure 2: Sample Feynman diagrams in the forward-scattering kinematics. Three- and
four-particle cuts are shown by blue and green dashed lines, respectively. The n

3

h
contri-

butions as shown in (b) have already been considered in [25] but those in (c) have not;
they are considered here.

butions which have a closed loop with only gluon couplings (as shown in Fig. 1(c)). Such
terms are not included in Ref. [25], but are computed in this paper.

The remainder of the paper is organized as follows: in the next section we discuss the
individual parts of our calculation. This concerns in particular the setup used for the
computation of the real-radiation corrections including the asymptotic expansion and the
reduction to phase-space master integrals. Furthermore, we discuss the ultraviolet and
collinear counterterms to subtract the divergences from initial-state radiation. Section 3
is dedicated to the phase-space master integrals. We provide details on the transformation
of the system of di↵erential equations to ✏ form and on the computation of the boundary
conditions in the soft limit. We discuss our analytic and numerical results in Section 4 and
summarize our findings in Section 5. In the appendix we provide useful additional mate-
rial such as explicit formulae used for the computation of the collinear counterterms, the
integrands of the phase-space master integrals, NNLO virtual corrections to the channel
qq̄ ! HH and NNLO virtual corrections involving four closed top quark loops. Further-
more, we describe in detail our approach to obtain the leading 1/mt term for double Higgs
production from the analytic expressions of the single-Higgs production cross section.

4

Would be extremely useful 
to have similar results in a 
small-  expansion 

Feasible during Run 3 (?)

mt

Davies, Herren, Mishima, 
Steinhauser 21



With N3LO QCD (HTL) results known, could now be interesting to explore also the 
impact of EW corrections (in single Higgs for off-shell Higgs have  impact) 

Richer structure in the SM and much richer structure in the context of EFT 

Example: Partial 2-loop EW corrections (involving  and  ) 

HL-LHC has only limited sensitivity to  , more relevant for FCC 

The complete EW corrections could potentially modify distributions and 
bounds in both SM and EFT frameworks

±5 %

λ3 λ4

λ4

27

EW Corrections

(b)

(d)

(f)(e)

(j)

(k) (`)

(c)

(a)

g

g

t

H

H

(i)

(g) (h)

G0

Figure 2. Two-loop topologies involving c̄6 and c̄8 effects on Higgs self coupling in gg ! HH.
Except diagrams (g) and (h), all topologies are present in the SM. We have marked with a blob all
the vertices involving c̄6 and c̄8; cubic vertices are in blue while quartic ones are in red. Diagrams
(a)-(c) are non-factorisable two-loop topologies. Diagrams (d)-(h), together with the counterterm
(k), can be evaluated via the one-loop form factor V [HHH], while (i),(j) and (l) with the P [HH]

one.

to be used in phenomenological investigations as

�pheno

NLO
= �LO + ��c̄6 + ��c̄8 , (2.10)

– 6 –

Borowka, Duhr, Maltoni, Pagani, Shivaji, Zhao 18

Actis, Passarino, Sturm, Uccirati 08

→See: Hantian (Fri)



I am aware of two background studies taking place in the context of the HH WG

28

Backgrounds

 (background to  with ) 

Included at LO in past searches (via 
NNLOPS ggF) w/ 100% uncertainty 
assigned 

NLO corrections known in the HTL, 
large K-factors ( ) depending on 
fiducial cuts 

Amplitudes for NNLO corrections are 
now also known

bb̄H HH H → bb

∼ 2 − 3

  

● bbH is an irreducible background for HH with one H0bb

● The bbH rate with mbb>100GeV similar size to HH XS, and dominated by yt
2 contribution

[Chang et al., 1804.07130] [Homiller et al., 1811.02572] [Deutschemann et al., 1808.01660]

E.g. bbγγ, see [Chang et al., 1804.07130] [Homiller et al., 1811.02572] 

● NLO QCD corrections in the large-mt limit have been computed

● Typically large K-factors (~2-3), with dependence on the fiducial cuts

[Deutschemann et al., 1808.01660]

● This background only included at LO

in current searches (via NNLOPS ggF)

[ATLAS-CONF-2021-016]

‘Conservative’ uncertainty of 100% assigned

● Better description (and smaller uncertainties)

can definitely be achieved using NLO predicitons

● No specific NLO study targeting HH-like

cuts, or adequacy of HTL in that PS region

In list of tasks of LHC Higgs WG HH-subgroup [twiki]

13

Deutschmann, Maltoni, Wiesemann, Zaro 18

ATLAS-CONF-2012-016

 (background to ) 

Simulated using NLO MC w/ large 
theoretical uncertainty 

Results on  with NNLOPS could be 
used to reduce the uncertainty

tt̄ bb̄WW, bbττ

tt̄

Mazzitelli, Monni, Nason, Re, Wiesemann, 
Zanderighi 20, 21

  

● Top-pair production is one of the main backgrounds to the bbWW and bbPP channels

● Simulated using NLO MC, sizeable theoretical uncertainties entering the analysis

[ATLAS non-resonant bbWW search, 1908.06765]

● Theoretical uncertainties could be reduced

with the recent results on tt@ NNLOPS 

● Also note that only a small region of the inclusive

tt phase space passes the HH cuts

[JM et al., 2012.14267]

PRELIMINARY

t

t

t

t

b

b

b

b

W+

W-

W+

W-

Rescaling NLO MC to NNLO(+NNLL)

total XS might not be the best estimate

of QCD corrections in this region 14

Badger, Hartanto, Krys, Zoia 21



VBF: State of the Art
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VBF HH
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FIG. 1: Born-level diagrams contributing to VBF Higgs pair production.

lated as a double deep inelastic scattering (DIS) process,
and can be written as [31]
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Here GF is Fermi’s constant, mV and �2
V

are the

mass and squared propagators of the mediating W or
Z bosons, and

p
s is the collider center-of-mass energy.
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usual DIS variables, where qi is the four-momentum of
the vector boson Vi and Pi that of the initial proton. Fi-
nally WV
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is the hadronic tensor and d⌦VBF is the four

particle VBF phase space. The matrix element of the
V V ! hh sub-process is expressed as [35]
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where k1, k2 are the final state Higgs momenta, which
satisfy k1 + k2 = q1 + q2, � is the trilinear Higgs self-
coupling and ⌫ is the vacuum expectation value of the
Higgs field.

Defining P̂i,µ = Pi,µ � Pi·qi
q
2
i

qi,µ, the hadronic tensor

WV

µ⌫
in equation (1) is given by
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where the F
V

i
(x,Q2) functions are the standard DIS

structure functions with i = 1, 2, 3, which can be ex-
pressed as a convolution of the parton distribution func-
tions (PDF) with the short distance coe�cient functions

F
V

i
=

X

a=q,g

C
V,a

i
⌦ fa , i = 1, 2, 3 . (4)

To evaluate equation (4), it is useful to define the singlet

and non-singlet distributions qS , qNS,i, as well as the non-
singlet valence distribution q

V

NS and the asymmetry �q
±
NS

qS=

nfX

j=1

(qj+ q̄j), q
±
NS,j = qj± q̄j , q

v

NS=

nfX

j=1

(qj� q̄j),

�q
±
NS =

X

u-type

(qj ± q̄j)�
X

d-type

(qj ± q̄j) . (5)

We can then decompose the quark coe�cient functions
into non-singlet and pure-singlet parts, and define the
valence coe�cient function

CL,q = C
+
L,NS + CL,PS , C2,q = C

+
2,NS + C2,PS ,

C
v

3,NS = C
�
3,NS + C

s

3,NS , (6)

The neutral current structure functions can now be ex-

T1 ∼ c2v T2 ∼ chhh cv B ∼ c2
v

ℳ(VLVL → HH) ≃
s
v2

(c2v − c2
v )

Higgs unitarises high-energy 
VBS behaviour in SM

VBF HH is sensitive not just to  but also  and chhh c2v cv

Known to N3LO in the 
structure function / DIS 
approximation 

NLO NNLO N3LO

Approximations & Precision

NLO: approximation is exact due 
to colour conservation 
NNLO: get colour suppressed 
non-factorisable contributions
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VBF HH: Non-factorisable contribution

Liu, Melnikov, Penin 19 
Dreyer, Karlberg, Tancredi 20, 22

4 Frédéric A. Dreyer et al.: On the impact of non-factorisable corrections in VBF single and double Higgs production
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Fig. 5: Diagrams for Higgs pair production. (a) The T1 topology. (b) The T2 topology. (c) The B1 topology. (d) The
B2 topology.

up to NLO due to colour conservation. At NNLO this is no
longer true, as in particular two gluons in a colour singlet
state can be emitted between the two quark lines, as shown
in figure 6. As the gluons have to be in a colour singlet state,
these diagrams will be colour suppressed compared to their
factorisable counterparts. For this reason it has long been
argued that they can be neglected when considering NNLO
corrections to VBF [5].

Due to the complexity involved in computing the
two-loop non-factorisable corrections, very little has been
known about them beyond the fact that they are colour
suppressed. However, very recently [11] significant progress
was made, when it was shown that the corrections can be
estimated within the eikonal approximation [21–24]. This
calculation exploits the fact that when typical VBF cuts
are applied, the VBF cross section can be expanded in
the ratio of the leading jet transverse momentum over the
total partonic centre-of-mass

⇠ =
pt,j1
p
s
. (6)

In this kinematical configuration, the authors of Ref. [11]
conclude that the non-factorisable corrections receive a ⇡2-
enhancement connected to the presence of a Glauber phase,
which can partially compensate their colour suppression.
Indeed, it turns out that for VBF single Higgs production,
the non-factorisable corrections can contribute up to 1%
in certain regions of phase space, making them larger than
the factorisable N3LO corrections. In what follows we will
use the same approximation to estimate the impact of
non-factorisable corrections for the case of double Higgs
production as well.

In order to see how the NNLO non-factorisable cor-
rections can be estimated in the eikonal approximation
both for single and double Higgs production, let us con-
sider a generic VBF Born diagram, which we will call D,
for the production of an in principle arbitrary number of
Higgs bosons, see Fig. 3a. In what follows this diagram will
represent either the Born diagram for VBF single Higgs
production T of Fig. 4, or any of the Born diagrams for
double Higgs production T1, T2, B1 or B2 in Fig. 5.

It is important to stress here that, somewhat coun-
terintuitively, we will be considering QCD corrections on

each single diagram separately, and not on the full Born
matrix element. Since we are interested in computing the
NNLO QCD corrections to this class of processes, we imag-
ine dressing the diagram D with 1-loop or 2-loop QCD
corrections, as depicted in Fig. 6, where we provide two
representative diagrams for illustration only.

(a) (b)

Fig. 6: Generic form of non-factorisable 1-loop (a) and
2-loop (b) corrections to the production of n Higgs boson.

It turns out that, at least up to two loops in QCD, we
can limit ourselves to diagrams where the gluons are in
a colour-singlet configuration, i.e. exchanged between the
two quark lines. All other configurations do not contribute
to the cross-section due to colour conservation. Therefore,
the calculation of the one- and two-loop QCD corrections
in the eikonal approximation reduces e↵ectively to the cor-
responding calculation in QED, with the colour-averaged
e↵ective coupling

e↵s =

✓
N2

c
� 1

4N2
c

◆1/2

↵s . (7)

Following Ref. [11], let us consider the process

q(p1) + q(p2) ! q(p3) + q(p4) +X(P ) (8)

where X(P ) can represent one or multiple Higgs bosons
produced in vector-boson fusion. At leading order, we call
the momenta flowing in the two vector bosons respectively

q1 = p1 � p3 , q2 = p2 � p4 . (9)

Non-factorisable contributions recently 
studied using the eikonal approximation

Note: (As pointed out by authors) Eikonal 
approximation not trustworthy for too high pt, j

Delicate cancellations between T and B 
diagrams conspires to preserve unitarity

Frédéric A. Dreyer et al.: On the impact of non-factorisable corrections in VBF single and double Higgs production 15

proVBFHH v1.2.0 √s  = 13 TeV, VBF cuts
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Fig. 14: Kinematic distributions for Higgs pair production through VBF under the cuts of sec. 3.1. (a) transverse
momentum of the hardest jet (b) transverse momentum of the second hardest jet. In red we show the non-factorisable
↵2
s
correction and in blue we show the factorisable one. Both are normalised to the NLO cross section.

A Coe�cients

In this appendix we report the coe↵cients CTT , CTB , and CBB that enter in eq. (34). Defining x = q2
1
/M2

V
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2
/M2
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and x± = x± 1, they are given by
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Figure 1: Examples of feynman diagrams contributing to the VBF Higgs pair production process
at LO (a), NNLO QCD (b) and NLO EW (c).

corrections arising from gluon exchanges limited to one quark line, the so-called factorisable
corrections shown in Fig. 1b. In this work we therefore also provide an estimate of the non-
factorisable corrections, but will show them separately from the factorisable corrections.
Unless explicitly specified, when referring to NNLO QCD corrections, we will always mean
the factorisable ones. We compute the factorisable NNLO QCD corrections using the
projection-to-Born method as detailed in Ref. [26].

• EW corrections
For the EW corrections the real radiations are made of the pp ! jjHH� channels at order
O
�
↵
5
�
. At the same order, the virtual corrections are obtained by inserting EW particles

anywhere possible in the tree-level topologies, an example of which is shown in Fig. 1c.
Note that at the order O

�
↵
5
�
, photon-induced contributions also arise. These have been

neglected in the present work as these have been shown to be rather small for similar
processes [42, 43, 38]. Note that EW corrections to single-Higgs production have been
computed for the first time in Refs. [44, 38] and are available in HAWK [45]. Later they
have also been obtained in VBFNLO [46, 47].

As mentioned previously, all LO and NLO predictions are based on the full computation, i.e.
without employing the VBF approximation. These have been obtained from the Monte Carlo
MoCaNLO, which has already been used for a variety of processes and in particular VBS ones
[48, 42, 43] at NLO EW and NLO QCD. The matrix elements are provided by Recola [49–51]
which internally uses the Collier library [52, 53] to evaluate tensor integrals.

On the other hand, the NNLO QCD corrections have been obtained from proVBFHH
v1.1.0 [26, 28] which uses the projection-to-Born method [32] to compute the fully differential
NNLO corrections in the VBF approximation. In order to correct for the mismatch between this
computation and the full computation used for the LO and NLO computations, we compute a
differential correction factor

Kfull/VBF =
d�

full

LO

d�
VBF

LO

(2)

and obtain the NNLO cross section provided below in the following way

�NNLO QCD = �
full

LO + �
full

NLO QCD +Kfull/VBF�
VBF

NNLO QCD, (3)

4

(a) (b)

(c)

LHC 14 TeV

dσ
/d

p t
,H

1 [f
b/

G
eV

]

LO
NNLO-QCD+NLO-EW

10-5

10-4

10-3

10-2

pt,H1 [GeV]

(1+δEW)
(NLO/LO)qcd

(NNLO/NLO)qcd
Kfull/VBF

(NNLO/NLO)qcd,NF
 0.6

 0.8

 1

 0  50  100  150  200  250  300  350  400

(d)

Figure 2: Differential distributions for pp ! jjHH at the LHC with centre-of-mass energy of
14TeV: (a) transverse momentum of the hardest jet (top left), (b) transverse momentum of the
second hardest jet (top right), (c) transverse momentum of the hardest Higgs boson (bottom
left), and (d) transverse momentum of the second hardest Higgs boson (bottom right). The
upper panel shows the absolute contributions at NNLO QCD and NLO EW. The bands denote
the envelope of the scale variation. The lower panel shows the corrections relative to the NLO
QCD prediction.
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�
full

LO
�
full

NLO QCD
�
VBF

NNLO QCD
�
full

NLO EW
�NNLO QCD⇥NLO EW �

NF

NNLO QCD
[fb]

0.78444(9)
+0.0825
�0.0694 �0.07110(13) �0.0115(5) �0.0476(2) 0.6684(5)

+0.002
�0.0004 0.01237(2)

+10.5%
�8.8% �9.1% �1.5% �6.1% �14.8%

+0.3%
�0.06% +1.7%

Table 1: The fiducial cross section for the process pp ! HHjj, expressed in fb and in per cent,
computed according to Eq. (4) at 14TeV and under the selection cuts given in Sec. 2. The
numbers in per cent are with respect to the LO cross section. The errors given in parenthesis are
purely statistical whereas the additional uncertainties quoted for �

full

LO
and �NNLO QCD⇥NLO EW

are the QCD scale variations. We also show �
NF

NNLO QCD
separately. The value of the correction

factor to go from the VBF approximation to the full computation is Kfull/VBF = 0.99220(11).

In Table 1, fiducial cross sections and higher-order corrections are displayed for the event
selection presented in Sec. 2. They are expressed both in femto barn and in per cent. The
numbers in per cent are with respect to the LO cross section. The numbers in parenthesis
indicate the statistical error while the additional information on �

full

LO
and �NNLO QCD⇥NLO EW

gives the scale variation estimate. Note that the total statistical uncertainty is not obtained by
adding the individual statistical uncertainties in quadrature, as these are all correlated.

One of the main messages of Table 1 is that the QCD corrections are negative as for similar
signatures such as single Higgs-production via VBF or VBS at the LHC. In addition, the higher-
order QCD corrections dramatically reduce the uncertainty associated with missing QCD higher
orders. In particular, it goes from [+10.5%,�8.8%] at LO to [+0.3%,�0.06%] at NNLO in QCD.
We note that the non-factorisable NNLO QCD corrections are the only positive corrections, and
that their contribution almost exactly cancels the factorisable NNLO QCD corrections. This is
a coincidence of the particular cuts used here.

The second important point is the size of the EW corrections. It has recently been found
(and further confirmed in Refs. [43, 62]) that large EW corrections are an intrinsic feature of
VBS at the LHC [48]. It originates from the quantum numbers of the particles involved in the
process as well as the large scale induced by the massive t-channel exchange [63]. For such
processes, the corrections reach about �15% to �20% of the LO prediction. On the other hand,
for single-Higgs production via VBF, EW corrections have been found to be around �5% [38, 44].
It is thus interesting to observe that, despite having a higher typical scale, the magnitude of the
EW corrections for double-Higgs production via VBF is very close to the single-Higgs one. In
particular, in VBS the typical scale (the invariant mass of the four leptons) is hm4`i ⇠ 390GeV
while the VBF case it is even larger with hmHHi ⇠ 610GeV. In the same way as in Ref. [48], one
can derive a leading-logarithmic approximation using Ref. [64]. Because the quantum numbers
of the Higgs boson, such as the effective EW Casimir operator (see Eq. (B.10) in Ref. [64]), are
significantly smaller than the ones of the Z or W gauge bosons, the logarithm coefficients are
reduced with respect to the VBS case. For example, the coefficient of the double logarithms,
which is directly proportional to the effective EW Casimir operator, is smaller by about a factor
two. This implies, that VBF does not feature intrinsic large EW corrections as VBS.

The QCD corrections on the other hand tend to be somewhat smaller for double-Higgs
production compared to single Higgs. This is due to the larger energy transfer in the t-channel
which leads to harder jets and a higher dijet invariant mass. This in turn means that fewer events
are lost due to QCD radiation. Overall, the state-of-the-art prediction displays a correction of
about �15% with respect to the LO prediction. Finally, the numerical value of the correction

7

EW corrections similar in size to NLO QCD 
corrections and to those in single Higgs case 

All corrections available in public code 
proVBFHH v1.2.0 
For non-SM: can rescale to include 
factorisable QCD corrections but currently 
have to take non-fac & EW corrections as 
uncertainty



Good progress in HH theory over the last few years 
• Gluon fusion - Full SM result: NLO 
• Gluon fusion - HTL result: N3LO (also differential) 
• Vector Boson Fusion - N3LO inclusive, NNLO differentially + NLO EW 
• Progress matched by amazing work from the experiments   

Uncertainties beyond scale variations are now relevant 
• Mass scheme uncertainties at the level of >10% @ NLO 
• Motivates studies of  dependence beyond 2-loop 

Many other fascinating developments  
(e.g. efforts to tackle backgrounds, EW effects, EFT fits, …)  

I hope/expect that the anticipated experimental progress during Run 3 is 
matched by exciting theory progress 

Thank you for listening

mT
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Self Coupling Considerations

For :  is significantly modified by  due to large interference 
between ``boxes’’ & ``triangles’’ 

Results known to NLO (full), NNLO ( ), N3LO (HTL)
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(d) N3LO comparison

Figure 13. Invariant mass distributions for the Higgs boson pair production in proton-proton
collisions at

p
s = 13 TeV with different � = �hhh/�SM

hhh.

ferential calculations for the NNLO class-a cross sections with the qT -subtraction method.
Therefore, in our paper, we can define the approximated N3LO (AN3LO) differential dis-
tributions for other observable O as

d�AN3LO
hh

dO
=

d�(a,1),NNLO
hh

dO

�(a,1),N3LO
hh

�(a,1),NNLO
hh

+
d�(a,2),N3LO

hh

dO
+

d�b,NNLO
hh

dO
+

d�c,NLO
hh

dO
. (2.15)
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Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16;  
de Florian, Fabre, Heinrich, Mazzitelli, Scyboz 21; Chen, Li, Shao, Wang 19;

Chen, Li, Shao, Wang 19

Note: dip 
structure 
changes 
dramatically 
once  
dependence is 
included 
(artefact of 
Born vanishing 
exactly at this 
point in HTL)
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Higgs Self-Coupling from Single Higgs Production

So far focused on HH production where  appears at LO 
Can also constrain this coupling from high-order effects in single Higgs production

λ3

McCullough 13

3

1 1 1

h h

h h

Z

e
�

e
+ e

+

e
�

Z

FIG. 1: NLO vertex corrections to the associated production
cross section which depend on the Higgs self-coupling. These
terms lead to a linear dependence on modifications of the self-
coupling �h.

recourse to the details of renormalization of the irrelevant
operator in Eq. (3), however proceeding to NNLO in this
case would require the counter-term to this operator.

The dominant Higgs production process at an e
+
e
�

collider at the energies considered here is Higgs associ-
ated production. At NLO the Higgs self-coupling en-
ters the associated production amplitude in two ways. It
enters quadratically via a modified Higgs wavefunction
counter-term, feeding into associated production at NLO
as a modification of the hZZ coupling. The self-coupling
also enters into the amplitude linearly through diagrams
such as Fig. 1. Depending on gauge choice there are also
diagrams with internal Goldstone lines.

The full NLO corrections to e
+
e
�

! hZ are deter-
mined using the FeynArts, FormCalc, and Loop-
Tools suite of packages [18, 19] by calculating the full
one-loop electroweak corrections to associated produc-
tion (see Refs. [20–23]) and extracting the dependence
on the self-coupling parameter. The counter-terms for all
SM-Higgs couplings are calculated automatically follow-
ing the electroweak renormalization prescription of [24].
The analytic form of the correction at a CM energy

p
S

can be extracted from the FeynArts and FormCalc
[18, 19] output in terms of the various one-loop integrals
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�(1 � 2✏)
. (6)

The two-point scalar function encountered here is defined
as

B0 = B(M2
H

, M
2
H

, M
2
H

), (7)

and the first derivative of this function as
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FIG. 2: Corrections to �(e+e� ! hZ), for a given variation
in the self-coupling, �h, as a function of the CM energy from
220 to 500 GeV.

The three-point scalar functions are

C0 = C(M2
H

, S, M
2
Z
, M

2
H

, M
2
H

, M
2
Z
), (9)

and C1, which is the scalar coe�cient of k1 in Cµ1 with
the same arguments. C00, C11, C12 are the scalar coef-
ficients of gµ,⌫ , k1k1, and k1k2 in Cµ1,µ2 . All of these
functions can be easily evaluated using the LoopTools
package [18, 19]. With these definitions the full form of
the self-coupling correction is
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(12)

and

 = C1 + C11 + C12. (13)

Eq. (10) was calculated in the R⇠ gauges, and the absence
of the ⇠ parameter demonstrates the full gauge invariance
of the result. Furthermore, although a number of UV-
divergences appear individually, the final result is UV-
finite as these divergences cancel in B0 � 4C00 and also
in .

At various CM energies the fractional corrections to
the associated production cross section, ��h

(e+
e
�

!

hZ), relative to the SM rate are found to be

�
240,350,500
�

= 1.4, 0.3,�0.2 ⇥ �h% , (14)

where only the lowest-order term in �h has been retained
as other higher-dimension operators may contribute at
O(�2

h
), and the coe�cient of this term is unknown. The

full energy dependence is shown in Fig. 2.

E.g. can constrain  below HH threshold from EW 
corrections to 

λ3
e+e− → ZH

At LHC,  appears in main Higgs production and decay channelsλ3

Gorbahn, Haisch 16, 19;  Bizon, Gorbahn, Haisch, Zanderighi 16; Degrassi, Giardino, Maltoni, 
Pagani 16; Maltoni, Pagani, Shivaji, Zhao 17; Di Vita, Grojean, Panico, Riembau, Vantalon 17
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Figure 2. Feynman diagrams with an insertion of the effective operator O6 that lead to Higgs-
boson decays into fermion (left), gluon (middle) and photon (right) pairs.

The O(�) correction to the partial decay width �(h ! V V ) arises from the diagrams shown
in Figure 1. We find
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Here the arguments of the PV loop integrals are defined as in (3.6). We have verified that
the expression (4.4) agrees numerically with the results presented in [31].

The changes in partial decay widths of the Higgs boson to gluon and photon pairs can
be written in the following way
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where ↵s = ↵s(mh), ↵ = 1/137.04, while Qu = 2/3, Qd = �1/3 and Q` = �1 denote
the electric charges of the fermions. The leading-order (LO) form factors that encode the
1-loop corrections due to SM fermion and W -boson loops read
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with ⌧X = 4m2
X

/m2
h

for X = f, W . The O(�) correction to the partial decay width of the
Higgs to gluons and photons originate from 2-loop diagrams with an insertion of O6. Two
example graphs are shown in the middle and on the right of Figure 2. The results presented
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Here the arguments of the PV loop integrals are defined as in (3.6). We have verified that
the expression (4.4) agrees numerically with the results presented in [31].
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where ↵s = ↵s(mh), ↵ = 1/137.04, while Qu = 2/3, Qd = �1/3 and Q` = �1 denote
the electric charges of the fermions. The leading-order (LO) form factors that encode the
1-loop corrections due to SM fermion and W -boson loops read
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h

for X = f, W . The O(�) correction to the partial decay width of the
Higgs to gluons and photons originate from 2-loop diagrams with an insertion of O6. Two
example graphs are shown in the middle and on the right of Figure 2. The results presented
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Figure 2: Examples of one loop �HHH -dependent diagrams for the Higgs boson self-energy (a) and the single-Higgs
production in the ggF (b), VBF (c), VH (d), and tt̄H (e) modes. The self-coupling vertex is indicated by the filled
circle.

particular, �HHH contributes at NLO EW via Higgs boson self energy loop corrections and via additional
diagrams, examples of which are shown in Figure 2. Therefore, an indirect constraint on �HHH can be
extracted by comparing precise measurements of single-Higgs production and decay yields and the SM
predictions corrected for the �HHH -dependent NLO EW e�ects. A framework for a global fit to constrain
the Higgs boson trilinear coupling and the other coupling modifiers m = gm/gSMm , where gm is a coupling
of the Higgs boson to fermions or vector bosons altered by BSM physics, has been proposed in Refs. [11,
12]; the model dependent assumptions of this parameterisation are described in the same references. In
this work inclusive production cross sections, decay branching ratios and di�erential cross sections are
exploited to increase the sensitivity of the single-Higgs analyses to � and m. The di�erential information
is encoded through the simplified template cross-section (STXS) framework [34, 48]. The signal yield in a
specific decay channel and STXS bin is then proportional to:

n
signal
i, f (�, m) / µi(�, m) ⇥ µ f (�, m) ⇥ �SM,i ⇥ BRSM, f ⇥ (✏ ⇥ A)i f , (3)

where µi and µ f describe respectively the multiplicative corrections of the expected SM Higgs boson
production cross sections in an STXS bin (�SM,i) and each decay-channel branching fraction (BRSM, f ) as a
function of the values of the trilinear Higgs boson self-coupling modifier � and the LO-inspired modifiers
m. The (✏ ⇥ A)i f coe�cients take into account the analysis acceptance times e�ciency in each production
and decay mode.

The functional dependence of µi(�, m) and µ f (�, m) on � and m varies according to the production
mode, the decay channel and, in particular for the VH production mode, on the STXS bin. Therefore STXS
information of the VBF, WH and ZH production modes are exploited here to constrain � and m. For the

5


