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1. Amplitude level coherence and the AMFS! result
2. Diagrammatic proof of the AMFS result at one-loop

3. Rederivation of the AMEFS result in Glauber-SCET (rothstein, stewart 2016]

4. Towards two-loops

1[Angeles—l\/l‘ar‘ninez7 Forshaw, Seymour 2015]
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The ordering problem

We are concerned with amplitude level results, and especially the regions of phase space where
factorization breaks down. To illustrate the problem let us consider

® Resummation of non-global logarithms [Angeles Martinez, De Angelis, Forshaw, Plitzer, Seymour 2018]

dog = (MO Vo, olM©)drl,

Qo,Q
doy = (MO )} (Vae,z: DY VE, @) M)

do <M(O)|( )u1u2 (VQO,E2D2 Vi, 5, DY VEl,Q)|M<O>>dH1dH2

Os dE dyd E2 L=
V, bfexp|: / ‘“Z( T, T]){/ de)k(il;) —méin DY =T L
€1

i<j j<i "4

® This algorithm satisfies an evolution equation, resums LL, subleading non-global logs and is equivalent
to all the other approaches [Weigert 2004; Caron-Huot 2015; Larkoski et. al. 2015; Becher et. al. 2016]
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The ordering problem

The algorithm involves ordering the subsequent emissions:
doo = (MO, Ve, oM ®)dIl,
doy = (MO|(.. )] (VQo,5, DI Vi, )| M)dIL

doz = <M(0> ‘( . ‘)Lluz (VQO»EQ D52VE27E1 Ditl VEI»Q) ‘M(O)>dH1dH2

Ordering in energy only correct when insensitive to Glauber exchanges!

For the leading Superleading logs:

2Ca Q
5! Qo

® Energy ordering gives co

4
s

® Lp ordering gives In® <

. . . . 2Cat, 5 @
® Virtuality ordering gives 3 x ‘.)(,Y-*ln)cgvo

® Angular ordering gives 0

What is the correct ordering variable?

[Forshaw, Kyrieleisis, Seymour 2006;
Banfi, Salam, Zanderighi 2010]
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Soft gluon factorization

To begin answering this question start with the amplitude for N soft emissions ordered in their softness:

N LK gy K L. K1 K Q

and try to write an expression like the one before.
Ingredients for a one-loop calculation:

® Soft gluon factorization: [Catani, Grazzini 2000; Duhr, Gehrmann 2013; Li, Zhu 2013; Feige, Schwartz 2014]

IM(q,p1, . pn)) = g e (@ Tu(@)M(pr, ... pn)), @) =T @)+IV (@) +...
® Tree level soft current:

H v

p D
JHO) () = ,E/‘d ax :T-(ij - )
(]) ; z]((l) J pi-q pi-q

® One-loop soft current:

L. 1 1 Qs cr eimdij arp? ‘
J(l) (]) B 7jzlkzld( ) (1 dEj)((I) - E*TU T <6_i7‘siue_i7"5j(/ ((] ”))2> dij(q)
® One-loop hard virtual corrections:
1y _ N~ 0) as &r indyy Amn? \
M57) =33 LMY, 15(0,Q) = 52 5T T ( “2,,>
i=2j=1 i Pj
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Ordering multiple soft emissions

And we arrive at the amplitude for ordered soft emissions:

|Mx)y = (gu) " I(gn) ... I (@) [M(pr,- ., p0)),

Both soft gluon operator and the hard matrix element have loop expansions:

J@) =39 +IVD ..., M) = M)+ | MY ...
One-loop pieces:
n+m n+m n i—1
J< ([m+1 Z Z d (]m+l) ’Mél)> = ZZI’LJ(O7 Q)‘MO(O)>
j=1 k=1 i=2 j=1
DPntm = qm , qj+1 ~ Kqj K gj

Note that both I;;(0,Q) and dg? are IR divergent whereas we are aiming at an expression where the
intermediate virtual pieces are IR finite. We are almost there ...
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Amplitude level coherence

Remarkably, the same amplitude (at one-loop) can be expressed as [Angeles-Martinez, Forshaw, Seymour 2016]

AMES result

) =

) J(O)((]\ J(O) m)(zzl'/ (lj>7Q))|M(go>>

1=2 j<1
n+m—1

N

Z IO (gn) ... IO (gm1) ( Z ZL] ‘1m+u7f1 (i5) )J(O)(Q'm.) - ~J(0)(q1)|M50)>

=1l = 7<i

N n+m—1

NV n+m k 0
e 2 J((])(q‘\')”'J(O)(qm“)( > Lemyslanii ™, a0P)a .;k:(Qm))J(O)(qm_1)~~~J(O)(q1)|Mé )
m=1 j,k=1
' i j
g n+m k
I’l((Il(r1+lL7q7(71}ﬁ) I(VH’?TL) ((jr/(r J[A) ’ fviﬁ)
Li(¢7,Q) T 3O (q,,) A1 (gm)
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Why is this result significant?

1. Unique ordering variable: QCD singles out dipole-kr as the ordering parameter: dipole-kp
ordering is exact - no approximation of the limits of loop integrals!
(i3\2 _ 24-Piq-Dj
q =
( + ) Di - Dy

2. IR finite: The one-loop insertions I;; are IR finite, no intermediate poles, everything in 4
dimensions (except for the very last emission).

Lij(a,b) = %Ti T {(42752)6(1 +imbi; — €1n2p;pj) - (4Z§2> (1 +imdi; — eln 2P = p;)}

3. Markovian nature: Basis for future all-orders future amplitude level parton showers.
[Forshaw, Holguin, Platzer 2019]

4. No analog in SCET: Because of the weird third line that we saw, the expression simply doesn’t
exponentiate, and cannot be written as a solution of an evolution equation. Nonetheless,
SCET will still prove to be very useful in understanding this result.

8/30



Diagrammatic proof of the AMFS result at one-loop
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Switch mechanism for one real emission

We will focus on the imaginary part obtained by considering Eikonal cuts (cuts through the soft gluon and

j vanish): G o

e

. . N i
[T{'(Ti - T;) — (Ti - Tj)T7* + (Ts - T;) Ty / 7;
0 1

Contribution of graphs (a-c):

o im Pi- €1
87r2pi g1

(d) involves

: . -2 Q? d—2
4o Bs [T?(Tz--m—<Tz--Tj>Tswa¢/ T
872 pi - q1 2 Jo 020604 G11)2

Interestingly, this integral is an exact O-function!

ﬁ Q? dsz_ _ /Q2 dng_ 7L - (ZJ_ +ql) _ /(Tl?L de
0 0

2 Jo [i (ZJ- +qi1)? Zi ([J_ +q11)?

72

1
72
£
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Switch mechanism for one real emission

G1,M, C1
P

fi?;é>§$ :

The loop integral of the triple gluon vertex graph acts as a switch:

Q% g7 Tt gp2
8T pi-qn 72, 02 o 02

a1 tL

The result can be generalized to final state partons as well. Thus we have:

[ [J(il (ql)CQ1L7Q + CO»QlLJil (l]l)] |Tl(0)> ]

. 2
Jc1 Q1 ZTcl pi - 61 C,, = —in'T; - T b d(i
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Switch mechanism: another useful way of looking at the result

Isolate the scenarios where the real emission comes about from the Glauber exchange long before,
or as a part of the hard scattering.

_—_— - Q* g2 i >®= })3+E>® +}>®
— o Ty (RS - 2y [T o) s
q

8 P pira/ Jgz 02 (4) J

Co,JI5 (q1)|[n?) - i

Both the contributions are gauge invariant.

Other Wrongly time ordered cuts that pass through the soft gluon vanish
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Ordering soft real emissions: tree level

We are interested in the structure of the operator for two soft real emissions:

!nf%) = Kz(q17Q2)|n(0)>

We assume that 7, < ¢, and consider kinematic limits for go defined by the system {p;,p;j, ¢1}
to capture the leading contributions:

Limits on ordering of the two emissions

a1 || {pi,pj} and g2 |[ {pi, p;}

1.1 L {pi,p;} and @2 L {pi,pj,q1} ' 2 ' ) ' . Z ?
2. 1 L {pi,p;} and g2 || {q1,pi,p;}
3. ¢1 H {pi,pj} and q L {pi,pj} Important for SLL! ) ] ! ) )
J J J J
4.
(a) (b) (c) (d)

In all these limits we find

Lfer29gy - €9

q1 - q2

Ko (q1,q2) = I3 (q2, 1) I (qn) , I3 g2, ) = 6T (g2) +
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Two emissions at one-loop: Eikonal cuts

Y

e e

Consider cuts through the fast partons.
Careful grouping of graphs gives rise to
kr-ordered expression:

J5(q2,q1)I1(q1)Cqy ., @

YV YV

+ J;2CIG(Q27 ql)CtDL,thLJ?(ql)

+ Co,42 I52 (g2, 1) IS (an) | | M)

el
v v [ [

¥ 7] v| v v
v|Vv]¥ v |Y| ¥ Y




Two emissions at one-loop: Soft gluon cuts

Another scenario where the cuts pass through two soft gluons. Leads to the nontrivial third line in

the AMF'S result

i i i i i i
1 1
+ + + +
1 2 2
j j j 2 j j j

+ + +

J J J J

. ((j(.7l))2 o)
amb (P " €1 pi- €1 . pcrae: peobe q1 - &2 pj - €2 17 2L dEL
pi-q pi-q Qg2 pj-qe 82 Jo 02

—('1"))2

. q- 772
,ifCQaeifqbe(ql’EZ 7pi'€2>|:7ll/<12A %] {M(O)>
Qg2 Di G 872 J, 2

The insertions are bounded by the k7 in the dipole rest frame of the ¢1 and the parent (i or j) of go:

i1)y2 _ 2Pi"q24q1 - q2
(@))2 =220
Pi - q1




Arbitrary number of emissions at one-loop

1. Can prove similar ordering in emissions from outgoing partons.
2. Calculate the real part in the Eikonal approximation.

3. Do some color algebra.

AMES result

[MP) = ()N IO (gn) ... TO(q (ZZL/ (”>7Q))|M(§0>>
1=2 j<1

N n+m-—1

WY IO (gw) .. IO (gnir) ( Z > L, at) )J“”(q D - T (1) M)
m=1 =2 j<i
N n+m—1

)V Z Jm)(qN)'~'J(O)(q"1+l)( Z I(n+m)j(qfr(ziJer)J)’qfr]LkL)) .iki(qm))'](o)(qm—l)"'J<O)(q1)|MO(O)>
m=1 7,k=1

This result is equivalent to Catani-Grazzini result because
N
AP (gm) & =3 (@) 150, 057)) + 150,057 IO (@m) + Lgmy (0,057 )iy (@) + Ty (0,057 )i (am)
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Re-derivation of the AMFS result in SCET



Starting point

We now consider the same problem in SCET; with hard scattering and Glauber operators:

hard scattering _ ¢ + +
Legmry T = €, Wa S TSaWstn

cemmmest = £ (s, As) + 3 LY (€nys Any) + £ ({6ny, A, o0, As)

SCETy;
n,n
and make use of
a) The Glauber operators b) Soft-Glauber correspondence (for the cases
1 where it works):
11(0 — (G) _
EG(>: m“’PZ 2: OzB OBC 20]0 S e
P2
n,n4,j=q,9
YT B 9 n R
711 OZ O]n ‘ /o/
n v .
1,7=4,9 S & 1 G
N, .
X o
N 5
018 =X, 1% xa 087 = §1PPBYL, 5 - (P+PHBYY
OF — X TP v, 09 — 3 Be, n L (pyphBDy
e
0 = $rma, {r/ SaPiy 7’“95;15;',5“7&15,.{]1?;’17—%7qg:is;fs,‘r/ggl),f"";'“S;f‘mgf:'ﬁ”&,} [Rothstein, Stewart 2016]:
“It is then interesting to note that the simplest
g p.

0P = sra TP 393 07" = 8ra, ( EerBae, & (P+PhHBIY"
method of computing these (im) terms is by making
use of the G; Glauber diagrams.”

015 = gra,

TP %y 08 = gma (g FECPBIC, 1 - (P+PBEDH
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The “G; Glauber graphs”

For the case of imaginary part of the one-loop one-real emission, we have 3 diagrams®. The fourth in the
row equals its zero bin. Fifth vanishes trivially.

"~ s ™ T~ s
TN e
ag o® G e
Ly 1’@:_ §: 5~
—. —. S .
n n n
Hard vertex correction Lipatov vertex
T S « S S
—iK NI
| = G . Yy = & e
: - ] -
! 7 ! I
n ' n’
9°Co,@I5 (a1)| M) 9°[37(0)Cq,q + Co,q 37 (@) — Co,0 37" ()] | Mo)

2had 7 in full theory
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Eikonal cuts for one loop 2 soft emissions in SCET

e o e £e e ; "
*:ﬁ _ \X:Z \Qf ~ [_ ii/QQ dﬂ]Kq 2 (g1, q2)| M©)
N IS G N 8n2 Jo 02
"3 e s : "
1§E>= Qﬁg g D Tb_(ifbcw)T_(p? 1 u) [_i/ deL} I ()| M)
! g;(/ g({és ’ ‘\pj a2 pi-q 8n2 Jgz 02 !
" Eons n amb (Pj €1 Pi €1\ |. crae; pegbe (91 €2 Pj €2
>9:«\@‘M we e mmER e e (0 - )
; gi/” Rg%s - _ifcgaeifclbe(ql €2 M)H:_i Q% qi? }|M(O>)
q1-q2  Pi-q2 8n2 Jz2 02

® Individual contributions are gauge invariant and add up to yield the previous result for Eikonal cuts

® Two gluon emission in forward scattering regime involves only two graphs®! The ones with soft

propagator are subleading in strong ordering.

3had 36 total in full theory
20/ 30



Soft gluon cut graph(s) in SCET

To consider the diagrams corresponding to “Soft gluon cuts” we distinguish between the rapidities of the
two soft emissions, and express the momentum g2 in the (i1) dipole frame:

7 . . .
K= L(A k+ i pik+k s kf(n) _ 2k k
Di* q1 Pi - q1 pi-q1
Consider the forward scattering: g(q1) + g(q32) — g(q1) + g(q2)
Scaling in the (i1) dipole frame: 2 L
&1 Qéés 2
71 n 3 n 3
q1~q+( (1,0,0)i1 TN S "~ &
<11>(07 17 0)11
/ +(zl) 2 7 e
(L, A%, N)a T T
i n n
42~ gy ~ q1+( RO PP
0~ +(z1) )\ A A 7 n< RIS (AN
a )it ~._ . .
+(i1) —(i1) g2 (i1) VPi Q4241 - q2 _
= =/2pi q1, A= i) ﬁ:::
o " e q1+<zl) Diq1 . x~ P x
n’ n’
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Soft gluon cut graph in SCET

s _ 2 (*i)QK/‘jI;\(m +¢€,q3 — ) 2ig2 ,ifaciejpbege
G 9 2 2 10 V2712
[(a1 +©)2 +i0][(q2 — €)2 +i0] 1 an Kl
%% n v v 911 (1) (q11 a1y + 4L i))PE Py
x [pi a1 91 Gy ~ P @i TELE))T T Piar gy T e a1 ]
i
(a9 (i1) — €1 (i1)) ~ 921 (i1)95 4]
AT A o T TA 4216y “fian) eaan
X 91092 97 (41) — 91 (a2 (41) L(il)) 91921 (i1) a1 aq .
1 a2
cgcra cocla cocra w c Pix g1
e . i
K30 a1 a9) = 352 (a9 a3 (a) . IR = seia 3 T2 (A - )
i=1 Pi 42 4192

1. For (i1) coordinates, graphs with g; attachments to ¢ fast parton, and g2 to g1 vanish.
2. Gauge invariance allows us to pick p; as the auxiliary momentum for each term in J§>“17.

3. The only diagram for each ij combination reproduces the previous result.*

4had 9 in full theory
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Towards two-loops
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Extending the results to two-loops

The imaginary part of the two loop result can be obtained by considering one-loop corrections to the
Glauber exchange part or the hard vertex (Only displaying graphs with two hard partons):

(1

DU 7h T

The hard vertex corrections are precisely the real part of the one-loop graphs (after Glauber bin
subtractions)

3
3
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Collinear loops

The imaginary part of the two loop result can be obtained by considering one-loop corrections to
the Glauber exchange part or the hard vertex:

s 7b b

These graphs can be obtained from one-loop matching of forward scattering cross section to the full
theory [Rothstein, Stewart 2016]:

n
T T

N — ey — —p <€ — =T )
M .

ST

_'_() AR S A S,

n--(--é“f.m—%—-(-—-n
LR SR L
o n_ﬂ*_x< - )

%___»__i___»__% ﬁ—-}-‘—-}—ﬁ
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Soft loops

The imaginary part of the two loop result can be obtained by considering one-loop corrections to

the Glauber exchange part or the hard vertex:

(1

An additional soft emission tied to the loop momentum is crucial to introduce the O-function:

N -t - - —€— =7
R e L

L < e m

[
R e )

N —t - —€ == N— = n— —€ ==

Q.

G

A—— P — -l M-—P—S--—>—-7

el e it
Que

[

Gl it

H——»—JE——~>——%

N — - m——€— -7

Qr

[ Sk )
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Do the two-loop calculation in SCET in ordered limits and test the one-loop conjecture.
Also see [Plitzer, Ruffa 2020] for efforts towards a complete two-loop calculation in the full theory.

Include collinear emissions in the chain (important for superleading logs)
[Schwartz, Yan, Zhu 2017]

n 7
" n\\M %\égg
AN N ™~
AHY . Gi e
e Nl 7 b
—. n — —. 7
n n n

® Can we get around the IR divergence in the Regge trajectory at the next order?
What is the connection of the AMFS result with virtual RG renormalization in SCET?
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Conclusion

® Presented an interesting formulation of the Catani-Grazzini result that involves IR finite
virtual insertions, exact ©-functions governing the loop integral limits, emergence of unique
dipole-kr ordering variable, and an expression that won’t let you exponentiate it.

® SCET can significantly simplify the analysis of ordered amplitudes even if a deeper connection
is obscure.

® Graphs in SCET were automatically grouped and led immediately to the final expressions.
Interestingly only contributions from the gauge invariant O4% operator survived in the soft
gluon ordering!

® Due to a lot fewer diagrams a two-loop extension of this result is tractable.
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Thank you



Ordering soft real emissions: tree level

1. Both emissions at wide angles: g5 ~ rq}

T2n ey [Tln.gy  Tiln-e
K5 (g1, 42) ¢ [ : + L ]

limit 1 n-qz n-q1 n-q1
if12%g - q1 T{n-e1 ) .
. + (i < 5)
q2 - q1 n-q

2. Higher kr gluon at wide angles, other collinear:
q1 ~ qll—(L 1, 1) and qz2 ~ qlJ—(K2> 17”)’ ql_ ~ QQ_

cq
len-el

ce T(-:QTL'EQ Téln-sl
YA . v LY v K 3
limit 2 n-qz n-qi n-q

3. Higher k7 gluon collinear, other at wide angles:

c2 _+ el + 2> o1t
K12 (g1, q2) _Ti"ey Tieg T;7es T;le]
2 s = —
limit 3 a7 af +ai 92 a
e1_+ me2_+  :geicpa_+rpat
N T;'el T.%e; ifere2%e Tie]
a4 +ar af (¢ +a3)

c

cg,c1,a 1‘151+
=J, (g2, q1) ——
1

The wrongly ordered graph always combines in
these limits to give the ordered result:

K2(q1,92) =I5 (g2, ¢1)I1 (q1)

@ 2 @ 1 i 2
1 2 1
+
J J J
i R i ] i 2
1 2 !
+
J J J
7 i
2 2
1 1
J J
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