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Basics

ℓ(pℓ, λℓ)

ℓ′￼(pℓ′￼, λℓ′￼) qμ

Outgoing Hadron (Ph)

Target Nucleus (PN)

⃗P hT

Time

Soft

n

n̄
PhT

Q
∼ λ SCETII

Only consider one photon exchange and unpolarized proton in this talk
Lorentz invariants Q =

√
−q2 , x = Q2

2PN ·q
, y = PN ·q

PN ·p`
, z = PN ·Ph

PN ·q

dσ

dx dy dz d2 ~PhT
=
πα2

2Q4

y

z
Lµν(p`, p`′ )W

µν(q, PN , Ph)

Wµν(q, PN , Ph) =
∑∫
X

∫
d4b

(2π)4
eib·q 〈N |J†µ(b)|h,X〉 〈h,X|Jν(0)|N〉

Lµν(p`, p`′ ) = 〈`|J†µe |`′〉 〈`′|Jνe |`〉
= 2δλ`λ`′

[(
pµ` p

ν
`′ + pν` p

µ
`′ − p` ·p`′ g

µν
)

+ iλ` ε
µνρσp`ρp`′σ

]
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Kinematics and Reference Frames

Trento frame: used for experimental analysis [Bacchetta et al ’04],
target at rest, x̂ on the lepton plane

Hadronic Breit frame: qµ = (0, 0, 0,−Q)B, ~PhT = (PhT , 0)B

Factorization frame (not in the figure):
PµN = P−N

nµ

2 , Pµh = P+
h
n̄µ

2 , ~qT = (−qT , 0)F

gµνF⊥ = gµνB⊥ +O(λ)

lepton plane

hadron plane

Trento frame

Hadronic Breit frame
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Tensor Decomposition and Motivation

Standard structure function decomposition [Bacchetta et al ’06]

dσ

dxdy dz d2 ~PhT
=
πα2

Q2

y

z

δλ`λ`′
1− ε

[(
W−1 + εW0

)
+ ε cos(2φh)W3

+
√

2ε(1 + ε) cosφhW1 + λ
√

2ε(1− ε) sinφhW2

]
.

ε = 1−y
1−y+ 1

2
y2

Wi = Pµνi Wµν with projectors Pµνi
Pµν−1 = (x̃µx̃ν + ỹµỹν) , Pµν3 = x̃µx̃ν − ỹµỹν ,

Pµν1 = −(t̃µx̃ν + x̃µt̃ν) , Pµν2 = i
(
t̃µx̃ν − x̃µt̃ν

)
, Pµν0 = t̃µt̃ν ,

W−1 , W3 ∼ O(λ0), standard factorization theorems (CSS, SCET)

W1 , W2 ∼ O(λ)

. First treated in parton model (tree level matching)

. Mismatch with perturbative results at tree level [Bacchetta et al ’08]

. Conjecture: Resolved by adding a soft function [Bacchetta et al ’19]

⇒ Use SCET to derive all-order factorization at subleading power

[Mulders, Tangerman ’95]
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Factorization: the General Procedure

Wµν(q, PN , Ph) =
∑∫
X

∫
d4b

(2π)4
eib·q 〈N |J†µ(b)|h,X〉 〈h,X|Jν(0)|N〉

Goal: factorize Wi = Pµνi Wµν at subleading power

Match SCET currents onto QCD: Jµ = J(0)µ +
∑
k J

(1)µ
k + . . .

W (0)µν ∼ J(0)†µJ(0)ν , W (1)µν ∼
∑
k J

(0)†µJ
(1)ν
k + J

(1)†µ
k J(0)ν

Expand projectors in the factorization frame Pµνi = P
(0)µν
i + P

(1)µν
i + . . .

Categories of power corrections

1) Subleading operator contributions, P (0)µν
i W

(1)
µν

2) Kinematic correction, P (1)µν
i W

(0)
µν

3) SCETII Subleading Lagrangian (not treated here) P (0)µν
i W

(1)µν
L :

L = L(0) + L(1/2) + L(1) + . . . see e.g. [Moult et al ’17]

Assumption: Glauber Lagrangian L(0)
G doesn’t spoil factorization
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Factorization at leading power

Leading power current J(0)µ ∼
∑
f (γµ⊥)αβ C

(0)
f (Q) χ̄αn̄,ωb [S

†
n̄Sn]χβn,ωa

Plug it into W (0)µν ∼ 〈N |J(0)†µ|h,X〉 〈h,X|J(0)ν |N〉

Collinear fields yield quark correlators

Φ̂β
′β
f (x,~bT ) =

〈
N
∣∣∣χ̄βn(b⊥) δ(ωa − Pn)χβ

′
n (0)

∣∣∣N〉
∆̂αα′
f (z,~bT ) =

1

2z

∑∫
X

〈
0
∣∣∣δ(ωb − P n̄)χαn̄(b⊥)

∣∣∣h,X〉〈h,X∣∣∣ χ̄α′
n̄ (0)

∣∣∣0〉
Soft Wilson lines yield the TMD soft function

S(bT ) =
1

Nc
tr
〈

0
∣∣∣[S†n(b⊥)Sn̄(b⊥)

] [
S†n̄(0)Sn(0)

]∣∣∣0〉 .
Combine into the quark correctors
Φβ

′β
f (x,~bT ) = Φ̂β

′β
f (x,~bT )

√
S(bT ) , ∆α′α

f (z,~bT ) = ∆̂α′α
f (z,~bT )

√
S(bT )

⇒ Factorized leading power hadronic tensor

W (0)µν =
2z

Nc

∑
f

∫
d2bT e

i~qT ·~bT H(0)
f (Q) Tr

[
Φf (x,~bT ) γµ⊥∆f (z,~bT ) γν⊥

]
.

Hard function: H(0)
f (Q) =

∣∣C(0)
f (Q)

∣∣2
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Structure functions at leading power

In the momentum space, decompose into different Dirac structures
[Goeke, Metz, Schlegel ’05]

Φβ
′β
f (x, ~pT ) =

1

4

{
f1/n+ ih⊥1

[
/p⊥, /n

]
2MN

}β′β

,

∆α′α
f (z,~kT ) =

1

4

{
D1 /̄n+ iH⊥1

[
/k⊥, /̄n

]
2Mh

}α′α

h⊥1 Boer-Mulders function, H⊥1 Collins function
Contract W (0)µν with P

(0)µν
−1 = xµxν + yµyν , P

(0)µν
3 = xµxν − yµyν ,

W
(0)
−1 = F

[
H(0) f1D1

]
,

W
(0)
3 = F

[
−2 pTx kTx − ~pT · ~kT

MNMh
H(0) h⊥1 H

⊥
1

]
,

[Bacchetta et al ’06]

F [ωH g D] = 2z
∑
f

∫
d2pT d2kT δ

2
(
~qT + ~pT − ~kT

)
ω(~pT , ~kT )Hf (Q) gf (x, pT )Df (z, kT )

Contract W (0)µν with P
(1)µν
1,2 , we get the kinematic corrections for W1,2
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Subleading Operators: P⊥ acting on the collinear fields

Unique hard operators to all orders [Feige et al ’17]

J
(1)µ
P ∼

C
(0)
f

2ωa
χ̄n̄,ωb [S

†
n̄Sn] γµ /P⊥ /̄nχn,ωa , J

(1)µ

P† ∼
C

(0)
f

2ωb
χ̄n̄,ωb /n/P

†
⊥ γ

µ [S†n̄Sn]χn,ωa

RPI relates these two operators with the leading power operator
⇒ The Wilson coefficients is identical to the leading power one C

(0)
f (Q)

Plug these currents into
(
J

(1)†µ
P + J

(1)†µ
P†

)
J(0)ν + J(0)†µ

(
J

(1)ν
P + J

(1)ν

P†

)
Ŵ

(1)µν
P =

2z

Nc

∑
f

∫
d2~bT H(0)

f (Q)S(bT )

×
{

Tr
[
Φ̂Pf (x,~bT ) γµ ∆̂f (z,~bT ) γν

]
+ Tr

[
Φ̂f (x,~bT ) γµ ∆̂Pf (z,~bT ) γν

]}
.

Φ̂β
′β
Pf (x,~bT )

≡
1

2Q
θ(ωa)

{〈
N
∣∣∣χ̄βn(bµ⊥)

[
/P⊥ /̄n χn,ωa (0)

]β′ ∣∣∣N〉+
〈
N
∣∣∣ [χ̄n(bµ⊥) /̄n /P†⊥

]β
χβ

′
n,ωa

(0)
∣∣∣N〉}

= i
1

2Q

∂

∂bρ⊥

[
γρ⊥ /̄n , Φ̂f (x,~bT )

]β′β
,
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Subleading Operators: P⊥ acting on the collinear fields

Define ΦP , ∆P and W
(1)µν
P

Φβ
′β
Pf (x,~bT ) ≡ i

1

2Q

∂

∂bρ⊥

[
γρ⊥ /̄n , Φf (x,~bT )

]β′β
, where Φβ

′β
f (x,~bT ) = Φ̂β

′β
f (x,~bT )

√
S(bT ) ,

W
(1)µν
P ≡ 2z

Nc

∑
f

∫
d2~bT H(0)

f (Q)

×
{

Tr
[
ΦPf (x,~bT ) γµ ∆f (z,~bT ) γν

]
+ Tr

[
Φf (x,~bT ) γµ ∆Pf (z,~bT ) γν

]}
.

Equivalent to Ŵ
(1)µν
P (noticing that (nµ − n̄µ)Pµνi = O(λ))

W
(1)µν
P − Ŵ (1)µν

P =
2z

Nc

∑
f

∫
d2~bT H

(0)
f (Q)

i

Q

(
∂

∂bρ⊥

√
S(bT )

)√
S(bT )

×
{

(n̄ν − nν) Tr
[
γρ⊥ Φ̂f (x,~bT ) γµ ∆̂f (z,~bT )

]
+ (nµ − n̄µ) Tr

[
Φ̂f (x,~bT ) γρ⊥ ∆̂f (z,~bT ) γν

]}
Same leading power functions appear, in momentum space

ΦPf (x, ~pT ) =
1

2Q

[
/p⊥ /̄n , Φf

]
=

1

2Q

{
f1/p⊥ − ih

⊥
1

p2
T [/n, /̄n]

2MN

}
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Subleading Operators: with B⊥ insertion

Fields and currents of definite helicity [Moult et al ’15]

Ban± = −ε∓µ(n, n̄)Baµn⊥,ωc , χ
α
n± =

1 ± γ5

2
χαn,ωa , J

ᾱβ
n̄n± = ∓

√
2

ωa ωb

εµ∓(n̄, n)

〈n∓ |n̄±〉
χ̄ᾱn̄± γµχ

β
n±

The complete set of operators in the helicity basis [Feige et al ’17]

O
(1)a ᾱβ
1+− = Ban+ J

ᾱβ
n̄n− , O

(1)a ᾱβ
1−+ = Ban− J ᾱβn̄n+ ,

O
(1)a ᾱβ
2−− = Ban̄− J ᾱβn̄n− , O

(1)a ᾱβ
2++ = Ban̄+ J

ᾱβ
n̄n+ .

Parity and charge conjugation invariance ⇒C
(1)
λ3λ12

= C
(1)
−λ3−λ12

⇒ Combination of operators appear as

Bn+Jn̄n− + Bn−Jn̄n+ =
1

√
ωaωb

χ̄n̄,ωb [S†n̄Sn] /B⊥n,−ωcχn,ωa

Bn̄−Jn̄n− + Bn̄+Jn̄n+ =
1

√
ωaωb

χ̄n̄,ωb /B⊥n̄,ωc [S†n̄Sn]χn,ωa

Same soft Wilson lines as leading power
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Subleading Operators: with B⊥ insertion

1
√
ωaωb

χ̄n̄,ωb [S†n̄Sn] /B⊥n,−ωcχn,ωa ,
1

√
ωaωb

χ̄n̄,ωb /B⊥n̄,ωc [S†n̄Sn]χn,ωa

Hermiticity + Kinematics + n↔ n̄: only one C(1)
f which is real

Summing over helicities gives∑
λe,λ12,λ3

C
(1)
f Bλ3

Jn̄nλ12
Jλe ∼ J

(1)µ
B Jeµ

where Jλe is the the leptonic current with definite helicity

This yields

J
(1)µ
B ∼ (nµ + n̄µ)

∫
dωadωbdωc C

(1)
f (Q,ωc)

×
[
δ(ωa+ωc−Q) δ(ωb−Q) χ̄n̄,ωb [S†n̄Sn]/B⊥n,−ωcχn,ωa

+ δ(ωa−Q) δ(ωb+ωc−Q) χ̄n̄,ωb /B⊥n̄,ωc [S†n̄Sn]χn,ωa

]
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Subleading Operators: with B⊥ insertion

Denoting ξ = ωc/Q, define the q-q-g correlators as

ˆ̃Φρ β
′β

B f (x, ξ,~bT ) ≡ Q 〈N |
[
χ̄βn,ωa B

ρ
⊥n,−ωc

]
(bµ⊥)χβ

′
n (0) |N〉 ,

ˆ̃∆ρ ββ′

B f̄ (z, ξ,~bT ) ≡ Q

2z

∑∫
X

〈0|
[
χ̄βn̄,ωb B

ρ
⊥n̄,ωc

]
(bµ⊥) |h,X〉 〈h,X|χβ

′

n̄ (0) |0〉

Φ̃ρ β
′β

B f (x, ξ,~bT ) = ˆ̃Φρ β
′β

B f (x, ξ,~bT )
√
S(bT ),

∆̃ρ ββ′

B f̄ (z, ξ,~bT ) = ˆ̃∆ρ ββ′

B f̄ (z, ξ,~bT )
√
S(bT )

W
(1)µν
B =

2z

Q

∑
f

∫
d2bT e

i~qT ·~bT
∫ 1

0

dξH(1)(Q, ξ)

× Tr
[
Φ̃ρB f (x, ξ,~bT ) γρ ∆f (z,~bT ) γν⊥ + Φf (x,~bT ) γµ⊥ ∆̃ρ

B f (z, ξ,~bT ) γρ + h.c.
]
.

H(1)(Q, ξ) = C
(1)
f (Q, ξ)C

(0)
f (Q)

In momentum space, Φ̃ρ β
′β

Bf can be decomposed as [Boer, Mulders, Pijlman ’03]

[Bacchetta, Mulders, Pijlman ’04]

Φ̃ρ β
′β

Bf (x, ξ, ~pT ) =
xMN

2

{[(
f̃⊥ − ig̃⊥

)p⊥σ
MN

(
gρσ⊥ − iερσ⊥ γ5

)
+ i
(
h̃+ i ẽ

)
γρ⊥

]
/n

2

}β′β

,
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Results
P
µν
1 = −(t̃µx̃ν + x̃µ t̃ν) , P

µν
2 = i

(
t̃µx̃ν − x̃µ t̃ν

)

W1 =F
{
−
PhT

zQ
H(0)

[
f1D1 −

2 pTx kTx − ~pT · ~kT
MNMh

h⊥1 H
⊥
1

]
(Kinematic corrections)

−H(0)

[
pTx + kTx

Q
f1D1 +

p2
T kTx + k2

T pTx

QMNMh
h⊥1 H

⊥
1

]
(From the P operators)

+H(1)

[
2x

Q

(
pTx f̃

⊥D1 +
MN

Mh
kTx h̃ H

⊥
1

)
+

2

zQ

(
kTx f1D̃

⊥ +
Mh

MN
pTx h

⊥
1 H̃

)]}
(From the B operators)

W2 =F
{
H(1)

[
2x

Q

(
pTx g̃

⊥D1 +
MN

Mh
kTx ẽ H

⊥
1

)
+

2

zQ

(
kTx f1G̃

⊥ +
Mh

MN
pTx h

⊥
1 Ẽ

)]}

F [ωH g D] = 2z
∑
f

∫
d2pT d2kT δ

2
(
~qT + ~pT − ~kT

)
ω(~pT , ~kT )

×
∫ 1

0
dξHf (Q, (ξ)) gf (x, (ξ), pT )Df (z, (ξ), kT )

New in our results

Soft function, same as leading power (as conjectured in [Bacchetta et al ’19])

Appearance of two hard functions, H(0)(Q) and H(1)(Q, ξ)

Dependence on ξ in H(1)(Q, ξ) and the functions f̃⊥, D̃⊥, ...
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Further Discussions

Implications from our results

Rapidity anomalous dimension is the same as at leading power
Φ̃ρ β

′β
B f (x, ξ,~bT , µ, ζ) = ˆ̃Φρ β

′β
B f (x, ξ,~bT , µ, ν

2/ζ)
√
S(bT , µ, ν),

⇒
d log Φ̃ρ β

′β
B f

d log ζ
=

1

4

d logS
d log ν

=
1

4
γν(µ, bT )

Comparison with literature

At leading order, C
(1)
f is independent on ξ from tree level matching,

ξ can be integrated in qqg correlators. W1,2 then fully agrees with
[Bacchetta et al ’06] at leading order (after inclusion of the soft function,
as conjectured in [Bacchetta et al ’19])

Anomalous dims of C
(1)
f have been calculated to one loop, with single

log dependence on ξ [Beneke et al, ’17 ’18]

⇒ Confirms the nontrivial ξ dependence

⇒ Disproves the simpler factorization theorem in [Bacchetta et al ’19]
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Summary & Outlook

Derived factorization of Wµν at subleading power, including
contribution from subleading operators with insertion of P⊥ and B⊥
Showed the factorization formulae of subleading structure functions
W1 and W2, including contributions from the kinematic correction
and the subleading operators

Future Directions

. Resummation of W1 and W2

. Possible contributions from the SCETII subleading Lagrangian

Thanks for your attention!
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