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Goals of this lecture

Bird’s eye overview

» Parton showers have been a topic of intense research over the past four
decades, as they connect theory and experiment and need to make
concessions to both

» There is renewed interest in understanding their interplay with analytic
resummation, and in finding new and better algorithms that allow an
extension to higher formal accuracy

» To some extent, the definition of accuracy itself is still being worked on

What to expect

» The background that allows you to understand what is being discussed in
past and present parton shower literature, and why

» The tutorial as a chance for in-depth discussion of the basic concepts
presented in the lecture (both parton showers and analytic resummation)

What not to expect

» All the latest and greatest plots, as well as a survey of all possible
algorithms. This could fill the entire time of the school.
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Hands on tutorials

» Resource for learning more about parton showers: Live “"Hackathon”

http://cern.ch/shoeche/mcnet-cteq21/
git clone https://gitlab.com/shoeche/tutorials.git

Tutorial on MC event generators

Held by the MCnet collaboration at the CTEQ / MCnet School 2021.

Instructions

LL tutorial Introduction to Parton Showers and Matching
PS coding tutarial
MC running tutorial Tutorial for summer schools

1 Introduction

TASI Lectures

s tutorial we will diseuss the construction of a parton show Y wtation of on-the-fly

¢ estimates, and of matrix- order. At the

be able to run your ow a energies and compare

its predictions to results from the even rator Sherpa (using a simplified setup). You will also have
constructed your first MCGNLO and I’O\\ IH'C generator

arXiv:1411.4085

2 Getting started

You can use any of the docker containers for the school to run this tutorial. Should you have problems with
disk space, consider running docker containers prune and docker system prune first. To lanch the
docker container, use the following command

docker run -it -u $(id -u $USER) --rm -v $HOME:$HOME -w $PUD <container name>

You can also use your own PC (In this case you should have PyPy and Rivet installed). Download the
tutorial and change to the relevant directory by running



http://cern.ch/shoeche/mcnet-cteq21/
https://gitlab.com/shoeche/tutorials.git

Outline of lectures

vVvyvyvyVvyyy

Heuristic picture

Technical ingredients
Semi-classical picture

Color coherence
Higher-order effects
Connection to resummation

Forward vs. backward evolution



What is a parton shower?

The heuristic view



Radiative corrections as a branching process

» Make two well motivated assumptions
» Parton branching can occur in two ways

—@ - observed
_@‘ + ———Eee - unobserved

» Evolution conserves probability
» The consequence is Poisson statistics

» Let the decay probability be A
» Assume indistinguishable particles — naive probability for n emissions

A"

Pnaive(n: )‘) = l

» Probability conservation (i.e. unitarity) implies a no-emission probability
AT >
P(n,)\) = Z— exp{—A} — > Pm,A) =1
n! ?
n—=

» In the context of parton showers A = exp{—\} is called a Sudakov factor



Radiative corrections as a branching process

» Decay probability for parton state in collinear limit

1 @ ,d Q* gf
Aa—/ U",“NZ/ /d—P L&
In Jt jets ‘ z

Parameter ¢ identified with evolution “time”

» Splitting function P(z) spin & color dependent
2z

Pul®) = Cr |5

Pyy(2) = C4 {L-i-z(l—z)} t(zo1-2)

+(lfz)} Pyy(z) =Tr [z2+(lfz)2]

Exercise: Why does the 22/(1 — z) term appear both in P, and P,,?

» When adding partons
» On-shell conditions must be maintained
» Overall four-momentum must be conserved
» Color must be conserved
» Later in this lecture we will derive part of these splitting functions
and analyze their properties



How to deal with the phase space

Example momentum mapping



Final state momentum mapping

Dk Dij

A e S
Q

» Generate off-shell momentum by rescaling

2

b sp i ~p no_ ij ~p
Py =Dy + 5= Dy » pp=\1—5=—"—|"P
B U 2ppy  F k < 2pij Pk > k

» Then branch into two on-shell momenta
P2,
s~ ~ ij
V= 2P+ (1= 2) P + k]

p. p~
R 2PijDr
2.
w N TR B TR
Py =1 =2)p; +2——p) —k
J I 2piiPr " +

Exercise: Is this momentum mapping collinear safe?
» On-shell conditions require that

e - - . 1 =
k%:p?jz(l—z) > zizi(lﬂ:\/l—élk%/p?j)

— for any finite kr we have 0 < 2 < 1



Initial state momentum mapping

» Rescale beam momentum to obtain new partonic cms energy

pi = 2paps
“ 2pa]pb aj

» Compute final-state momentum and internal momentum

P2
P =2 ;u,*;+2 — Py + kY

P2,
"o 2\ K aj p M
p; =(1—-2)py —5——p, —k
s == 2pppa 0 -
» Recoil taken by complete final state via Lorentz transformation

o 2pi(K+I~<)

2p; K
o K
L= pl = + K)* + 2 K* |
Py =Py (K+K)2( ) K2

where K* = pli —p! +p) and K# = Pl + 1}



How to color a shower

The improved large- N, approximation



Color flow

» Write gluon propagator using completeness relations
50 = 2Tx(TT) = 2TATY, = Tf 28:,6, T,
=~ N——

standard color flow

» Quark-gluon vertex

1 1
T5Ta =5 (5il5jk - ﬁ%ﬁkz)
c

» Gluon-gluon vertex
FOCTETY TS, = 6:0knOms — SinOmidk;

#
%

Exercise: Can you explain why there is no 1/N. term here?



Color flow
» Typically, parton showers also make the leading-color approximation

/

» If used naively, this would overestimate the color charge of the quark:
Consider process ¢ — gqg attached to some larger diagram

1 C
but now we have o 81661 O1ic = 7"‘ Sin

1
T%T]gl — §6il6jk <>

» Color assignments in parton shower made at leading color
but color charge of quarks actually kept at C'r
Exercise: How should colors be assigned when a gluon splits into two
gluons?



How to implement the algorithm

Monte-Carlo methods for parton showers



Monte-Carlo methods: Poisson distributions

» Assume decay process described by g(t)

» Decay can happen only if it has not happened already
Must account for survival probability <+ Poisson distribution

G(t) = g(t)A(t, o) where At to) = exp{—/tto dt’ g(t')}

» If G(t) is known, then we also know the integral of G(¢)

to b /
/ arg(t) = / ar By A )

» Can generate events by requiring 1 — A(t,t0) =1 - R

t=aG1 [G(to) +1ogR]

You will use this formula in the tutorial



Monte-Carlo methods: Poisson distributions

» Importance sampling for Poisson distributions

» Generate event according to G(t)

» Accept with w(t) = f(t)/g(t)

» If rejected, continue starting from ¢
» Probability for immediate acceptance

f) { /to I }
- dt’ g(t
o0 g(t) exp : g(t’)
> Probability for acceptance after one rejection

20 (= [ws} (1= T o= [wrar}

to
TJtna

» For n intermediate rejections we obtain n nested integrals ftto
» Disentangling yields 1/n! and summing over all possible rejections gives

rew{~ [Mar g} S L[N ar o) - 0] = s e {- [*ar s}

n=0



Monte-Carlo method for parton showers

» Start with set of n partons at scale t/, which evolve collectively
Sudakovs factorize, schematically

AL, 1) = ﬁ At 1), At t) =[] Aisitt)
i1

Ji=a,9

» Find new scale ¢ where next branching occurs using veto algorithm

ameax

» Generate t using overestimate o5 ™ P3*(2)

» Determine “winner” parton i and select new flavor j
» Select splitting variable according to overestimate

> Accept point with weight as(k3) Pap(2) /a2 PR (2)

» Construct splitting kinematics and update event record

» Continue until ¢ falls below an IR cutoff

You will use this algorithm in the tutorial



Effects of the parton shower



Effects of the parton shower

Thrust (Ecys = 91.2 GeV) Differential 2-jet rate with Durham algorithm (91.2 GeV)
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» Thrust and Durham 2 — 3-jet rate in eTe™ —hadrons
» Hadronization region to the right (left) in left (right) plot



Effects of the parton shower

py(e’e) @ Tevatron Runl

T T — T T

- CDF 2000

— CSshow. + Py 6.2 had.

_ CSshow. + Py 6.2 had.
(enhanced start scale)
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» Drell-Yan lepton pair production at Tevatron

» If hard cross section computed at leading order, then
parton shower is only source of transverse momentum



Effects of the parton shower

Dijet azimuthal decorrelations
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What is a parton shower?

The semi-classical picture



Semi-classical source theory

» Classical point charge on trajectory y#(s) — conserved current j*(x)
@) =g a0 06—y, o= Vira

» Fourier transform to momentum space
gt (k) = /d4x etk jH(z) = g/dt dy;‘it(t) etk (t)

» Assume particle moves with momentum p, if t <0,

is ‘kicked’ at origin y#(0) = 0, and moves with p; if t >0

(1) :{ tplh/pao if t<O0

ni)y =t 222 .
v (®) po(t) tp) /oo if >0

» Introduce a regulator and Fourier transform ...

0 H k +oo g k
(k) =g [ dt Pa exp{i(pa —is)t}+g at 2o exp{i(pL-l-z’e)t}
—oo Pa,0 Pa,0 0 Pb,0 Pb,0




Semi-classical source theory

» Classical current

j“(k)=z‘g( o _th )

ok +ie  pok —ie

» Spin independent
» Conserved

» Now add the quantum part — current can create gauge bosons
Interaction Hamiltonian density

Hint (z) = j*(2) Ap(z)

» Probability of no emission — vacuum persistence amplitude squared
Wamssl? = 1017 [exp {i [ ate @) 4,0} ] 10

» Can be expanded into power series
Waop = Z % Wé:)b ) Wé@b o g”

» Zeroth order: Wa(o_zb =1
» First order: (0|A,(z)|0) =0



Semi-classical source theory

» Second order contribution
W2, = = [ [ dty @i )OI (Au@A @) 0
- / dtz / Aty (2)id p e (2, 9)5 ()

» Emission of field quantum at z, propagation to y & absorption
» Unobserved, i.e. a virtual correction

» Propagation described by time-ordered Green's function
iAYY (2, ) = O(yo — 0)(0]A” (y) A (2)|0) + O(zo — yo){(0|A* (x)A” (y)|0)

&’k —ik(y—2)
= /(277)3 TR [G(yo —xp)e

+O(z0 —yo)eik(y_’c)] Z (k, D)5 ™ (k,1)

) d4k e—ik(y—=) -
i Gy e 2 AW

A==+




Semi-classical source theory
» Insert into vacuum persistence amplitude

4L e—ik(y—=z .
/d4 /d4 /Sﬂi ijZE D (@ex(®) (i(w)er (k)

A=+

w®

a—b

4
_ i %ﬁ S ((Rea k) (j(k)ea (k)"
A=+

» Use completeness relation for polarization vectors (e.g. axial gauge)
Vs L kR RV
Do Akl (k1) = —g* Y
A=t
=0, dim.reg., MS)

» Complete second-order contribution (p2 = p?

w® _ |g‘2(u2ew)s dPk 1 2paps
a—b 4 (2m)P k2 +ie (pak)(ppk)

1 1 2 1 2 2
IR only a( o Pa2pb + = log? 2PePb —%—&-(’)(a))

ez ¢ u 2

- 2

Exercise: Compute matrix element in first line from eqns above
using the Landau gauge —g#v + &4~




Semi-classical source theory

» Real-emission contribution
d3pe. 2
dw, = —
a—>bc( ) (271_)3 2Ec

it exp {i [ ate g @)au) | 10

» Can be expanded into power series

1
AWarspe(pe) = > —dW, "y (pe) . AW, (pe) o g"
» Zeroth order: (5:|0) =0
» First-order term (p2 = pg =0, dim.reg., MS)

aw 2(1) /
/ a=rbe(Pe) (2m) 32Ec

d3p.

= — | oomem 2 ((p)ea(pe)) (i(pe)ea(pe))”

3
(2m)3 2E. =

2e7ENe [ dPp, 2pap
ol ue / c aPb 5(p2
Ig‘ ( 47 ) (27T)D (papc)(Pch) (pC)

a (1 1. 2papy 1. ,2pap, 7 )
~+— = —-lo + — lo; — — +0(e
(52 e B 2 7 %8 12 12 ©

2

/d 2 7 (2) (e A (2)]0)




Semi-classical source theory

» So far we have

2 _ ofl 1 2papp 1. 52papp T
Wa%b__;(eiz_glo 3 +§lo > T O(e)

2(1) _ a1 1. 2pap, 1 ,2pap, 7
/dwﬁbc( )_+;(:2_71 2 log? T T4 (e

» Explicit form of unitarity condition (probability conservation)
» Poles in € cancel between virtual and real-emission correction
» 72 contributions due to D-dimensional phase space

» Double poles in € only appear upon integration over loop momentum
and full real-emission phase space — associated with unobserved region
— can be removed explicitly (real-virtual cancelation)

» Remaining terms are double logarithms

(2) a (1 2 2papp w2
Wa_>b—>—;<flog _E+O(6)

2 u?
2(1) 1. 5 2papy w2
Jawz e = + 2 (e 2 - T 000

» These terms survive if unitarity is broken by the measurement
e.g. vetoed real radiation above a certain scale u?
Exercise: Find more examples where real/virtual corrections are probed



Semi-classical source theory

» Order 2n contribution to vacuum persistence amplitude

2n

W) = ﬁi/d‘lxi]’“i (:ci)} (O\T[HAM (x,-)}|o>
i:l

i=1

» Decompose time-ordered product into Feynman propagators,
use symmetry of integrand in currents

w2 (2n — 1)(2n — 3)
(2n).b - (2n)! H /d @it (@

n
x JJOIT [Apg; (22i) A,y (w2i11)] 10)
i=1

- znnl ( /d4 /d4y1 ()il v (2,9)5" (y ))n =~ (%)n

» Sum all orders in @ — vacuum persistence amplitude squared

ini( éib)

‘Waﬁb‘Q =

=exp {W2,



Semi-classical source theory — Summary

» Sudakov factor from first principles

A=W, p]? =exp {W(Q)

a—b

» Resummed virtual corrections at scale y?
» Logarithmic structure same as real corrections

» For Abelian theories we can also use

*exp{ /defb)c}

» Agrees with heuristics based on probability conservation
» Sufficient for most use cases in non-Abelian theories, but not exact
Exercise: What is different in QCD?

» Universal, semi-classical integrand (Eikonal)

2papy
(Pape)(PbPe)

» Leads to double logarithm 1/21og?(2paps/p?)
» Originates in gauge boson radiation off conserved charge



Dipole radiation pattern

Geometric properties of semi-classical result



Structure of semi-classical matrix element

[Marchesini,Webber] NPB310(1988)461

» Matrix element can be written in terms of energies and angles

2papy _ Wab,c
(papc)(pcpb) Eg

Angular “radiator” function

1 —cosfy

Wab,e =
B (1 — cosBac)(1 — cosby.)

» Divergent as 0, — 0 and as 6. — 0
— Expose individual singularities using Wy, = W&, + W2

ba,c

a1 1 —cosfOgup 1 1
@0 9 | (1 = cosac)(1 — cosbpe) | 1 —cosOae 1 — cos b

» Divergent as 0, — 0, but regular as 0y — 0
» Convenient properties upon integration over azimuthal angle


http://inspirebeta.net/search?action_search=Search&p=Nucl Phys B,310 461

Structure of semi-classical matrix element

» Work in a frame where direction of p, aligned with z-axis
c0s Oy = cos Oy, cos . + sin Oy, sin O cos P
» Integration over ¢. yields

1 27

Po
O U B 1 if 6.<0,
27 Jo €rabe ™1 cosf, 0 else

» On average, no radiation outside cone defined by parent dipole
» Differential radiation pattern more intricate:

Positive & negative contributions outside cone sum to zero

cos 6

cos 6

0.0

- -0.5 0.0
cos Bk

cos B



Structure of semi-classical matrix element

» Alternative approach: partial fraction matrix element & match to
collinear sectors [Ellis,Ross, Terrano] NPB178(1981)421, [Catani,Seymour] hep-ph/9605323
PiPk 1 PiPk 1 PiPk
(pipj)(Pipx)  pipj (Pi +pe)p;  PePj (Pi + Pr)Dj

k J i k J i k J i

— +

» Convenient, Lorentz invariant formulation
» Easy to integrate and use in NLO IR subtraction
» Captures matrix element both in angular ordered and unordered region

Seemingly ideal formulation of antenna radiation

But theory still Abelian, so let's move on ...


http://inspirebeta.net/search?action_search=Search&p=Nucl. Phys.,B178,421
http://inspirebeta.net/search?action_search=Search&p=hep-ph/9605323

Approaching realistic QCD

Structure of non-Abelian result



Explicit example — 2-gluon emission

» Semi-classical matrix element squared for ¢(:

K-

o Tr [TTPT*T?] = —Cp (% - C’F)

» Color factors

C
o Fe,Tr [ToTPT*] = CF7A
Exercise: Where does the structure of the first term come from?

» Kinematical factors

@ o DiDj Dibj
(pip1)(p1p5) (Pip2)(P2DP;)

> @ o p’tp] pip1
(pip1)(p1pj) (Piv2)(P2P1)

Exercise: Can you derive them?

>

@@




Explicit example — 2-gluon emission

» Complete matrix element (Note: s;; = 2p;p;)

Op i (%( st _Si1 )Jr(CF,%) Sij )
831851 \ 2 \ 82812  S;2812 2 ) si2852

» Factorizes into first and second emission contribution
» Non-Abelian color factors mix with Abelian kinematics

» Two important limits
» N, — oo, C4 = const (large N¢ limit):

() (2 )
2 84251281  Si15125j2

» N.— 0, Cp = const (Abelian limit):

Siq Siq
CI%‘ J J
5;1551 832552

Nice and simple formulae, but what have we learned?

Need a tool to visualize what's happening



Making sense of things — The Lund plane

» Compute everything in center-of-mass frame of quarks

h
>
A

j2 yZ

pj bi
» Write momenta in Sudakov decomposition
p1=pi{ +p; +pr1
» On-shell condition: p? = 2(pp; — PT 1)
» “—"_projection: p] = 2p;p1/+/2pip;
> “+"-projection: pi = 2p;p1/\/2pip;
» Simple expressions for transverse momentum and rapidity
> 2 = 2(pip1)(pjp1)

1
’ pPipj
> oy = L PiPL
2 pip1

» Semi-classical abelian matrix element squared o 1/p2.



Making sense of things — The Lund plane

» Rewrite rapidity using transverse momentum

2
1. pip1 1 51 1. PraSi
n =—1In = —1In 5 =—In 5

2 pip1 2 P15 2 551

» In momentum conserving parton branching (5;,5;) — (pi,p;,p1)
S <<t
2 ppg 2 ppg

» Differential phase-space element o dp2. dn (exercise)
» The Lund plane In(p2./5)
> 1,In(p3/3) plane

» Phase space bounded by diagonals
» Single-emission semi-classical
radiation probability a constant
Exercise: How do the double logarithms
in the integrated matrix element
emerge in the Lund plane?




Explicit example — 2-gluon emission

» Limits of 2-gluon matrix element in Lund coordinates

> N.— oo, C4 = const (large N limit):

(Ca/2)? .
5G9 26D T (’ “”)
Pp1" Pr2

» Gray area - Cp
> Blue area - C4/2

» N.— 0, Cp = const (Abelian limit):

2
CF Cp

2 (4,5), 2 (4,5)

Pr1Pr2

) )

» Gray area - C / /’ \




Explicit example — 2-gluon emission

» Full 2-guon matrix element
Cr i (CA
p%,l E3 2

» Rewrite using single-soft radiator W'y = Wj, , — Wy, ,

1 ()i o)

» Azimuthally integrated Wil”Qj
vanishes if 8;2 < min(6;1, 0;5)

(Wzl o+ Wiho— WZ]Q) +CrWia+ (l “ J>>

> Azimuthally integrated W}, ,
vanishes if 612 > 6;1

» For 9j1 < Oij and 012 > 6;1, / ....................
both C4/2 terms vanish —

Radiation from Cr term alone

The simplest manifestation of angular ordering in QCD



Color coherence and angular ordering

The heuristic picture



Color coherence and the dipole picture

[Marchesini,Webber| NPB310(1988)461
[Gustafsson,Pettersson] NPB306(1988)746

» Individual color charges inside a color dipole cannot be resolved if
gluon wavelength larger than dipole size — emission off “mother”

<

» Net effect is destructive interference outside a cone
with opening angle set by emitting color dipole

» Known in QED as the Chudakov effect

Let's have a look at the implementation


http://inspirebeta.net/search?action_search=Search&p=Nucl Phys B,310 461
http://inspirebeta.net/search?action_search=Search&p=Nucl Phys B306 746

The phase-space integrals



Phase-space factorization

» Differential n-particle phase space element (massless partons)

ﬁ a4 pz } (%)45(4)( ZPJ

» Obeys s-channel factorization formula [Byckling,Kajantie] NPB9(1969)568
» Use factorization to split off a 1 — 2 decay

d¢’n(1’l:~ .. ,an

dPZ
d®n(p1,...,pn; P) = d®n_1(P12,p3,...,pn; P) 2;2 d®a(p1, p2; P12)

» 2-body phase space in center-of-mass frame of light-like p; & p2

d@g(pl,pQ,P) dCObed(b

» Rewrite in terms of light-cone momentum fraction z = (1 +cos6)/

1 d
d®n(p1,...,pn; P) = dPn_1(P12,p3,...,pn; P) — ds12dz do
167 2m
> Most parton showers evolve on-shell states into on-shell states
» Must redefine Pi2 — Pi2, where P122 =0, while P?=const

How the redefinition is achieved is to some extent arbitrary

This is referred to as the “recoil scheme”


http://inspirebeta.net/search?action_search=Search&p=NPB9(1969)568

Putting everything together

| — Angular ordered evolution



Angular ordered parton showers

» Matrix element
2
‘j\4|2 = |92|& + spin dependent terms
(Pape)(Pype)
» Define splitting function 2P, = 2(papc) |M|?

» Differential phase space

1 dé
dey1 =~ Ton2 dsqcdz g
. 1
> Rewrite z — ~ % Oab _ __ Papy
2 (Pa + pe)py
» Differential radiation probability
d dg?
AP = Ay |M|? ~ SPaP) 4 s b T 4222 Pac(2)
(papc) 2 q 21
» Semi-classical splitting function P,.(z) = 2C, 1 z
Add spin-dependent terms for complete result in collinear limit

2paPe

» Ordering parameter §2 = —°_
z2(1—2)

0
= 4Egc sin? %



Angular ordered parton showers

» Differential radiation probability

dg?

dP = d®41|M|* = —
q

dz 28 Pyc(2)
2

» Dipole radiation becomes monopole radiation
— parton (not dipole) shower

» Non-Abelian structure of QCD simplifies
— radiation off mean charge Cr or Cy4

» Lund plane filled from center to edges

» Random walk in p2,
» Color factors correct for observables

insensitive to azimuthal correlations
» Small dead zone at In(p2./5) =~ 0




Putting everything together

Il — Dipole evolution



Dipole showers

» Matrix element
2
|M|? = |g2|& + spin dependent terms
(Pape)(pype)
> Define splitting function Poc = p7. .[M|?
» Differential phase space

1 d¢
d®; ~ T6n2 dsqcdz P

> Rewrite z = 1 — —%¢_ ¢=2nc
S — Sac
» Differential radiation probability for the dipole

de(,

dP = d®1|M|? = dn C;ﬁac( 2)

T c
» Semi-classical splitting function P,.(z) = 2C,
Add spin-dependent terms for complete result in collinear limit

» Ordering parameter p7.



Dipole showers

» Differential radiation probability for the dipole

dp?
AP = dd1|M[? ~ — ¢
pT,c

25 Be(z)

d
fle 2w

» Semi-classical dipole radiation has constant probability
LT
» Due to ordering in p7. . no natural way
to recover correct color factors (* later)

» Lund plane filled from top to bottom

» Random walk in n

» Color factors in improved

leading color approximation
» Both ends of dipole evolve simultaneously
No dead zones

v




Putting everything together

111 — Dipole-like evolution



Dipole-like showers
» Matrix element
2papo

|M|? = |g?| ——=22— + spin dependent terms
(Papc)(Pbpe)
2
» Partial fraction |M|? = |¢?| _ ZDabb | (a - b)
Pape (Pa + Pp)Pe
> . - . 2, 2PaPb
Define splitting function 2P, = 2|g°| ————
(pa +pb)pc
» Differential phase space
1 d¢

d¢)+1 ~ W dsac dz g

. 1 6
> Rewrite » — 1 <030ab _ __ Pal

2 (Pa + Pe)py
» Differential radiation probability
dp? _
AP = d®41|M|* ~ —2 dz 22 Pye(2)
T . 2
_ 1—=2

P Semi-classical splitting function P, =204 —F—5—+ -1

Add spin-dependent terms for complete result in collinear limit

» Ordering parameter p7.



Dipole-like showers

» Differential radiation probability
dp? s =
AP = dd4 1 |M|? ~ —C dz 22 Pye(2)
Pr.e 2T

» Unified picture of parton and dipole evolution
» Due to ordering in pZ. . no natural way
to recover correct color factors ( later)

» Lund plane filled from top to bottom

» Random walk in n

» Color factors in improved
leading color approximation
» No dead zones




How to color the Lund plane

Multiple emission pattern of showers



Radiation pattern of angular ordered and dipole showers

» In angular ordered showers
angles are measured in the

event center-of-mass frame - gj/z
— coherence effects modeled

by angular ordering variable agree / """"""""""""""""""""" \

on average with matrix element ‘

» In dipole-like showers
angles effectively measured
in cen-tell'-of—mass frame -c
of emitting color dipole

— angular coherence not reflected ‘T \
by setting average QCD charge

» Emission off “back plane” in Lund diagram should be associated
with Cr, but is partly associated with C4/2 in dipole showers

» All-orders problem that appears first in 2-gluon emission case



Correcting the radiation pattern of dipole showers

[Gustafsson] NPB392(1993)251

» Analyze rapidity of gluon emission in event center-of-mass frame

» Sectorize phase space and assign gluon to closest parton
— choose corresponding color charge for evolution

» Same technology for higher number of emissions

Cr
— W Cc,y/2

» Starting with 4 emissions, there be “color monsters”

» Quartic Casimir operators (easy)
» Non-factorizable contributions (hard)

Not captured in either angular ordered or corrected dipole evolution


http://inspirebeta.net/search?action_search=Search&p=NPB392(1993)251

Universal higher-order corrections

The CMW scheme



Soft-collinear enhanced terms at NLO

» Approximate soft-gluon emission times collinear decay in ¢(i)3(j)g(1)g(2)
using seml -classical limit and gluon splitting function

P:b"(zl)
E ]7,] I3 p12)]1] U(p12)
b 512
9,9

P (2) = g +4z(1—2) 722 L
L

Pyg (2) = Ca <g“” (i 41 72) —2(1—¢)z(1 - 2) kiki)

2
1—2z z k5

» Combine with phase space for one parton emission in collinear limit
D =4—2¢, y=s12/Q?, see for example [Catani,Seymour] hep-ph/9605323
Q2—25 (471_)5
1672 T(1—¢)

d® ) = dydz [yz(1—2)] "¢

» Perform Laurent series expansion

O () B = (1n”y)
y1+5 - £ + Z n! n

n=0 """ Y



http://inspirebeta.net/search?action_search=Search&p=hep-ph/9605323

Soft-collinear enhanced terms at NLO

» O(c%) remainder terms proportional to

g—qd: Tr [22(1 —2)+ (1—22(1-2)) In(z(1 — z))]

Inz In(1—2
nz I(i-2)

g—g9: 204 {1 +(72+z(172))1n(z(17z))}

—z z

» Integration over z gives

67 w2 10
LT ou- =T
(18 3) AT g RS

» Some additional terms from semi-classical diagrams
» Contribution from exact virtual correction (no unitarity!)
» Only 72 term changed (identical to N = 4 SYM)

» Sums to two-loop cusp anomalous dimension
67 2 10
K= (7 - 1) Ca =5 Trny

» Local K-factor for soft-gluon emission
» Scheme dependent: originates in dim. reg. and MS

K can be absorbed into an effective coupling

This is called the CMW scheme [Catani,Marchesini, Webber] NPB349(1991)635


http://inspirebeta.net/search?action_search=Search&p=Nucl. Phys. B349, 635

Connection to analytic resummation

Event shapes at NLL accuracy



How to assess formal precision?

» Angular ordered parton showers are proven to be NLL accurate
for certain observables, provided that the CMW scheme is used

» But how do we quantify this for other showers?
Can we establish a limit where parton showers
should reproduce NLL exactly?

P Let's use a well-established result as an example

» Observable: Thrust in eTe™ —hadrons
» Method: Caesar [Banfi,Salam,Zanderighi] hep-ph/0407286

This discussion will be quite technical, so why have it at all?
Because the relevant limit is the a5 — 0 limit.

Sounds pretty unphysical, so it’s definitely worth a closer look!


http://inspirebeta.net/search?action_search=Search&p=hep-ph/0407286

NLL resummation for simple additive observables

» Contribution of one emission with momentum k to “thrust” v =1-T

wk):(%)e*" S VR D = V)

where kr, n =log((1—2)Q/kr) — Lund coordinates of soft-gluon momentum
» Define a shower evolution variable ¢ = k2./(1 — z)
» Integrated one-emission probability for ¢ > Q%v

Q% 4 Zmax k2
Rpg(v) =2 ad / dz s (k) c
Q2w €& Jamin 2

P -0+ 0] o)

1—=z2

z-limits from momentum conservation, ©(n) implements angular ordering
» Approximate to NLL accuracy

@[ as(K2) 20k as(6)
RNLL(v)_2/Q2U£[/(; as 2T 22 o) - 22 o,

Exercise: Can you derive the value of B,?



Origin of the ag — 0 limit — The F function
» Define the cumulative cross section (v)
S (v) = e B F(v)

» Obtained from the all-orders resummed result

20) = [ @l exo { - /. @HM®)P |

X Z ml(ﬁl/ A3k, IM(k)|2> ( 7V({p}’kl,”_’kn)>

by Taylor expansion of virtual corrections in ¢

exp{—/ d3k|M(k)|2} =e B¢
gvy

» Definition of F(v)

—R’ ln OO 1 mtl
Fv) = /d3k1\M(k1)|2 %( H/ A3k | M (k \2)
m=0

X 9(7} - V({p}vklv"'7k”))

» Purely NLL (no leading logarithms!)
» Accounts for multiple-emission effects




Origin of the ay — 0 limit — The F function

» In order to make this calculable, make the following approximations

» Observable is recursively infrared and collinear safe

— Can scale phase space f"ll

» Hold as(Q?) Inv fixed, while taking the limit v — 0
— Can factorize integrals and neglect kinematic edge effects

» Reduces F-function to convenient form
F=erome = (fTwe [ € )eo(1-30)

e—ER

» For thrust and similar observales, F(v) = ————
T(1+ R)

Remarkably simple and clean (no NNLL contamination)
Could only be achieved because of the limit v —0 / as =0

as — 0 benchmark tests exactly NLL, nothing less or more



Differences between pure NLL and parton shower

[Reichelt,Siegert, SH| arXiv:1711.03497

» Schematic difference between analytic resummation and parton shower

» YnpwL(v) determined at exactly NLL
» Ypg(v) determined by unitarity

» One can find a unified NLL/PS expression for R(v) and Z(v)

d vood
5 (v) exp{— fR;v(@ - / EER’@(&)}

S (L Er)ol

i=1 Y Ymin

where

>v boft

Qg <) 0 :.oft e
RL,(€) = /.

dz _
min 1—z 7r

% 22 coll 1
§v) / = 1dzC’F ;Z


http://inspirebeta.net/search?action_search=Search&p=arXiv:1711.03497

Differences between pure NLL and parton shower

» Isolated differences in terms of resolved/unresolved splitting probability:

Susoft (o max Sv,coll (9 max
R/<v (€) = s (Mg) /zgu,soﬂ,dz Cp _ Qs (Ngv) /zgu,coudz Cp 1+ 2
= ™ »min 1—-2 ™ »min

NLL Parton Shower NLL  Parton Shower
- atb P atb
20 oft - (f/QZ)Zf“ 28 ol 1 1- (f/Q2)2’2“

11’2>'U,sofvt 5(1 - Z)m :“’2>v7c011 £ 5(1 - Z)m
aZvsott 2-loop CMW azvl | 1Joop  2-loop CMW
22 %o - vt L (/@)% 2 | 0 1-(€/Q)%

2 2b 2b 2b

/’L2<11,soft Q%m(l - Z)m 5(1 - Z)m M2<mc011 n.a. 5(1 - Z)m
aSvssoft 1-loop 2-loop CMW  aSvcell | na. 2-loop CMW

» Can cast pure NLL into PS language by using NLL expressions in PS
» Can study each effect in detail by reverting changes back to PS



Implementing NLL resummation as a shower

v 1 |
A ]
-0 ]
= [ i
—— Analytic NLL € — 0 1
—+— Shower € = 0.001
—+— Shower e = 0.01 7
Shower € = 0.1
107" - —
Bt
sE =
s 2F
£ g
I
3 oo
] LE _
e E
H= =
5 E B . Anglye;cNLLc oq’
£ G o ;
A L‘rﬂ:r— B wwl—ﬁi‘ Uﬁw‘*{ﬁ}ﬁ&‘am \HH*;L—4~W.LAW,—H
& 2 Loy i
'3’1111}1111}1111}1111’
H= E
5 E i+ AnalytieNLL € = 0.1
B 1ged 2
] LE ,
= S R N R
2 s -1 o5 o
10&10(7’)

» Modified parton shower exactly reproduces pure NLL result
» E.ns=91.2 GeV, as(Mz) = 0.118 fixed flavor ny =5



Local four momentum conservation and unitarity

Fractional Energy Correlation with x = 1.

—— same plus 32 = k¢
Shower € = 0.001
z2(1-2) > K/Q4y >0
same plus y* = k3

— AnalyticNLLe — 0
Shower € = 0.001
2(1-2)> K/

I

Bl

-2 15 -1 -0.5

» NLL—PSin 2

min/max

(4-momentum conservation)

» NLL—PS in zmax

>wv,coll

(phase-space sectorization)

» NLL—PSin p2, .,
(conventional)

o
S

Ratio

Fractional Energy Correlation with ¥ = 1.

e DR
17 -
08 h
A
06 D

Analytic NLL € — 0 LL
—— Shower € = 0.001 |
e =1- (/)% 4
Shower € = 0.001

0O

k;

Heosoft = kT

(from PS unitarity)

NLL—PS in w2, .,
(from PS unitarity)

02 =
R R
14 [ [ l 3
2 . E
11— = :
08 AJI'I'I'I,’:—"'IH E
Sl Y= R R R VR~
2 s - o5
FC,
1 max
NLL—PS in z2ax



Running coupling and global momentum conservation

Fractional Energy Correlation with x = 1.

s — Analytic NLL e 0 1,
o Shower e = 0.001 s
= 2-loop (< v, soft) 5
- 2-loop CMW (< o, soft)
Shower € = 0.001 =
2-loop CMW

Ir

Ratio

LRI Y Y P P o IR T PO PN P Y Y

-2 1.5 -1 -0.5

F

» NLL—PS in 2-loop CMW < v, soft
(from PS unitarity)

» NLL—PS in 2-loop CMW overall
(conventional)

Ratio

>

Fractional Energy Correlation with x = 1.

Analytic NLL €

unitary Shower € +,0.
2(1-2) > K/Q% >0

—— o from 4-momenta

W T TR

-1.5 -1 -0.5

NLL—PS in observable
(use experimental definition)

g
o



Overall assessment

» Simplest process and simplest observable,
still sizable differences away from v — 0 limit

» Due to kinematic edge effects & unitarity

» At NLL, none of the methods is formally better
— Difference is a true systematic uncertainty

The as — 0 limit is mandatory for exact comparison

Away from this limit there are important systematic effects



Problems with recoil

Correcting the momentum mapping



Momentum mapping in dipole-like showers

[Dasgupta,Dreyer,Hamilton,Monni,Salam]| arXiv:1805.09327

» Recently identified problem

Wlth sta ndard dipole—like recoil ratio of dipole-shower double-soft ME to correct result
1
2
p. .
no__ k) SH
P =\1=—5—"— 1D £
k ( 2pijpk> k 05 P
=
2 g
Pl = E 4+ (1= 2) a4l . ?
! I 2P Pk < 7
~ 0.2 <
2 ¢ z
B NSE s Sp W " h
Py =0 =P, +Z——p, — k| g
J ij . g
zpszlc o4 ?
» Angular correlations across multiple 2
emissions due to recoil on splitter in 0.05 |- Applies to "diamond" rapidity region | ,
anti-collinear region m w2 0 2 on

Aty
» Spoils as — 0 consistency check


http://inspirebeta.net/search?action_search=Search&p=1805.09327

Momentum mapping in dipole-like showers
[Dasgupta,Dreyer,Hamilton,Monni,SaIam,Soyez] arXiv:2002.11114
» Problem can be solved by partitioning of antenna radiation pattern
and choosing a suitable evolution variable (5 ~ 1/2)

_ 317l _ (55 B/2
b = pve ' (QQSij>

» Three different recoil schemes lead to NLL result if 3 chosen appropriately:
Local dipole, local antenna, and global antenna

» NLL correct for global and non-global observables in ete™ —+hadrons

Dipole PanLocal PanLocal PanLocal PanGlobal PanGlobal

(Py8/Dire v1) (B=0,dip.) (B=1dip.) (B=3ant) (B=0) (B=1
Brinot ¥ Trot % T ¢ Tae ¢ T ¢ e # 7
By [NLL i fNLL g LOK ¢ fOK b LOK 4 fOK b
LY R SRR I SRR SR U SRR O SN
rg [T g T
max[uf:%]'ﬂn‘,s:l/z P T * T ¢ T *T T ¢ 1
Thrust | O ¢ T * + ¢+ ¢+ ’
max[uf =] =1 T ® T T T ® T ?
slicefygs 4 T ® T T b T T ?®
Nsubiet (kp-alg) | b+ g 1 $ 4 1 gt § 1

. . . . . .
-0.05 0.00 -0.05 0.00 -0.05 0.00 -0.05 0.00 -0.05 0.00 -0.05 0.00
Relative deviation from NLL for as—0


http://inspirebeta.net/search?action_search=Search&p=2002.11114

Momentum mapping in angular ordered showers

[Bewick, Ferrario-Ravasio,Richardson ,Seymour] arXiv:1904.11866

» Recoil schemes affect logarithmic accuracy
but impact also phase-space coverage

» In context of angular ordered Herwig 7
(NLL accurate for global observables)

» qr preserving scheme:
Maintains logarithmic accuracy
Overpopulates hard region

» o2 preserving scheme:
Breaks logarithmic accuracy
Good description of hard region

» Dot product preserving scheme (new):
Maintains logarithmic accuracy
Good description of hard radiation

1/0 do/dIn(y,s)

MC/Data

1/e do/dIn(yz)

MC/Data

Durham jet resolution 3 — 2 (Ecys = 912 GeV)

8 9
~In(ys)
Durham jet resolution 3 — 2 (Ecys = 91.2 GeV), zoom

In(yz3)


http://inspirebeta.net/search?action_search=Search&p=1904.11866

Analytic properties of branching equations

Forward vs. backward evolution



Properties of splitting kernels
» At any order of perturbation theory, splitting functions obey sum rules

1
/ d¢ Pgq(¢) =0 — flavor sum rule
0

1
Z / d¢¢ Pac(¢) =0 — momentum sum rule
0
g

c=q,

— defines regularized splitting functions Py, as

P 1—e¢
Pun() = limy [Pus(21001 ¢ = 2) = 6 ZEED 3 [T ace (o)

€=q,9

» What does that mean in physics terms? P(2)
» Contribution o« ©(1 — & — 2)
corresponds to real-emission corrention
» Contribution cc ©(2 — 1 +¢)
corresponds to virtual correction
» Momentum sum rule is a unitarity constraint

e
<




Relation between parton shower and DGLAP evolution

» DGLAP equation for fragmentation functions

Pl R I

> Refine plus prescription [2P.(2)] , = lim 2Pup(2,€)

O(z—1+¢)
€

1—e
Pub(2,8) =Pup() O(1 —c = 2) = 80p 3 /0 dC ¢ Pac(©)

c€{q,9}

» Rewrite for finite ¢

dIn Dg(z t)
dlnt czq

—€

1—

s [z as D ,
/dcca Pac(¢) + Z T m@%
g 0 - a b

» First term is derivative of Sudakov factor A = exp{-\}

Aq(t, Q%) *eXp{ /Q2 dt Z/ sPac(C)}

c=4q,9



Relation between parton shower and DGLAP evolution

» Use generating function 11, (z,t,Q?) = Da(x,t)Aq(t, Q?) to write

dInTl,(x,t, Q) dz % 5 Dy(x/z,t)
© dlnt/Q2 qu:g/ Far®) Da(z,t)

» |f hadron not resolved, obtain

d Ha(l’,t,Q2) 1—e¢
dlnt/QQI ( Dq(x,t) )7 dlnt/Q2 Z/ d”*Pab(z)

b=q,g

» Survival probabilities for one parton between scales ¢; and t5:

M Resolved hadron <+ constrained (backward) evolution
a(ﬂ: t17 Q2)
8276»22; No resolved hadron <> unconstrained (forward) evolution
1,

» Parton-showers draw to-points starting from ¢; based on these probabilities

See heuristic introduction and tutorial for how to do this in practice



Summary of this lecture

» Parton showers are a topic of intense research, and they are expected to
remain so as they provide the only effective means to simulate fully
differential events with QCD radiation at both high and low scales

» The comparison with analytic resummation provides provides new,
important constraints on old algorithms. Away from the a, — 0 limit
differences appear due to momentum and probability conservation

» The extension of parton showers to higher perturbative orders and to higher
logarithmic accuracy as well as higher accuracy in the 1/N. expansion will
be an important step towards high-precision event simulation at the
HL-LHC and future colliders



