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Outline

1. Amplitude level coherence and the AMFS1 result

2. Diagrammatic proof of the AMFS result at one-loop

3. Rederivation of the AMFS result in Glauber-SCET [Rothstein, Stewart 2016]

4. Towards two-loops

1[Angeles-Martinez, Forshaw, Seymour 2015]
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The ordering problem

We are concerned with amplitude level results, and especially the regions of phase space where
factorization breaks down. To illustrate the problem let us consider

• Resummation of non-global logarithms [Angeles Martinez, De Angelis, Forshaw, Plätzer, Seymour 2018]
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• This algorithm satisfies an evolution equation, resums LL, subleading non-global logs and is equivalent
to all the other approaches [Weigert 2004; Caron-Huot 2015; Larkoski et. al. 2015; Becher et. al. 2016]
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The ordering problem

The algorithm involves ordering the subsequent emissions:

dσ0 = 〈M(0)|V†Q0,Q
VQ0,Q|M(0)〉dΠ0

dσ1 = 〈M(0)|(. . .)†µ
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2 VE2,E1D
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1 VE1,Q

)
|M(0)〉dΠ1dΠ2

Ordering in energy only correct when insensitive to Glauber exchanges!

For the leading Superleading logs:

• kT ordering gives
2Cα4

s
5!

ln5 Q
Q0

• Energy ordering gives ∞

• Virtuality ordering gives 1
2
× 2Cα4

s
5!

ln5 Q
Q0

• Angular ordering gives 0

Chapter 2. Soft gluons and the colour evolution picture

p1 k2

k1k3k4

Figure 2.7: A particular graph that gives rise to super-leading logarithms in GBJ.
The out of the gap real emission k2 is nearly collinear with the incoming hard parton
p1.

exemplified in [38], where the authors explicitly considered terms in which the out

of the gap emission (nearly collinear with a jet) k2 is accompanied with a central20

(either real or virtual) eikonal gluon k4 and two Coulomb gluons k1T and k3T . Let us

consider first the case in which the ordering takes place with respect the transverse

momentum as in as Eq. (2.73). Following [38], we consider the contribution in which

k1T � k2T � k3T � k4T . Figure 2.7 illustrates a graph that contributes in this

ordered region. The relevant kinematical part of the cross-section in this region

yields a super-leading logarithm:
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where k2T /Q is the smallest kinematically allowed angle for the out of the gap gluon.

In stark contrast, if radiation is ordered with respect to the energy, the ordering

condition reads k1T � E2 = k2T /✓2 � k3T � k4T and the equivalent contribution to

expression (2.78) renders
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In addition, if the ordering takes place with respect to virtuality, the ordering con-

dition reads k1T � t2 = k2T ✓2 � k3T � k4T and the equivalent contribution to

Eq. (2.78) is doubled, i.e.
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Let us recall that, as we illustrated in Eq. (2.72), the introduction of Coulomb

20Central radiation can be characterised by having kiT ⇠ Ei

62

[Forshaw, Kyrieleisis, Seymour 2006;

Banfi, Salam, Zanderighi 2010]

What is the correct ordering variable?
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Soft gluon factorization
To begin answering this question start with the amplitude for N soft emissions ordered in their softness:

qN � qN−1 � . . .� q1 � Q

and try to write an expression like the one before.

Ingredients for a one-loop calculation:

• Soft gluon factorization: [Catani, Grazzini 2000; Duhr, Gehrmann 2013; Li, Zhu 2013; Feige, Schwartz 2014]

|M(q, p1, . . . pn)〉 ' gµεεµ(q)Jµ(q)|M(p1, . . . , pn)〉 , J(q) = J(0)(q) + J(1)(q) + . . .

• Tree level soft current:
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n∑
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pµi
pi · q

=
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dµij(q) , dµij(q) = Tj

( pµj

pj · q
− pµi
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)
• One-loop soft current:
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q
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⊥
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• One-loop hard virtual corrections:∣∣M(1)
0

〉
=
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〉
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Ordering multiple soft emissions

And we arrive at the amplitude for ordered soft emissions:∣∣MN

〉
= (gµε)NJ(qN ) . . .J(q1)

∣∣M(p1, . . . , pn)
〉
,

Both soft gluon operator and the hard matrix element have loop expansions:

J(q) = J(0)(q) + J(1)(q) + . . . ,
∣∣M0

〉
=
∣∣M (0)

0

〉
+
∣∣M (1)

0

〉
+ . . .

One-loop pieces:

J(1)(qm+1) =
1

2

n+m∑
j=1

n+m∑
k=1

d
(1)
jk (qm+1) ,

∣∣M (1)
0

〉
=

n∑
i=2

i−1∑
j=1

Iij(0, Q)
∣∣M (0)

0

〉
pn+m = qm , qj+1 ∼ κqj � qj

Note that both Iij(0, Q) and d
(1)
ij are IR divergent whereas we are aiming at an expression where the

intermediate virtual pieces are IR finite. We are almost there . . .
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Amplitude level coherence
Remarkably, the same amplitude (at one-loop) can be expressed as [Angeles-Martinez, Forshaw, Seymour 2016]

AMFS result∣∣M(1)
N

〉
= (gµε)NJ(0)(qN ) . . .J(0)(q1)

( n∑
i=2

∑
j<i

Iij(q
(ij)
1⊥ , Q)

)∣∣M(0)
0

〉
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N∑
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N∑
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j,k=1

I(n+m)j(q
((n+m)j)
m+1⊥ , q

(jk)
m⊥ )djk(qm)

)
J(0)(qm−1) . . .J(0)(q1)
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Why is this result significant?

1. Unique ordering variable: QCD singles out dipole-kT as the ordering parameter: dipole-kT
ordering is exact - no approximation of the limits of loop integrals!

(
q

(ij)
⊥
)2

=
2q · pi q · pj
pi · pj

2. IR finite: The one-loop insertions Iij are IR finite, no intermediate poles, everything in 4
dimensions (except for the very last emission).

Iij(a, b) =
αs
2π

Ti ·Tj

[(4πµ2

b2

)ε(
1 + iπδ̃ij − εln

2pi · pj
b2

)
−
(4πµ2

a2

)ε(
1 + iπδ̃ij − εln

2pi · pj
a2

)]
3. Markovian nature: Basis for future all-orders future amplitude level parton showers.

[Forshaw, Holguin, Plätzer 2019]

4. No analog in SCET: Because of the weird third line that we saw, the expression simply doesn’t
exponentiate, and cannot be written as a solution of an evolution equation. Nonetheless,
SCET will still prove to be very useful in understanding this result.
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Diagrammatic proof of the AMFS result at one-loop
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Switch mechanism for one real emission
We will focus on the imaginary part obtained by considering Eikonal cuts (cuts through the soft gluon and
j vanish):

<latexit sha1_base64="PKOs+x8c+M1UWMo0BkPEiMTx1KM="></latexit>pi

<latexit sha1_base64="39QvChjkAoJDD5hR2LbYGCD9Mk0="></latexit>pj

<latexit sha1_base64="DEgjnS+M1zWe+SoKq+d+oxgbIWg="></latexit>, c1

Contribution of graphs (a-c):

− iπ
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i
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0
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⊥
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⊥
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+
iπ
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i

]~q 2
1⊥
2
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0
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⊥(~̀⊥ + ~q1⊥)2

Interestingly, this integral is an exact Θ-function!

~q 2
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0
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⊥
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Switch mechanism for one real emission

<latexit sha1_base64="PKOs+x8c+M1UWMo0BkPEiMTx1KM="></latexit>pi
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The loop integral of the triple gluon vertex graph acts as a switch:

− iπ

8π2

pi · ε1

pi · q1

[
Tc1
i (Ti ·Tj)

∫ Q2

~q 2
1⊥

d~̀2
⊥

~̀2
⊥

+ (Ti ·Tj)T
c1
i

∫ ~q 2
1⊥

0

d~̀2
⊥

~̀2
⊥

]
The result can be generalized to final state partons as well. Thus we have:

[
Jc11 (q1)Cq1⊥,Q + C0,q1⊥J

c1
1 (q1)

]
|n(0)〉

Jc11 (q1) ≡
n∑
i=1

Tc1
i

pi · ε1

pi · q1
, Ca,b ≡

−iπTi ·Tj

8π2

∫ b2

a2

d~̀2
⊥

~̀2
⊥
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Switch mechanism: another useful way of looking at the result

Isolate the scenarios where the real emission comes about from the Glauber exchange long before,
or as a part of the hard scattering.

Cut A

− iπ

8π2
Tb
j(if

bc1a)Ta
i

(pj · ε1

pj · q1
− pi · ε1

pi · q1

)∫ Q2

~q 2
1⊥

d~̀2
⊥

~̀2
⊥

∣∣n(0)
〉

Cut B

C0,QJ
c1
1 (q1)

∣∣n(0)
〉

Both the contributions are gauge invariant.
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1

Figure 2. The two cuts corresponding to the two different physical mechanisms for single gluon
emission.

Graph (c) is the only graph of type (B). In this case the real emission occurs much later
than the Coulomb exchange, which therefore knows nothing of the emission and so its kT

can take any value, i.e.
C0,Q J1(q1)

���M (0)
E

. (2.8)

These contributions are separately gauge invariant, as can be seen by making the replace-
ment "1 ! q1 in (2.7) and noting also that (Ti + Tj)

���M (0)
E

= 0 in (2.8), which is a
statement of colour conservation.

There is a third type of cut that appears at intermediate steps of the evaluation of some
Feynman diagrams, in which the cut passes through a fast parton and a soft gluon. This
corresponds to an unphysical (“wrongly time ordered”) process in which a gluon is emitted
during the hard process and this gluon scatters off one of the incoming partons long before
it was emitted. All such contributions to each diagram cancel and we can neglect them,
leaving only the cuts of types (A) and (B).

To conclude this section, we comment on a trivial but important generalization of
expression (2.4) to the case of coloured particles in the final state. Specifically, it follows
that

h
eJ1(q1)Cq1T ,Q + C0,q1T

eJ1(q1)
i���fM (0)

E
(2.9)

is the imaginary part of the amplitude for one soft gluon emission off a general hard sub-
process with a Coulomb exchange in the initial state. Here,

���fM (0)
E

corresponds to two

incoming hard partons scattering into any number of hard coloured partons and eJ1(q1) is
the total real emission operator, i.e. including the cases where the gluon is emitted off a
final-state hard parton. This result follows directly after noting that the emission operator
from final-state partons commutes with the Coulomb exchange in the initial state and that
C0,Q = C0,q1T + Cq1T ,Q.

3 Two emissions at tree level

We now turn to the case of two real emissions, for which the transverse momentum ordering
property is no longer an exact result. Instead, it is a property of the amplitude in certain
regions of the phase-space of the emitted gluons. We will discuss these regions in the next
subsection, after which we will proceed to study the behaviour of the amplitude at tree level.
This will provide the foundation for the calculation, which appears in the next section, of
the two-gluon emission amplitude with a Coulomb exchange.
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we will keep the full dependence on the colour matrices of the two incoming partons, our
results give a clear indication of the structure of the more phenomenologically-interesting
case of two coloured partons producing a system of coloured partons. We will perform the
loop integrals over kT exactly and show that they result in precisely the two (kT -ordered)
terms in (1.6), up to non-logarithmic corrections. We will also see how the non-Abelian
nature of QCD plays a crucial role in engineering the kT ordering.

Our focus in Section 2 is to make a check of the first term in (1.6), i.e. we consider the
case of one real emission at one loop order. This section concludes by pointing out that
kT ordering does not arise from the simplicity of the Drell-Yan process that we considered.
Then we study the case of two real emissions, which provides a check of the second term
in (1.6). Firstly, in Section 3, we describe the kinematic regions of interest and the behaviour
of the tree-level amplitude. Then, in Section 4, we move to the one-loop case.

2 One real emission

The imaginary part of the one-loop, one-emission amplitude can be obtained from the cut
graphs illustrated in Fig. 1. We subsequently refer to cuts that pass through the two fast
parton lines as “eikonal cuts”. Note that there are no contributions arising from cuts through
a fast parton and the Coulomb gluon, as we discuss briefly again towards the end of this
section.
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Figure 1. Four cut graphs contributing to the amplitude for real emission of a gluon, with four-
momentum q1 and colour c1, off fast parton i. There are three further graphs corresponding to
emission off fast parton j.

The contribution to the amplitude from graphs (a)–(c) is then1
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8⇡2
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c1
i + (Ti · Tj)T
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i
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���M (0)
E

. (2.1)

Although the contribution from graphs (b) and (c) cancels, it is more instructive to keep
them apart.

The notation is a little sloppy because we are not being clear about the space in which
the colour charge operators act, but it should always be clear from the context. The integral

1The normalization of the amplitude is consistent with the way we define the phase-space factor in
Eq. (1.4). We use a colour-basis-independent notation [3, 11] for the colour state of the hard subprocess,
but refer explicitly to the colour of the emitted gluon c1, which means that we are not basis independent
in the colour space of the soft gluons that dress the hard subprocess.
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Figure 1. Four cut graphs contributing to the amplitude for real emission of a gluon, with four-
momentum q1 and colour c1, off fast parton i. There are three further graphs corresponding to
emission off fast parton j.
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Figure 2. The two cuts corresponding to the two different physical mechanisms for single gluon
emission.

Graph (c) is the only graph of type (B). In this case the real emission occurs much later
than the Coulomb exchange, which therefore knows nothing of the emission and so its kT

can take any value, i.e.
C0,Q J1(q1)

���M (0)
E

. (2.8)

These contributions are separately gauge invariant, as can be seen by making the replace-
ment "1 ! q1 in (2.7) and noting also that (Ti + Tj)

���M (0)
E

= 0 in (2.8), which is a
statement of colour conservation.

There is a third type of cut that appears at intermediate steps of the evaluation of some
Feynman diagrams, in which the cut passes through a fast parton and a soft gluon. This
corresponds to an unphysical (“wrongly time ordered”) process in which a gluon is emitted
during the hard process and this gluon scatters off one of the incoming partons long before
it was emitted. All such contributions to each diagram cancel and we can neglect them,
leaving only the cuts of types (A) and (B).

To conclude this section, we comment on a trivial but important generalization of
expression (2.4) to the case of coloured particles in the final state. Specifically, it follows
that

h
eJ1(q1)Cq1T ,Q + C0,q1T

eJ1(q1)
i���fM (0)

E
(2.9)

is the imaginary part of the amplitude for one soft gluon emission off a general hard sub-
process with a Coulomb exchange in the initial state. Here,

���fM (0)
E

corresponds to two

incoming hard partons scattering into any number of hard coloured partons and eJ1(q1) is
the total real emission operator, i.e. including the cases where the gluon is emitted off a
final-state hard parton. This result follows directly after noting that the emission operator
from final-state partons commutes with the Coulomb exchange in the initial state and that
C0,Q = C0,q1T + Cq1T ,Q.

3 Two emissions at tree level

We now turn to the case of two real emissions, for which the transverse momentum ordering
property is no longer an exact result. Instead, it is a property of the amplitude in certain
regions of the phase-space of the emitted gluons. We will discuss these regions in the next
subsection, after which we will proceed to study the behaviour of the amplitude at tree level.
This will provide the foundation for the calculation, which appears in the next section, of
the two-gluon emission amplitude with a Coulomb exchange.

– 6 –

we will keep the full dependence on the colour matrices of the two incoming partons, our
results give a clear indication of the structure of the more phenomenologically-interesting
case of two coloured partons producing a system of coloured partons. We will perform the
loop integrals over kT exactly and show that they result in precisely the two (kT -ordered)
terms in (1.6), up to non-logarithmic corrections. We will also see how the non-Abelian
nature of QCD plays a crucial role in engineering the kT ordering.

Our focus in Section 2 is to make a check of the first term in (1.6), i.e. we consider the
case of one real emission at one loop order. This section concludes by pointing out that
kT ordering does not arise from the simplicity of the Drell-Yan process that we considered.
Then we study the case of two real emissions, which provides a check of the second term
in (1.6). Firstly, in Section 3, we describe the kinematic regions of interest and the behaviour
of the tree-level amplitude. Then, in Section 4, we move to the one-loop case.

2 One real emission

The imaginary part of the one-loop, one-emission amplitude can be obtained from the cut
graphs illustrated in Fig. 1. We subsequently refer to cuts that pass through the two fast
parton lines as “eikonal cuts”. Note that there are no contributions arising from cuts through
a fast parton and the Coulomb gluon, as we discuss briefly again towards the end of this
section.
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1

Figure 1. Four cut graphs contributing to the amplitude for real emission of a gluon, with four-
momentum q1 and colour c1, off fast parton i. There are three further graphs corresponding to
emission off fast parton j.

The contribution to the amplitude from graphs (a)–(c) is then1

� i⇡

8⇡2

pi · "1

pi · q1

h
Tc1

i (Ti · Tj) � (Ti · Tj)T
c1
i + (Ti · Tj)T

c1
i

i Z Q2

0

dk2
T

k2
T

���M (0)
E

. (2.1)

Although the contribution from graphs (b) and (c) cancels, it is more instructive to keep
them apart.

The notation is a little sloppy because we are not being clear about the space in which
the colour charge operators act, but it should always be clear from the context. The integral

1The normalization of the amplitude is consistent with the way we define the phase-space factor in
Eq. (1.4). We use a colour-basis-independent notation [3, 11] for the colour state of the hard subprocess,
but refer explicitly to the colour of the emitted gluon c1, which means that we are not basis independent
in the colour space of the soft gluons that dress the hard subprocess.

– 4 –

=

Other Wrongly time ordered cuts that pass through the soft gluon vanish
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Ordering soft real emissions: tree level

We are interested in the structure of the operator for two soft real emissions:
∣∣n(0)

+2

〉
= K2(q1, q2)

∣∣n(0)
〉

We assume that ~q 2
2⊥ � ~q 2

1⊥ and consider kinematic limits for q2 defined by the system {pi, pj , q1}
to capture the leading contributions:

Limits on ordering of the two emissions

1. q1 ⊥ {pi, pj} and q2 ⊥ {pi, pj , q1}
2. q1 ⊥ {pi, pj} and q2 || {q1, pi, pj}
3. q1 || {pi, pj} and q2 ⊥ {pi, pj} Important for SLL!

4. q1 || {pi, pj} and q2 || {pi, pj}

In all these limits we find

In the case of only two incoming hard partons, we must consider the four graphs shown
in Fig. 3 plus four further graphs corresponding to the interchange i $ j. As we will now
show, K2 simplifies in each of the limits 1–3 to a product of two single emission operators.
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1

Figure 3. The case of two real emissions. There are four more graphs obtained by swapping
(i $ j).

Let us consider first the leading behaviour in limit 1. In this region only graphs (a),
(b) and (d) in Fig. 3 are leading. They give

Kc1,c2
2 (q1, q2) =


Tc2

i pi · "2

pi · q2

Tc1
i pi · "1

pi · q1

�
+

"
Tc2

i pi · "2

pi · q2

Tc1
j pj · "1

pj · q1

#
(3.3)

+


if c1c2aq1 · "2

q1 · q2

Ta
i pi · "1

pi · q1
� if c1c2aTa

i "1 · "2

2q1 · q2

�
+ (i $ j) .

The "1 ·"2 term vanishes when it acts upon
���M (0)

E
due to colour conservation. The leading

behaviour can thus be written
���M (0)

2

E
= Jc2c1a

2 (q2, q1)J
a
1(q1)

���M (0)
E

, (3.4a)

Jc2c1a
2 (q2, q1) ⌘ Jc2

1 (q2)�
c1a +

if c1c2a q1 · "2

q1 · q2
, (3.4b)

where Jc2c1a
2 (q2, q1) is the operator that adds a second soft gluon (q2).

In limit 2 only the first two graphs in Fig. 3 are leading and they can be written

���M (0)
2

E
=


Tc2

i pi · "2

pi · q2

�
Jc1

1 (q1)
���M (0)

E
. (3.5)

This is exactly what is obtained by taking the collinear limit q2 k pi in the expression for
limit 1, Eq. (3.4a).

We now turn our attention to limit 3. The leading contributions are graphs (a), (c)
and (d), and the (i $ j) permutation of graph (b) in Fig. 3. These four contributions (in
order) sum to

Kc1,c2
2 (q1, q2) =


Tc2

i "�2
q�2

Tc1
i "�1

q�1 + q�2

�
+


Tc1

i "�1
q�1

Tc2
i "�2

q�1 + q�2

�

+


if c1c2a "�2

q�2

Ta
i "

�
1

q�1 + q�2

�
+

"
Tc2

j "+
2

q+
2

Tc1
i "�1
q�1

#
. (3.6)

– 8 –

K2(q1, q2) = Jc2c1a2 (q2, q1)Ja1(q1) , Jc2,c1,a2 (q2, q1) = δc1aJc21 (q2) +
if c1c2aq1 · ε2

q1 · q2
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Two emissions at one-loop: Eikonal cuts

Consider cuts through the fast partons.
Careful grouping of graphs gives rise to
kT -ordered expression:

[
Jc2c1a2 (q2, q1)Ja1(q1)Cq1⊥,Q

+ Jc2c1a2 (q2, q1)Cq2⊥,q1⊥J
a
1(q1)

+ C0,q2⊥J
c2c1a
2 (q2, q1)Ja1(q1)

]
|M (0)〉

1

2
1

i

j

+ 1

2i

j

+

1
2

i

j

+ 2

1i

j

+ 2

1

i

j

+ 1

2

i

j

2
1

i

j

2
2

1

i

j

+ 2

1

i

j

+

1

2

i

j

+ 1

2

i

j

+ 2

1

i

j

+ 1

2

i

j

2

1

i

j

3

2

1

i

j

+ 1

2i

j

+ 2

1

i

j

+ 2

1

i

j

+ 1

2

i

j

2

1

i

j

4

2

1

i

j

+
2

1

i

j

+

1
2

i

j

+ 2

1i

j

+ 1

2

i

j

1

2i

j

5

2

1

i

j

+
2

1

i

j

+

1

2

i

j

+ 1

2

i

j

+ 2

1

i

j

1

2i

j

6

2

1

i

j

+ 1

2i

j

+ 2

1

i

j

+ 2

1

i

j

2

1

i

j

7

2

1

i

j

+ 2

1

i

j

+ 1

2i

j

+ 2

1

i

j

2

1

i

j

8
2

1

i

j

+ 2

1

i

j

+ 1

2

i

j

+ 2

1

i

j

2

1

i

j

Figure 1: Caption

1

Figure 7. Diagrammatic representation of how to group the graphs that give rise to the transverse
momentum-ordered expression in the case of two emissions at one loop. There are 12 more structures
to consider: 8 are obtained by permuting (i $ j) and the other four are obtained by permuting
(1 $ 2) and (i $ j, 1 $ 2) in groups 3 and 7.

In limits 1–3, every row in Fig. 7 either adds up to a subleading expression or to one of the
terms in Eqs. (4.1)–(4.3). This figure contains all of the leading contributions arising from
the 36 different graphs with eikonal cuts.

In order to illustrate how the transverse momentum ordered integrals arise, we will
consider two examples in some detail. We start by taking a closer look at the first row of
six graphs in Fig. 7. All of these graphs have only a single cut, corresponding to production

– 12 –
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Two emissions at one-loop: Soft gluon cuts

Another scenario where the cuts pass through two soft gluons. Leads to the nontrivial third line in
the AMFS result

Once again, the result in limits 2 and 3 can be deduced by taking the corresponding collinear
limit of the leading expression in limit 1, Eq. (4.28).

The leading cuts in limits 1–3 are presented in Fig. 12 and can be expressed in terms of
the two colour tensors in Eq. (4.28), which are illustrated in the final column of the figure.
There are additional graphs, other than the ones shown, that involve the four-gluon vertex
but, along with the ghost graphs, these are sub-leading. In limit 1 all cuts in this figure are
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2

Figure 12. Leading graphs in limits 1–3. Their contributions are projected onto the two colour
structures in the final column.

leading except that with a four-gluon vertex. The non-trivial way in which these graphs
combine to deliver Eq. (4.28) is illustrated by considering, as an example, the graphs that
give rise to the term with Lorentz structure

� i⇡

8⇡2

pj · "1

pj · q1

q1 · "2

q1 · q2
(4.36)

in the first line of Eq. (4.28). The first five graphs of each colour structure are all lead-
ing. In the case of the first colour structure (the top half of Fig. 12) we label these
{G1a, G1b, G1c, G1d, G1e}. The first two of these cancel exactly, whilst the others give

G1c = �3

2

Z pj ·q2

pj ·q1

dl2T
l2T

� 3

2

Z 2q1·q2

0

dl2T
l2T

, (4.37)

G1d =
3

2

Z 2q1·q2

0

dl2T
l2T

, (4.38)

G1e = �
Z 2q1·q2

0

dl2T
l2T

+
1

2

Z pj ·q2

pj ·q1

dl2T
l2T

. (4.39)

In stark contrast, for the second colour structure the first two graphs again cancel exactly

– 19 –

Ta
iT

b
j

(pj · ε1

pj · q1
− pi · ε1

pi · q1

){
ifc1aeifc2be

(q1 · ε2

q1 · q2
− pj · ε2

pj · q2

)[
− iπ

8π2

∫ (~q
(j1)
2⊥ ) 2

0

d~̀2
⊥

~̀2
⊥

]

− ifc2aeifc1be
(q1 · ε2

q1 · q2
− pi · ε2

pi · q2

)[
− iπ

8π2

∫ (~q
(i1)
2⊥ ) 2

0

d~̀2
⊥

~̀2
⊥

]}∣∣M (0)〉
The insertions are bounded by the kT in the dipole rest frame of the q1 and the parent (i or j) of q2:

(~q
(i1)
2⊥ ) 2 =

2pi · q2 q1 · q2
pi · q1 15 / 30



Arbitrary number of emissions at one-loop

1. Can prove similar ordering in emissions from outgoing partons.

2. Calculate the real part in the Eikonal approximation.

3. Do some color algebra.

AMFS result∣∣M(1)
N

〉
= (gµε)NJ(0)(qN ) . . .J(0)(q1)

( n∑
i=2

∑
j<i

Iij(q
(ij)
1⊥ , Q)

)∣∣M(0)
0

〉

+ (gµε)N
N∑
m=1

J(0)(qN ) . . .J(0)(qm+1)

( n+m−1∑
i=2

∑
j<i

Iij(q
(ij)
m+1⊥, q

(ij)
m⊥)

)
J(0)(qm) . . .J(0)(q1)

∣∣M(0)
0

〉

+ (gµε)N
N∑
m=1

J(0)(qN ) . . .J(0)(qm+1)

( n+m−1∑
j,k=1

I(n+m)j(q
((n+m)j)
m+1⊥ , q

(jk)
m⊥ )djk(qm)

)
J(0)(qm−1) . . .J(0)(q1)

∣∣M(0)
0

〉

This result is equivalent to Catani-Grazzini result because

d
(1)
ij (qm) ≈ −J(0)(qm)Iij(0, q

(ij)
m⊥) + Iij(0, q

(ij)
m⊥)J(0)(qm) + I(n+m)i(0, q

(ij)
m⊥)dij(qm) + I(n+m)j(0, q

(ij)
m⊥)dji(qm)
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Re-derivation of the AMFS result in SCET
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Starting point
We now consider the same problem in SCETII with hard scattering and Glauber operators:

Lhard scattering
SCETII

= ξnWnS
†
nΓSn̄W

†
n̄ξn̄

Ldynamical
SCETII

= L(0)
S (ψS , AS) +

∑
n,n̄

L(0)
ni

(ξni , Ani ) + LII(0)
G

(
{ξni , Ani}, ψS , AS

)
,

and make use of

a) The Glauber operators

LII(0)
G = e−ix·P

∑
n,n̄

∑
i,j=q,g

OiBn
1

P2
⊥
OBCs

1

P2
⊥
OjCn̄

+ e−ix·P
∑
n

∑
i,j=q,g

OiBn
1

P2
⊥
OjnBs

J
H
E
P
0
8
(
2
0
1
6
)
0
2
5

OqB
n = χnT

B /̄n
2 χn OgB

n = i
2f

BCDBC
n⊥µ

n̄
2 · (P+P†)BDµ

n⊥

OqB
n̄ = χn̄T

B /n
2 χn̄ OgB

n̄ = i
2f

BCDBC
n̄⊥µ

n
2 · (P+P†)BDµ

n̄⊥

OBC
s = 8παs

{
Pµ
⊥S

T
n Sn̄P⊥µ−P⊥µ gB̃nµ

S⊥S
T
n Sn̄−ST

n Sn̄gB̃n̄µ
S⊥P

⊥
µ −gB̃nµ

S⊥S
T
n Sn̄gB̃n̄

S⊥µ−
nµn̄ν

2 ST
n igG̃µν

s Sn̄

}BC

OqnB
s = 8παs

(
ψ̄n

S TB /n
2ψ

n
S

)
OgnB

s = 8παs

(
i
2f

BCDBnC
S⊥µ

n
2 · (P+P†)BnDµ

S⊥

)

Oqn̄B
s = 8παs

(
ψ̄n̄

S TB /̄n
2ψ

n̄
S

)
Ogn̄B

s = 8παs

(
i
2f

BCDBn̄C
S⊥µ

n̄
2 · (P+P†)Bn̄Dµ

S⊥

)

Table 2. Summary of operators appearing in the leading power Glauber exchange Lagrangian in
eq. (5.21).

to making the BPS field redefinition, so

LI(0)
G = LII(0)

G . (5.22)

However due to the appearance of couplings between the collinear and ultrasoft fields in

L(0)
ni for SCETI, and the differences between how momentum sectors are distinguished (via

subtraction terms), the precise behavior of these operators in loop diagrams will in general

be different. We will see this explicitly when comparing our one-loop matching calculations

in sections 7.1 and 7.3 for SCETII and SCETI respectively.

We can also consider the form of the Lagrangian LI(0)
G after the BPS field redefinition.

This field redefinition only changes the collinear quark and gluon fields, inducing lines Yn
or Yn for n-collinear fields, but leaves the soft fields unchanged. Due to the octet nature of

the Glauber operators in LI(0)
G , only the adjoint lines Yn and Yn̄ appear in this Lagrangian.

Additional ultrasoft lines can appear from interpolating fields for collinear initial and final

states. For a situation where SCETI is the relevant theory there are no soft real emissions,

since they are ruled out by restrictions from the observable being measured, and hence the

soft gluons appearing in SCETI due to the presence of Glauber operators can only appear

as virtual soft fluctuations.

5.1.3 Matching for all polarizations

For completeness, we can also repeat the matching calculations involving external gluons

with arbitrary external polarizations. This amounts to not specifying a specific basis for the

physical states, and allows us to see how the scattering with non-transverse polarizations

are matched by the EFT. To carry out this calculation it is important to use the equations

of motion to simplify the gluon matrix elements. For a full theory scattered gluon of

momentum p the equations of motion imply p2 = 0 as well as

0 = pµAµ(p) =
1

2
n̄ · p n·A(p) +

1

2
n · p n̄·A(p) + p⊥ ·A⊥(p) . (5.23)

As an explicit example we consider the two-gluon two-quark matching calculation given

by the diagrams shown in figure 11. Since the Glauber operator Ogq
n̄s obviously only yields

n̄ · A and A⊥ polarizations, we use eq. (5.23) to eliminate the n ·A polarization terms
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b) Soft-Glauber correspondence (for the cases
where it works):

S
(G)

= G

J
H
E
P
0
8
(
2
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1
6
)
0
2
5

a) b) c) d)n

n

S

n

n

G

n

n

S
n

n

G

Figure 28. One loop soft gluon and Glauber potential exchange with a hard scattering vertex ⊗
in SCETII. The solid green lines denote eikonal propagators from soft Wilson lines. Graphs a) and
b) are for 2-particle production, while c) and d) involve hard scattering with one incoming and one
outgoing particle. The graph d) is zero.

connection between the subtractions, active-active Glauber graphs, and the direction of

soft Wilson lines. For completeness we also discuss how things change when considering

loop graphs in SCETI.

We begin our discussion in SCETII, considering the one-loop graphs shown in figure 28

with a mass IR regulator m. We take the physical momenta to be p for the n-collinear

quark, and p̄ for the n̄-collinear (anti)quark. The soft diagrams drawn here arise from the

contraction between two gluons taken from the soft Wilson lines that appear in the SCET

hard current

JΓ = (ξ̄nWn)S
†
nΓSn̄(W

†
n̄ξn̄) . (10.1)

The usual directions taken for the soft Wilson lines in this current are both (0,∞) for n-n̄

production as in figure 28a, while we have Sn̄(−∞, 0) and S†
n(0,∞) when the n̄ quark is

in the initial state, as in figure 28c. For the n-n̄ annihilation case (not shown) we would

have both lines over (−∞, 0). (See appendix B.4 for explicit formulas for the Wilson lines

in these cases.) Often in SCET one would draw the soft diagram in figure 28a with the

eikonal lines contracted to a point. However, for clarity we leave these extended as solid

green lines since at higher orders drawing things in this way allows us to make explicit

the ordering of the color matrices in our diagrams, and also corresponds with the standard

directions for the Wilson lines mentioned above.

First consider n-n̄ production in SCETII, defining the spinor matrix element

SΓ = ūnΓv
∗
n̄ , (10.2)

where the complex conjugation on vn̄ appears due to our convention for the antiquark

spinors. The naive loop integral with a soft gluon exchange is

S̃(figure 28a) = −2ig2CFSΓ

∫
d−dk

(ιεµ2ε |kz|−η νη)

[k2 −m2][n · k + i0][n̄ · k − i0]
(10.3)

= 2g2CFSΓ

∫
d−kz d−d

′
k⊥

[
−(ιεµ2ε |kz|−η νη)

2($k 2 +m2)1/2($k 2
⊥ +m2)

+
(ιεµ2ε |kz|−η νη)

($k 2
⊥ +m2)(2kz − i0)

]

= SΓ
CFαs

2π

{[
−2h(ε, µ2/m2)

η
+ ln

µ2

ν2

(
1

ε
+ ln

µ2

m2

)
+

1

ε2
− 1

2
ln2

µ2

m2
− π2

12

]

+

[
(iπ)

(
1

ε
+ ln

µ2

m2

)]}

– 122 –

[Rothstein, Stewart 2016]:
“It is then interesting to note that the simplest
method of computing these (iπ) terms is by making
use of the Gi Glauber diagrams.”
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The “Gi Glauber graphs”

For the case of imaginary part of the one-loop one-real emission, we have 3 diagrams2. The fourth in the
row equals its zero bin. Fifth vanishes trivially.

! !
! !

"#$

!

Hard vertex correction

!

"

g3C0,QJc11 (q1)
∣∣M(0)

〉

Lipatov vertex

!

"

g3
[
Jc11 (q)Cq,Q + C0,q J

c1
1 (q)−C0,Q Jc11 (q)

]∣∣M0

〉
2had 7 in full theory
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Eikonal cuts for one loop 2 soft emissions in SCET

!

! "

!

"

!" !
" [

− iπ

8π2

∫ Q2

0

d~̀2
⊥

~̀2
⊥

]
Kc1,c2 (q1, q2)

∣∣M(0)
〉

!

!
! !

!

T
b
j(if

bc2a)T
a
i

(pj · ε1
pj · q2

−pi · ε1
pi · q2

)[
− iπ

8π2

∫ Q2

~q 2
2⊥

d~̀2
⊥

~̀2
⊥

]
J
c1 (q1)|M(0)〉

!

!

!

!

!
!

!
!!

T
a
iT

b
j

(pj · ε1
pj · q1

− pi · ε1
pi · q1

)[
if
c1aeif

c2be
( q1 · ε2
q1 · q2

− pj · ε2
pj · q2

)
− if

c2aeif
c1be

( q1 · ε2
q1 · q2

− pi · ε2
pi · q2

)][
− iπ

8π2

∫ Q2

~q 2
1⊥

d~̀2
⊥

~̀2
⊥

]∣∣M(0)〉

• Individual contributions are gauge invariant and add up to yield the previous result for Eikonal cuts

• Two gluon emission in forward scattering regime involves only two graphs3! The ones with soft
propagator are subleading in strong ordering.

3had 36 total in full theory
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Soft gluon cut graph(s) in SCET
To consider the diagrams corresponding to “Soft gluon cuts” we distinguish between the rapidities of the
two soft emissions, and express the momentum q2 in the (i1) dipole frame:

kµ =
pµi

pi · q1
q1 · k +

qµ1
pi · q1

pi · k + kµ⊥(i1) ,
~k 2
⊥(i1) =

2pi · k q1 · k
pi · q1

Consider the forward scattering: g(q′1) + g(q′2)→ g(q1) + g(q2)

Scaling in the (i1) dipole frame:

q1 ∼ q+(i1)
1 (1, 0, 0)i1

pi ∼ p−(i1)
i (0, 1, 0)i1

q′1 ∼ q
+(i1)
1 (1, λ2, λ)i1

q2 ∼ q′2 ∼ q
+(i1)
1 (λ, λ, λ)i1

` ∼ q+(i1)
1 (λ, λ2, λ)i1 ,

q
+(i1)
1 = p

−(i1)
i =

√
2pi · q1 , λ =

q2⊥(i1)

q
+(i1)
1

=

√
pi · q2 q1 · q2
pi · q1

!

"

!
"

!
"

"!
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Soft gluon cut graph in SCET
"

!
!"

!

"

!
"

S(2,1)
(i1)j

= g
2
∫
d̄
d
`

(−i)2Kabµλ(q1 + `, q2 − `)[
(q1 + `)2 + i0

][
(q2 − `)2 + i0

] ε1νε2τ [ 2ig2

`2⊥(i1)

] ifac1eifbc2e

κi1

×
[
pi · q1 g

µν
⊥(i1)

− pµ
i

(q1⊥(i1) + `⊥(i1))
ν − pνi q

µ
1⊥(i1)

+
q1⊥(i1) · (q1⊥(i1) + `⊥(i1))p

µ
i
pνi

pi · q1

]

×
[
q1 · q2 g

λτ
⊥(i1) − q

λ
1 (q2⊥(i1) − `⊥(i1))

τ − qτ1 q
λ
2⊥(i1) +

(q2⊥(i1) − `⊥(i1)) · q2⊥(i1)q
λ
1 q
τ
1

q1 · q2

]
.

K
c2c1a
µλ

(q1, q2) = J
c2c1a
λ

(q2, q1)J
a
µ(q1) , J

c2c1a
λ

= δc1a

n∑
i=1

T
c2
i

( piλ

pi · q2
−

q1λ

q1 · q2

)

1. For (i1) coordinates, graphs with q1 attachments to i fast parton, and q2 to q1 vanish.

2. Gauge invariance allows us to pick pi as the auxiliary momentum for each term in Jc2c1aλ .

3. The only diagram for each ij combination reproduces the previous result.4

4had 9 in full theory
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Towards two-loops
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Extending the results to two-loops
The imaginary part of the two loop result can be obtained by considering one-loop corrections to the
Glauber exchange part or the hard vertex (Only displaying graphs with two hard partons):

<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)
<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)
<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)
<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)

The hard vertex corrections are precisely the real part of the one-loop graphs (after Glauber bin
subtractions)

!

"

"

"

"

"

"

"

<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)
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Collinear loops

The imaginary part of the two loop result can be obtained by considering one-loop corrections to
the Glauber exchange part or the hard vertex:

<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)
<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>
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(1)
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(1)

These graphs can be obtained from one-loop matching of forward scattering cross section to the full
theory [Rothstein, Stewart 2016]:

( (X

!

<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)
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Soft loops

The imaginary part of the two loop result can be obtained by considering one-loop corrections to
the Glauber exchange part or the hard vertex:

<latexit sha1_base64="Fnv9rhZwJWMi9FcqB7Phk3woqAk="></latexit>

(1)
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An additional soft emission tied to the loop momentum is crucial to introduce the Θ-function:

!
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Outlook

• Do the two-loop calculation in SCET in ordered limits and test the one-loop conjecture.
Also see [Plätzer, Ruffa 2020] for efforts towards a complete two-loop calculation in the full theory.

• Include collinear emissions in the chain (important for superleading logs)
[Schwartz, Yan, Zhu 2017]

<latexit sha1_base64="DEgjnS+M1zWe+SoKq+d+oxgbIWg="></latexit>, c1

• Can we get around the IR divergence in the Regge trajectory at the next order?

• What is the connection of the AMFS result with virtual RG renormalization in SCET?
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Conclusion

• Presented an interesting formulation of the Catani-Grazzini result that involves IR finite
virtual insertions, exact Θ-functions governing the loop integral limits, emergence of unique
dipole-kT ordering variable, and an expression that won’t let you exponentiate it.

• SCET can significantly simplify the analysis of ordered amplitudes even if a deeper connection
is obscure.

• Graphs in SCET were automatically grouped and led immediately to the final expressions.
Interestingly only contributions from the gauge invariant OABS operator survived in the soft
gluon ordering!

• Due to a lot fewer diagrams a two-loop extension of this result is tractable.
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Thank you

29 / 30



Ordering soft real emissions: tree level

1. Both emissions at wide angles: qµ2 ∼ κq
µ
1

K
c1,c2
2 (q1, q2)

∣∣∣∣
limit 1

=
T
c2
i n · ε2
n · q2

[
T
c1
i n · ε1
n · q1

+
T
c1
j n̄ · ε1
n̄ · q1

]
+

ifc1c2aε2 · q1
q2 · q1

Tai n · ε1
n · q1

+ (i↔ j)

2. Higher kT gluon at wide angles, other collinear:
q1 ∼ q1⊥(1, 1, 1) and q2 ∼ q1⊥(κ2, 1, κ), q−1 ∼ q

−
2

K
c1,c2
2 (q1, q2)

∣∣∣∣
limit 2

=
T
c2
i n · ε2
n · q2

[
T
c1
i n · ε1
n · q1

+
T
c1
j n̄ · ε1
n̄ · q1

]

3. Higher kT gluon collinear, other at wide angles:

K
c1,c2
2 (q1, q2)

∣∣∣∣
limit 3

=
T
c2
i ε

+
2

q+
2

T
c1
i ε

+
1

q+
1 + q+

2

+
T
c2
j ε
−
2

q−2

T
c1
i ε

+
1

q+
1

+
T
c1
i ε

+
1

q+
1

T
c2
i ε

+
2

q+
1 + q+

2

+
ifc1c2aε+2 Tai ε

+
1

q+
2 (q+

1 + q+
2 )

= J
c2,c1,a
2 (q2, q1)

T
c1
i ε

+
1

q+
1

The wrongly ordered graph always combines in
these limits to give the ordered result:

K2(q1, q2) = Jc2c1a2 (q2, q1)Ja1(q1)

At first glance it seems like an interpretation in terms of a product of single emission
operators is not possible any more. However, using Tc1

i Tc2
i = Tc2

i Tc1
i + if c1c2aTa

i , the
contribution of graph (c) can be written

Tc1
i "�1
q�1

Tc2
i "�2

q�1 + q�2
=


Tc2

i "�2
q�1

Tc1
i "�1

q�1 + q�2

�
+


if c1c2a"�2

q�1

Ta
i "

�
1

q�1 + q�2

�
. (3.7)

The light cone variables make clear the fact that the two terms on the right-hand side have
the same dependence on colour and spin as the first term on each line of Eq. (3.6). Their
momentum dependence can be combined using

1

q�1

1

q�1 + q�2
+

1

q�2

1

q�1 + q�2
=

1

q�1

1

q�2
, (3.8)

to give
���M (0)

2

E
= Jc1c2a

2 (q2, q1)

✓
Ta

i pi · "1

pi · q1

◆ ���M (0)
E

. (3.9)

As in the case of limit 2, this can be obtained by taking the collinear limit q1 k pi in
Eq. (3.4a). Remarkably, we will have the same property at one-loop order, i.e. the leading
expressions in limits 2 and 3 can be reached by taking the relevant collinear limit of the
leading expression in limit 1. This is particularly non-trivial in limit 3, because the leading
graphs are not a subset of those in limit 1.

Figure 4 shows how the graphs in Fig. 3 can be projected onto three spin and colour
structures. These particular structures are special because the net projection onto each can
be represented in terms of a product of two single emission operators. Each grouping of

i

j
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Figure 4: Caption

1

Figure 4. Diagrammatic representation of how to group the graphs in order to write the final
result as a product of single emission operators. There are three further structures, obtained by
exchanging i $ j.

graphs is associated with a specific spin and colour structure, which can be read off from
the graph at the end of each row. These are
(

Tc2
i pi · "2

pi · q2

Tc1
i pi · "1

pi · q1
,
if c1c2a q1 · "2

q1 · q2

Ta
i pi · "1

pi · q1
,
Tc2

i pi · "2

pi · q2

Tc1
j pj · "1

pj · q1

)
+ {(i $ j)} . (3.10)
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