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Anomalous magnetic moment
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Muon g-2: history of experiment vs theory

4

BNL

D
a m

(E
xp

t–
Th

y)
x 

10
-1

0

Dam ~3.7 s

SM Theory Evaluations

YEAR

BNL  E821
Precision 

Goals

FNAL E989

Thy Initiative

Plot by David Hertzog



A. El-Khadra Lattice 2021, 26-30 July 2021

Muon g-2: experiment
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The Fermilab experiment released the measurement result from their run 1 data on 7 April 2021.  
[B. Abi et al, Phys. Rev. Lett. 124, 141801 (2021)]

Analysis of runs 2 and 3 is now underway. 

WP

• FNAL measurement confirms BNL result
• Analyzed 6% of the planned data
– Statistically limited: 434 ppb
– Systematics: 157 ppb

• Collected more than 50% of our planned 
data
– Aim to analyze Run 2-3 for summer of 2022

• Meanwhile … theory steps in: What could 
it all mean? Please see talk on Muon g-2 
SM and BSM theory review by Martin 
Hoferichter, Wednesday at 14:00  

Summary and Outlook

June 7, 2021 B. Kiburg | First Results Muon g-235

https://doi.org/10.1103/PhysRevLett.126.141801
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Muon g-2: experiment
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T. Mibe for E34 @ INT g-2 workshop

• 2018:  
Stage II approval by IPNS and IMSS directors.


• March 2019:  
Endorsed by KEK-SAC as a near-term priority 


• 2020: 
Funding request


• 2024+: 
data taking runs

4

Thermal muonium
production,
Ionization laser

Muon storage
magnet(3 T)

MLF muon experimental
facility (H-line)

Positron tracking
detector

Proton beam (3 GeV)

Surface muon (4 MeV)

Ultra-slow muon (25 meV)

Reaccelerated muon(212 MeV)

3D spiral injection
Muon LINAC

Muon g-2/EDM
experiment
at J-PARC

Features:
• Low emittance muon beam (1/1000)
• No strong focusing (1/1000) & good injection eff. (x10)
• Compact storage ring (1/20) 
• Tracking detector with large acceptance
• Completely different from BNL/FNAL method
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Timeline of g-2 experiments
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The Fermilab and J-PARC g-2 experiments will yield increasingly precise  measurements 
of  through the rest of this decade. 

In addition, future efforts may include negative muon runs at Fermilab and new muon 
EDM experiments. 

aμ

➠ Continue efforts to improve on the precision of the SM predictions.

➠ Theory Initiative: plan to continue efforts and update WP with new SM predictions 

Run 4
Run 5

Run 1 result 
announced

Result from 
Runs 2&3

?

20
21

20
22

20
24

20
25

20
23

Final result 

from E989  

?

J-PARC E34FNAL E989

Result from 
Run 4  

?
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Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the hadronic corrections


summarize the theory status and assess reliability of uncertainty estimates


organize workshops to bring the different communities together: 
First plenary workshop @ Fermilab: 3-6 June 2017 
HVP workshop @ KEK: 12-14 February 2018 
HLbL workshop @ U Connecticut: 12-14 March 2018 
Second plenary workshop @ HIM (Mainz): 18-22 June 2018 
Third plenary workshop @ INT (Seattle): 9-13 September 2019 
Lattice HVP at high precision workshop (virtual): 16-20 November 2020 
Fourth plenary workshop @ KEK (virtual): 28 June - 02 July 2021 
Fifth plenary workshop @ Higgs Centre (Edinburgh): early September 2022 (tentative)


  


1st White Paper published in 2020 (132 authors, 82 institutions, 21 countries)  
 [T. Aoyama et al, arXiv:2006.04822, Phys. Repts. 887 (2020) 1-166.]


2nd White Paper: First discussions @ KEK meeting 

Muon g-2 Theory Initiative

8

https://indico.fnal.gov/event/13795/
http://www-conf.kek.jp/muonHVPws/index.html
https://indico.phys.uconn.edu/event/1/
http://www.apple.com
https://sites.google.com/uw.edu/int/programs/upcoming-programs
https://indico.cern.ch/event/956699/
https://www-conf.kek.jp/muong-2theory/
https://arxiv.org/abs/2006.04822
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Muon g-2 Theory Initiative

Gilberto Colangelo (Bern)

Michel Davier (Orsay)

Aida El-Khadra (UIUC & Fermilab)

Martin Hoferichter (Bern)

Christoph Lehner (Regensburg University & BNL) 

Laurent Lellouch (Marseille)

Tsutomu Mibe (KEK)  J-PARC Muon g-2/EDM experiment

Lee Roberts (Boston)   Fermilab Muon g-2 experiment

Thomas Teubner (Liverpool)

Hartmut Wittig (Mainz)
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Steering Committee 

(1948-2021)

Simon Eidelman

[photo by Hartmut Wittig]

website: https://muon-gm2-theory.illinois.edu 

https://muon-gm2-theory.illinois.edu
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Muon g-2: SM contributions
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aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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Muon g-2: SM contributions
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aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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<latexit sha1_base64="mHU63glk8AnVRh7XqnsO2ngzdyk="></latexit>

n # of diagrams Contribution x 1011

1 1 116140973.32
2 7 413 217.63
3 71 30141.90
4 891 381.00
5 12672 5.08

aµ(QED) = 116 584 718.9 (1)⇥ 10�11

<latexit sha1_base64="pFUHoZJAnsO+yFqAjpjotMJZQMs="></latexit>

[T. Aoyama et al, arXiv:1205.5370, PRL;   

T. Aoyama, T. Kinoshita, M. Nio, Atoms 7 (1) (2019) 28]



A. El-Khadra Lattice 2021, 26-30 July 2021

1-loop

2-loop

µ Z µ

µ µ

�

µ ⌫µ µ

W W

�

µ ⌫µ µ

G W

�

µ H µ

µ µ

�

Figure 1: One-loop Feynman diagrams contributing to a
EW

µ
.

µ µ ⌫µ µ

H W

W

W

�

µ µ Z µ

� µ

µ

µ

�

µ µ � µ

Z µ

µ

µ

�

Figure 2: Bosonic two-loop Feynman diagrams contributing to a
EW

µ
.

Question: is there a uniform definition of ↵, ↵(MZ), GF or Gµ, sW,
etc in the report? How about specifying numerical input values for these
quantities? Here or somewhere else in the report, or unnecessary? (Here we
only need GF ,MW,Z and ↵)
Question: citation policy? We have not included citations here for “ancient”
one-loop calculations from 1972, but if desired or necessary for consistency
with other chapters we could include them.
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In this section we describe the electroweak (EW) SM contributions to aµ.
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Muon g-2: SM contributions
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Electroweak
(contributions from W,Z,H,.. bosons)

aµ(EW) = 153.6 (1.0)⇥ 10�11

<latexit sha1_base64="9417ca8ZQrSMYDt9Nsbn5eEI5ME="></latexit>

[A. Czarnecki et al, hep-ph/0212229, PRD; 

C. Gnendinger et al, arXiv:1306.5546, PRD]

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)

<latexit sha1_base64="ukHmy76qPwlDiPWpui1oZda0TB8=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyxCRSgzUtGNUNSKyxbsBdoyZDJpG5pkhiQjlKFv5MZX6UZEEbe+hWk7C9t6IOTn+88hOb8fMaq047xbK6tr6xubma3s9s7u3r59cFhXYSwxqeGQhbLpI0UYFaSmqWakGUmCuM9Iwx/cTfzGM5GKhuJJDyPS4agnaJdipA3y7AfktXkMb+DszidtyWG1fD86g+dzrNxYQn0UyFBQbAzPzjkFZ1pwWbipyIG0Kp49bgchjjkRGjOkVMt1It1JkNQUMzLKtmNFIoQHqEdaRgrEieok031H8NSQAHZDaY7QcEr/TiSIKzXkvunkSPfVojeB/3mtWHevOwkVUayJwLOHujGDOoST8GBAJcGaDY1AWFLzV4j7SCKsTcRZE4K7uPKyqF8U3GLhslrMlW7TODLgGJyAPHDBFSiBR1ABNYDBCxiDD/BpvVpv1pf1PWtdsdKZIzBX1s8vvYil5A==</latexit>
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The hadronic contributions are written as:   

Muon g-2: SM contributions

12

leading hadronic

α2 α3

α2 α3 α4

∼ 10−7

a`(hadronic) = aHVP,LO
` + aHVP,NLO

` + aHVP,NNLO
` + . . .

+ aHLbL
` + aHLbL,NLO

` + . . .

<latexit sha1_base64="hyGK+oYnfxRtCBzAuLs0Z6m3QKQ="></latexit>

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)

<latexit sha1_base64="ukHmy76qPwlDiPWpui1oZda0TB8=">AAACL3icbZDLSgMxFIYzXmu9jbp0EyxCRSgzUtGNUNSKyxbsBdoyZDJpG5pkhiQjlKFv5MZX6UZEEbe+hWk7C9t6IOTn+88hOb8fMaq047xbK6tr6xubma3s9s7u3r59cFhXYSwxqeGQhbLpI0UYFaSmqWakGUmCuM9Iwx/cTfzGM5GKhuJJDyPS4agnaJdipA3y7AfktXkMb+DszidtyWG1fD86g+dzrNxYQn0UyFBQbAzPzjkFZ1pwWbipyIG0Kp49bgchjjkRGjOkVMt1It1JkNQUMzLKtmNFIoQHqEdaRgrEieok031H8NSQAHZDaY7QcEr/TiSIKzXkvunkSPfVojeB/3mtWHevOwkVUayJwLOHujGDOoST8GBAJcGaDY1AWFLzV4j7SCKsTcRZE4K7uPKyqF8U3GLhslrMlW7TODLgGJyAPHDBFSiBR1ABNYDBCxiDD/BpvVpv1pf1PWtdsdKZIzBX1s8vvYil5A==</latexit>
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Muon g-2: SM contributions

13

Hadronic…

α2

…Light-by-Light (HLbL)

aEW
µ = 153.6 (1.0)⇥ 10�11

<latexit sha1_base64="h19OLW6lqQS/KfK0kDqVsJ1iWoA=">AAACGHicbVDLSgMxFM34rPVVdekmWIQKOk60vhZCUQSXFewDOm3JpJk2NJkZkoxQhn6GG3/FjQtF3Hbn35g+Ftp64MLhnHu59x4v4kxpx/m25uYXFpeWUyvp1bX1jc3M1nZZhbEktERCHsqqhxXlLKAlzTSn1UhSLDxOK173duhXnqhULAwedS+idYHbAfMZwdpIzcwxbroibiSuFPCu0ofXEJ2d2ufuYQ7ZzgFMQ1czQRVETiM5QqjfzGQd2xkBzhI0IVkwQbGZGbitkMSCBppwrFQNOZGuJ1hqRjjtp91Y0QiTLm7TmqEBNtvqyeixPtw3Sgv6oTQVaDhSf08kWCjVE57pFFh31LQ3FP/zarH2L+sJC6JY04CMF/kxhzqEw5Rgi0lKNO8Zgolk5lZIOlhiok2WaRMCmn55lpRPbJS3rx7y2cLNJI4U2AV7IAcQuAAFcA+KoAQIeAav4B18WC/Wm/VpfY1b56zJzA74A2vwA9vIm+g=</latexit>

6845 (40) × 10−11

92 (18) × 10−11

…Vacuum Polarization (HVP)

+…

+…

aQED
µ (↵(Cs)) = 116 584 718.9 (1)⇥ 10�11

<latexit sha1_base64="jslMJiAKjL0WKnE49hRQIicInxE="></latexit>

+…

+…
QED

EW

α3

0.01 ppm

0.001 ppm

0.34 ppm

0.15 ppm

[0.6%]

[20%]

aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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⇧̂(q2) = ⇧(q2)�⇧(0)

⇧µ⌫ =

Z
d4xeiqxhjµ(x)j⌫(0)i = (qµq⌫ � q2gµ⌫)⇧(q

2)

Im[ ] ∼ | |2
hadrons

hadrons

e+

e−

      Hadronic vacuum polarization

15

Leading order HVP correction: aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

• Use optical theorem and dispersion relation to rewrite the integral 
in terms of the hadronic  cross section:  e+e−
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⇧̂(q2) = ⇧(q2)�⇧(0)

⇧µ⌫ =

Z
d4xeiqxhjµ(x)j⌫(0)i = (qµq⌫ � q2gµ⌫)⇧(q

2)

Leading order HVP correction: 

• Use optical theorem and dispersion relation to rewrite the integral 
in terms of the hadronic  cross section: 


• Use direct integration method, summing up cross sections for all 
possible hadronic channels up to ~ 2 GeV  

e+e−

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

      Hadronic vacuum polarization

16

aHVP,LO
µ =

m2
µ

12⇡3

Z
ds

K̂(s)

s
�exp(s)

Dominant contributions from low energies

 channel: 73% of total π+π−
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Experimental Inputs to HVP

17

08.02.2018 HVP_2018 6 

 e+e-  facilities involved in HVP measurement  

KLOE SND CMD-3 

HVP measurements 

BaBar 

BNL-821 

BELLE-II 

BES-III 

KEDR 

S. Serednyakov (for SND) @ HVP KEK workshop

FNAL E989

J-PARC g-2/EDM

E-34
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Zhiqing Zhang (LAL, Orsay) /15+12The muon g-2 theory initiatives, Seattle, Sept 9-13, 2019

➙

Overall Results

!13

Essentially all 
exclusive 
channels (>30) 
below 1.8 GeV 
are included 
thanks mainly to  
measurements 
in many modes 
from BABAR 
(including the 
recent π+π-3π0) 

Estimation for 
missing modes 
based on isospin 
constraints 
becomes 
negligible 
(0.016%)

Channel ahad, LO
µ [10�10] �↵(m2

Z)[10�4]
⇡0� 4.29± 0.06± 0.04± 0.07 0.35± 0.00± 0.00± 0.01
⌘� 0.65± 0.02± 0.01± 0.01 0.08± 0.00± 0.00± 0.00
⇡+⇡� 507.80± 0.83± 3.19± 0.60 34.49± 0.06± 0.20± 0.04
⇡+⇡�⇡0 46.20± 0.40± 1.10± 0.86 4.60± 0.04± 0.11± 0.08
2⇡+2⇡� 13.68± 0.03± 0.27± 0.14 3.58± 0.01± 0.07± 0.03
⇡+⇡�2⇡0 18.03± 0.06± 0.48± 0.26 4.45± 0.02± 0.12± 0.07
2⇡+2⇡�⇡0 (⌘ excl.) 0.69± 0.04± 0.06± 0.03 0.21± 0.01± 0.02± 0.01
⇡+⇡�3⇡0 (⌘ excl.) 0.49± 0.03± 0.09± 0.00 0.15± 0.01± 0.03± 0.00
3⇡+3⇡� 0.11± 0.00± 0.01± 0.00 0.04± 0.00± 0.00± 0.00
2⇡+2⇡�2⇡0 (⌘ excl.) 0.71± 0.06± 0.07± 0.14 0.25± 0.02± 0.02± 0.05
⇡+⇡�4⇡0 (⌘ excl., isospin) 0.08± 0.01± 0.08± 0.00 0.03± 0.00± 0.03± 0.00
⌘⇡+⇡� 1.19± 0.02± 0.04± 0.02 0.35± 0.01± 0.01± 0.01
⌘! 0.35± 0.01± 0.02± 0.01 0.11± 0.00± 0.01± 0.00
⌘⇡+⇡�⇡0(non-!,�) 0.34± 0.03± 0.03± 0.04 0.12± 0.01± 0.01± 0.01
⌘2⇡+2⇡� 0.02± 0.01± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
!⌘⇡0 0.06± 0.01± 0.01± 0.00 0.02± 0.00± 0.00± 0.00
!⇡0 (! ! ⇡0�) 0.94± 0.01± 0.03± 0.00 0.20± 0.00± 0.01± 0.00
!(⇡⇡)0 (! ! ⇡0�) 0.07± 0.00± 0.00± 0.00 0.02± 0.00± 0.00± 0.00
! (non-3⇡,⇡�, ⌘�) 0.04± 0.00± 0.00± 0.00 0.00± 0.00± 0.00± 0.00
K+K� 23.08± 0.20± 0.33± 0.21 3.35± 0.03± 0.05± 0.03
KSKL 12.82± 0.06± 0.18± 0.15 1.74± 0.01± 0.03± 0.02
� (non-KK, 3⇡,⇡�, ⌘�) 0.05± 0.00± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
KK⇡ 2.45± 0.05± 0.10± 0.06 0.78± 0.02± 0.03± 0.02
KK2⇡ 0.85± 0.02± 0.05± 0.01 0.30± 0.01± 0.02± 0.00
KK3⇡ (estimate) �0.02± 0.01± 0.01± 0.00 �0.01± 0.00± 0.00± 0.00
⌘� 0.33± 0.01± 0.01± 0.00 0.11± 0.00± 0.00± 0.00
⌘KK (non-�) 0.01± 0.01± 0.01± 0.00 0.00± 0.00± 0.01± 0.00
!KK (! ! ⇡0�) 0.01± 0.00± 0.00± 0.00 0.00± 0.00± 0.00± 0.00
!3⇡ (! ! ⇡0�) 0.06± 0.01± 0.01± 0.01 0.02± 0.00± 0.00± 0.00
7⇡ (3⇡+3⇡�⇡0 + estimate) 0.02± 0.00± 0.01± 0.00 0.01± 0.00± 0.00± 0.00
J/ (BW integral) 6.28± 0.07 7.09± 0.08
 (2S) (BW integral) 1.57± 0.03 2.50± 0.04
R data [3.7� 5.0] GeV 7.29± 0.05± 0.30± 0.00 15.79± 0.12± 0.66± 0.00
RQCD [1.8� 3.7 GeV]uds 33.45± 0.28± 0.65dual 24.27± 0.18± 0.28dual
RQCD [5.0� 9.3 GeV]udsc 6.86± 0.04 34.89± 0.17
RQCD [9.3� 12.0 GeV]udscb 1.21± 0.01 15.56± 0.04
RQCD [12.0� 40.0 GeV]udscb 1.64± 0.00 77.94± 0.12
RQCD [> 40.0 GeV]udscb 0.16± 0.00 42.70± 0.06
RQCD [> 40.0 GeV]t 0.00± 0.00 �0.72± 0.01
Sum 693.9± 1.0± 3.4± 1.6± 0.1 ± 0.7QCD 275.42± 0.15± 0.72± 0.23± 0.09 ± 0.55QCD
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[M. Davier et al, arXiv:1908.00921]  
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(a) Fractional contributions to ahad,LOVP

µ .

(b) Fractional contributions to �↵(5)

had
(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)

27

(a) Fractional contributions to ahad,LOVP

µ .

(b) Fractional contributions to �↵(5)

had
(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)

27

360 365 370 375 380 385 390 395 400 405
a⇡⇡,LO

µ
(600 � 900 MeV) [10�10]

CMD-2 03,06

SND 04

CLEO 18

BaBar 09

KLOE 18
avg. of KLOE 08/10/12

BESIII 16
superseded by this work

BESIII (This work)

372.4 ± 3.0

371.7 ± 5.0

376.9 ± 6.3

376.7 ± 2.7

366.9 ± 2.1

368.2 ± 2.5 ± 3.3

368.2 ± 1.5 ± 3.3

Figure 3: (Color online) Comparison of the updated calculation of the leading-order (LO) hadronic vacuum polarization
contribution to (g � 2)µ due to ⇡+⇡� in the energy range 600 - 900 MeV from BESIII and the corresponding results from
CMD-2 [13, 14], SND [15], BaBar [11], BESIII 16 [1],CLEO [16], and KLOE [17]. The respective values are taken from the
white paper of the Muon g-2 Theory Initiative [2, 3, 18, 19, 20, 21, 22]. The yellow band indicates the 1� range of the updated
BESIII result.
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Tensions between BaBar and KLOE data sets: 

• Cross checks using analyticity and 
unitarity relating pion form factor to 

 scattering 

• Combinations of data sets affected 

by tensions 
 
➠ conservative merging procedure

ππ
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Conservative merging procedure 

[B. Malaescu @ INT g-2 workshop] 
to obtain a realistic assessment of the underlying uncertainties: 
 


• account for tensions between data sets

• account for differences in methodologies for compilation of experimental inputs

• include correlations between systematic errors

• constraints and cross checks from unitarity & analyticity constraints 

[Colangelo et al, 2018;  Anantharayan et al, 2018; Davier et al, 2019; Hoferichter et al, 2019]


• Full NLO radiative corrections  [Campanario et al, 2019]


➠ aHVP,LO
μ = 693.1 (2.8)exp (2.8)sys (0.7)DV+pQCD × 10−10 = 693.1 (4.0) × 10−10

HVP: data-driven
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Hadronic light-by-light:  

 
 

 

previous estimates “Glasgow consensus” use models of QCD

used to evaluate individual contributions to HLbL scattering tensor

theory error not well determined and not improvable

Hadronic Light-by-light

20
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Hadronic light-by-light:   Target: ≲ 10% total error
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Hadronic Light-by-light
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Dispersive approach:

[Colangelo at al, 2014; Pauk & Vanderhaegen 2014; …]  


model independent

significantly more complicated than for HVP


provides a framework for data-driven evaluations

can also use lattice results as inputs
➠

Hadronic light-by-light:   Target: ≲ 10% total error
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Three independent results for the pion pole contribution: Intro HLbL to (g � 2)µ Exp. input Conclusions PS-pole 2⇡ Higher hadrons SDC Summary

Results above the bar

I Dispersive calculation of the pion TFF Hoferichter et al. (18)

a⇡0

µ = 63.0+2.7
�2.1 ⇥ 10�11

I Padé-Canterbury approximants Masjuan & Sanchez-Puertas (17)

a⇡0

µ = 63.6(2.7)⇥ 10�11

I Lattice Gérardin, Meyer, Nyffeler (19)

a⇡0

µ = 62.3(2.3)⇥ 10�11
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HLbL: dispersive
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Preliminary results
• We use local iso-singlet vector currents V (0,0)

µ and local iso-vector axial
vector currents A(1,±)

µ instead of conserved currents ! introduces
renormalization factor Z 2

V · Z 2

A in a⇡�pole
µ .

• Z 2

V and Z 2

A are available for our setup from an independent calculation
from first principles from within ETMC - see talk by Matteo di Carlo on
Friday.

• From the data shown on the previous slide with tcut 2 [0.88, 2.08] fm we
get without considering the systematic error a preliminary

a⇡�pole
µ 2 [58.6, 65.7]⇥ 10�11 with a 2%-6% statistical error.

Sebastian Burri (University of Bern) F⇡!�⇤�⇤ 27. July 2021 14 / 15

Tuesday, 5:00-8:00 US EDT

Sebastian Burri (ETMc)

New calculation of pion transition 
form factor on ETMc twisted-mass 
ensemble with phys. mass and  

a~ 0.08 fm

HLbL: dispersive
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Comparison: 

Contribution PdRV(09) [471] N/JN(09) [472, 573] J(17) [27] Our estimate

⇡0, ⌘, ⌘0-poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
⇡,K-loops/boxes �19(19) �19(13) �20(5) �16.4(2)

S -wave ⇡⇡ rescattering �7(7) �7(2) �5.98(1.20) �8(1)

subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)

scalars � � � �
� 1(3)tensors � � 1.1(1)

axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u, d, s-loops / short-distance � 21(3) 20(4) 15(10)

c-loop 2.3 � 2.3(2) 3(1)

total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 10�11 from 2009 and a recent update with our estimate. Legend:
PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Ny↵eler / Jegerlehner, Ny↵eler; J = Jegerlehner.

in Table 15.42 While the central values are all quite close to each other (the largest discrepancy is with the Glasgow
consensus, which, however, includes a large part of the short-distance contribution in the pseudoscalar poles) and all
compatible within errors, the largest improvement is in the uncertainty, which has been reduced by a factor 6 to 3.

The lower part of the table contains the remaining contributions, which still su↵er from significant uncertainties,
further separated into the contribution from light quarks as well as the c-loop. For these a comparison among di↵erent
evaluations is more di�cult, because model dependence is still a↵ecting all contributions (with the exception of the
short-distance contribution evaluated here). It is in this second part of the table that future progress will have to
happen.

We have described above how we obtained our final error estimate. Just for comparison, in PdRV [471] all errors
have been added in quadrature, in N/JN [472, 573] all errors have been added linearly, and in J [27] the errors have been
added in quadrature and then multiplied by a factor 2 to account for possible model uncertainties so far unaccounted
for.

We also briefly comment on the numbers in the recent review by Danilkin, Redmer, and Vanderhaeghen [626]. The
main di↵erence is their estimate of the pseudoscalar-pole contribution, 84(4) ⇥ 10�11, lower than our value by about
2.5�, which is incompatible with what we know about this contribution as explained in Sec. 4.4. The smaller value for
the PS-poles is compensated by the quark-loop contribution, 20(4) ⇥ 10�11, which is a bit larger than our estimate of
the short-distance contribution, leading to a central value, 87(13) ⇥ 10�11, very close to ours. The errors in Ref. [626]
are added linearly, but in particular the uncertainties for the axial-vectors and the short-distance contribution are much
smaller than ours, which is the main reason for their rather small total uncertainty.

The comparison discussed here clearly shows that there has been significant progress since the time of the Glasgow
consensus. The development of a more systematic approach to the calculation of the HLbL contribution has led to
improved estimates of several of the underlying contributions. The shifts in the central values are relatively moderate,
never larger than two sigmas with respect to older estimates, but the overall shift is quite significant and in the negative
direction, thus increasing the discrepancy with the measured value. Even more important than the shift in the central
value is our ability to make better uncertainty estimates. In some cases these have been drastically reduced with
respect to the time of the Glasgow consensus, but in some others a better theoretical understanding of the formalism
has led to a more cautious attitude. The upshot is that even taking a conservative approach we could bring the total
uncertainty down to about 20% of the central value and the prospects for an even further reduction in the coming
years, towards the 10% goal, are very good as will be sketched in the next subsection.

42To make a meaningful comparison, since the largest contribution among the scalars is due to the �/ f0(500), which is treated as a ⇡⇡ rescattering
e↵ect here, we have considered the contribution of the scalars of earlier evaluations in the line labeled “S -wave ⇡⇡ rescattering.” This is indeed
justified for the scalar contribution �6.8(2.0) ⇥ 10�11 in the ENJL model from Ref. [484], as confirmed in Ref. [666]. The �/ f0(500) is also
responsible for 50–80% of the value �6.0(1.2) ⇥ 10�11 from Ref. [27], depending on the mixing.

138

NLO HLbL contribution: 

aHLbL,NLO
μ = 2 (1) × 10−11

HLbL: dispersive
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Hadronic light-by-light:   Target: ≲ 10% total error

RBC/UKQCD 
[T. Blum et al, arXiv:1610.04603, 2016 PRL; arXiv:1911.08123, 2020 PRL]

QCD + QEDL  (finite volume)   
➠  FV effects 
stochastic evaluation of position space sums 
Feynman gauge photon propagators 
DWF ensembles at/near phys mass,  

1/L2

a ≈ 0.08 − 0.2 fm, L ∼ 4.5 − 9.3 fm

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

HLbL: lattice

26

Two independent and complete direct lattice calculations of aHLbL
μ

Cross checks between RBC/UKQCD & Mainz approaches in White Paper at unphysical pion mass

Mainz group  
[E. Chao et al, arXiv:2104.02632]


QCD + QED (infinite volume & continuum) 
➠  FV effects 
semi-analytic QED kernel function 
 
CLS (2+1 Wilson-clover) ensembles 
 , 

e−mπL

mπ ∼ 200 − 430 MeV a ≈ 0.05 − 0.1 fm, mπL > 4

Theory background
I O(4)-symmetry restoration of the QED kernel allows to write

ahlbl
µ = lim

|y |maxæŒ
ahlbl

µ (|y |max) , ahlbl
µ (|y |) =

⁄ |y |max

0
d |y |f (|y |) .

∆ compute the integrand f (|y |) for each |y | and get the |y |-integral using
trapezoidal rule.

I Terminology:
I Leading topologies: fully-connected, (2+2)
I Subleading topologies: (3+1), (2+1+1), (1+1+1+1)

Motivated by light pseudoscalar (PS) meson contributions and large-Nc
arguments.

I Translational invariance + change of variables ∆ compute ahlbl
µ for each

topology from only a subset of “easy" diagrams. [E.-H. Chao et al, EPJC ’20]

I Focus of this talk: the leading topologies with purely light quarks and the
(3+1) with a light quark “triangle".

0x

y

z

0y

z

x
0y

z

x
0y

z

x 0 y

z

x

En-Hung Chao (JGU Mainz) ahlbl
µ from LQCD: a complete calculation 3 / 9

http://arxiv.org/abs/arXiv:1911.08123
https://arxiv.org/abs/2104.02632
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aHLbL

µ
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HLbL
× 10

11

WP20

WP20 data-driven

RBC/UKQCD19

Glasgow consensus (09)

N/JN09

J17

 (+ charm-loop)

dispersive

Mainz21 (+ charm-loop)
not used in WP20

models of QCD +EFT, 
large Nc

Lattice QCD + QED

data + dispersive 
approach

Now well-determined in two independent approaches, systematically improvable

HLbL: Comparison
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Lattice HVP: Introduction
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⇧̂(q2) = ⇧(q2)�⇧(0)

Leading order HVP correction: aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

• Calculate   in Lattice QCD


  Compute correlation function: 


  and  
 
Obtain  from an integral over Euclidean time:  
 


aHVP,LO
μ

aHVP,LO
μ

C(t) =
1

3

X

i,x

hji(x, t)ji(0, 0)i

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

[B. Lautrup, A. Peterman, E. de Rafael, Phys. Rep 1972; 
E. de Rafael, Phys. Let. B 1994; T. Blum, PRL 2002]

⇧̂(Q2) = 4⇡2

Z 1

0
dtC(t)


t2 � 4

Q2
sin2

✓
Qt

2

◆�

<latexit sha1_base64="NYkSLOPZzplvi0apX7Zls9+V8e0="></latexit>

[D. Bernecker and H. Meyer, arXiv:1107.4388, 
EPJA 2011] 
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Calculate  in Lattice QCD:  

 


• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams) 
 Note: almost always     
 
 
     


• need to add QED and strong isospin breaking (  ) corrections: 
 
 
 
- either perturbatively on isospin symmetric QCD background 
- or by using QCD + QED ensembles with  

aHVP
μ

mu = md

∼ mu − md

mu ≠ md

Lattice HVP: Introduction

29

+ …

X

f
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+ f f’ f= ud, s, c, b

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc

<latexit sha1_base64="QuLOsSJbj/2XJDr1dqEpUkjAtFQ="></latexit>



A. El-Khadra Lattice 2021, 26-30 July 2021

light-quark connected contribution: 
 ~90% of total


s,c,b-quark contributions  
 ~8%, 2%, 0.05% of total


disconnected contribution:  
  ~2% of total


Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

Lattice HVP: Introduction
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO
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A. El-Khadra Lattice 2021, 26-30 July 2021

Target: ~ 0.2% total error 

Challenges:   
✓needs ensembles with (light sea) quark masses at their physical values 
✓ finite volume corrections

• growth of statistical errors at long-distances 

• Continuum extrapolation 

• scale setting  

• disconnected contribution

• QED and strong isospin breaking corrections (mu ≠ md) 

Focus on windows in Euclidean times [T. Blum et al, arXiv:1801.07224, 2018 PRL]

• disentangle systematics/statistics from long distance/FV and discretization effects  
➠ valuable cross checks


• intermediate window easy to compute & compare with disperse methods 

Lattice HVP: Introduction
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Lattice HVP: Ensemble parameters 
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Simulation Details

7/26/2021 5

❖ Nf=2+1+1 HISQ ensembles with physical light-quark masses.

❖ 4 lattice spacings [0.06-0.15] fm, planning to add a 5th lattice spacing at 0.042 fm.

❖ All ensembles (except largest spacing) with mπL > 3.7.

Uncertainty on uncorrected values

Details of the lattice simulation

  We have used the gauge field configurations generated by ETMC,

  European Twisted Mass Collaboration, in the pure isosymmetric QCD

  theory with Nf=2+1+1 dynamical quarks

- Gluon action: Iwasaki

- Quark action: twisted mass at maximal twist

                       (automatically O(a) improved)

OS for s and c valence quarks

6

6

SUPPLEMENTARY MATERIAL

Details of the calculation described in this letter will
be presented in Ref. [24]. Here, in subsection A we col-
lect the main parameters of the simulations performed in
the isosymmetric QCD theory and discuss briefly their
relation with the prescription of Ref. [3], while in subsec-
tion B we sketch some of the key points and illustrate the
quality of the results by showing the time-dependence of
the most complicated diagrams, i.e. those in Fig. 4(a) and
(b) in which a photon is exchanged between the quarks
and the final-state charged lepton.

A. Simulation parameters

The main parameters of the simulations performed
within isosymmetric QCD in Ref. [15] are collected in
Table I.

ensemble � V/a4 aµud aµ� aµ� Ncf aµs M⇡ MK

(MeV) (MeV)

A40.40 1.90 403 · 80 0.0040 0.15 0.19 100 0.02363 317(12) 576(22)

A30.32 323 · 64 0.0030 150 275(10) 568(22)

A40.32 0.0040 100 316(12) 578(22)

A50.32 0.0050 150 350(13) 586(22)

A40.24 243 · 48 0.0040 150 322(13) 582(23)

A60.24 0.0060 150 386(15) 599(23)

A80.24 0.0080 150 442(17) 618(14)

A100.24 0.0100 150 495(19) 639(24)

A40.20 203 · 48 0.0040 150 330(13) 586(23)

B25.32 1.95 323 · 64 0.0025 0.135 0.170 150 0.02094 259 (9) 546(19)

B35.32 0.0035 150 302(10) 555(19)

B55.32 0.0055 150 375(13) 578(20)

B75.32 0.0075 80 436(15) 599(21)

B85.24 243 · 48 0.0085 150 468(16) 613(21)

D15.48 2.10 483 · 96 0.0015 0.1200 0.1385 100 0.01612 223 (6) 529(14)

D20.48 0.0020 100 256 (7) 535(14)

D30.48 0.0030 100 312 (8) 550(14)

TABLE I: Values of the valence and sea bare quark masses (in
lattice units), of the pion and kaon masses for the Nf = 2+ 1+ 1

ETMC gauge ensembles used in Ref. [15] and for the gauge ensem-
ble, A40.40 added to improve the investigation of FVEs. A separa-
tion of 20 trajectories between each of the Ncf analysed configura-
tions. The bare twisted masses µ� and µ� describe the strange and
charm sea doublet according to Ref. [18]. The values of the strange
quark bare mass aµs, given for each �, correspond to the physical

strange quark mass mphys
s (MS, 2GeV) = 99.6(4.3) MeV and to

the mass renormalization constants determined in Ref. [15]. The
central values and errors of pion and kaon masses are evaluated
using the bootstrap procedure of Ref. [15].

Three values of the inverse bare lattice coupling � and
several lattice volumes have been considered. For the
earlier investigation of FVEs ETMC had produced three
dedicated ensembles, A40.20, A40.24 and A40.32, which
share the same quark masses and lattice spacing and dif-
fer only in the lattice size L. To improve the present
investigation we have generated a further gauge ensem-
ble, A40.40, at a larger value of L.

At each lattice spacing di↵erent values of the light sea
quark mass have been considered. The light valence and

sea bare quark masses are always taken to be degenerate
(aµsea

ud = aµval
ud = aµud).

In Ref. [15] the values of the physical u/d and strange
quark masses, mphys

ud (MS, 2GeV) = 3.70(17) MeV and
mphys

s (MS, 2GeV) = 99.6(4.3) MeV, as well as the val-
ues of the lattice spacing, a = 0.0885(36), 0.0815(30),
0.0619(18) fm at � = 1.90, 1.95 and 2.10, have been de-
termined using the following inputs for the isosymmetric

QCD theory: M (0)
⇡ = M⇡0 = 134.98 MeV, M (0)

K = 494.2

MeV and f (0)
⇡ = 130.41 MeV. The first two inputs corre-

spond to the values suggested in the FLAG reviews [2],

while the value of f (0)
⇡ corresponds to the use of the exper-

imental rate �(⇡`2), the value of |Vud| from Ref. [29] and
the value �R⇡ = 0.0176 (21) obtained in ChPT [27, 28]
and currently adopted by the PDG [14]. We will refer to
the choice of the above three inputs as the FLAG/PDG
prescription.
In Ref. [6] we have calculated the pion and kaon masses

in the isosymmetric QCD theory according to the pre-

scription of Ref. [3], obtaining M (0)
⇡ = 134.9 (2) MeV,

M (0)
K = 494.4 (1) MeV. We anticipate that in Ref. [24]

we shall provide a slightly di↵erent value for �R⇡, which

corresponds to a change of [f (0)
⇡ ]2 less than 0.5%. Since

[M (0)
⇡ /f (0)

⇡ ]2 / mphys
ud +O([mphys

ud ]2), the change expected

in mphys
ud is less than 0.02 MeV. Analogously, the change

in mphys
s is expected to be less than 0.5 MeV. Corre-

spondingly, the variations of �R⇡ and �RK⇡ are well
within the statistical uncertainties, as it can be easily
inferred from Fig. 6 in the case of �RK⇡.
The above findings indicate that our prescription [3]

and the FLAG/PDG one di↵er only by e↵ects which are
well within the uncertainties of the input parameters of
Ref. [15]. This justifies the use of the FLAG average for

the ratio f (0)
K /f (0)

⇡ to get Eq. (15) as well as the com-
parison of our result (14) with the ChPT prediction of
Refs. [27, 28].

B. Evaluation of �Aµ
P /�A

(0)
P

The evaluation of the diagrams 4(a) and (b), corre-
sponding to the “new” term �A`

P , starts from the corre-
lator �C`

P (t) defined as

�C`(t) =
X

↵�

u⌫`↵(p⌫`)C1(t)↵�v`�(p`) , (19)

where C1(t)↵� is given by Eq. (35) of Ref. [1], while t is
the time distance between the P-meson source and the
insertion of the weak (V-A) current. At large time dis-
tances and for T ! 1 one has

�C`(t) ��!
t�a

Z(0)
P �A`

P

2M (0)
P

T `
P e

�M(0)
P t , (20)

where T `
P = Tr

⇥
�0(1� �5)``�0(1� �5)⌫`⌫`

⇤
is the tree-

level leptonic trace. Analogously, in the absence of the

Pion masses in the range 220 - 490 MeV

4 volumes @                         andMπ ! 320 MeV a ! 0.09 fm

MπL ! 3.0 ÷ 5.8
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We present results on the nucleon axial, scalar and tensor charges computed within lattice Quan-
tum Chromodynamics. We use three ensembles of gauge configurations generated with physical
values of the pion mass to compute these quantities to high accuracy avoiding the need of uncon-
trolled chiral extrapolations. We determine the values for the axial, scalar and tensor charges for
each quark flavor. We include all contributions from valence and sea quarks by using improved meth-
ods to compute the disconnected quark loops. For the nucleon axial charge we find gA = 1.286(23)
in agreement with the experimental value. In addition, we extract the nucleon �-terms and find
�⇡N = 41.6(3.8) MeV as well as the strangeness content of the nucleon obtaining for the y-parameter
y = 0.0740(59).
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INTRODUCTION

The fundamental role of the nucleon axial charge in the
physics of weak interactions and in beyond the standard
model (SM) physics makes its non-perturbative determi-
nation of central importance. The nucleon axial charge
determines the rate of the weak decay of neutrons into
protons and provides a quantitative measure of spon-
taneous chiral symmetry breaking in hadronic physics.
It enters in the analysis of neutrinoless double-beta de-
cay and in the unitarity tests of the Cabibbo-Kobayashi-
Maskawa matrix. Equally important are the isovector
scalar and tensor charges of the nucleon, which provide
essential input for probing novel scalar and tensor inter-
actions at the TeV scale [1].

An ab initio calculation of the axial charge, as pre-
cisely as known experimentally from neutron beta decay
measurements using polarized ultracold neutrons [2, 3],
will provide a strong validation of Quantum Chromody-
namics (QCD). However, the non-perturbative nature of
QCD makes a theoretical calculation of the axial charge,
an isovector coupling that we will denote by gu�d

A , di�-
cult. Lattice QCD provides a rigorous, non-perturbative
formulation of QCD on a Euclidean lattice that allows for

a numerical simulation with controlled systematic uncer-
tainties. Numerous past lattice QCD studies [4]. under-
estimated gu�d

A and impeded reliable predictions of the
other nucleon charges. Only recently an accurate com-
putation of gu�d

A was presented [5] that reproduced the
experimental value. It was, however, obtained using chi-
ral extrapolations involving ensembles with heavier than
physical pions.

In this work, we evaluate gu�d
A using simulations car-

ried out directly at the physical pion mass and includ-
ing the physical strange and charm quarks in the sea.
This avoids chiral extrapolation or any modelling of the
pion mass dependence eliminating a systematic error that
has been problematic in many studies. Reproducing the
value of gu�d

A within the lattice QCD framework serves as
a most valuable benchmark computation for the predic-
tion of the isovector scalar gu�d

S and tensor gu�d
T charges,

also presented here. Another milestone of our work, is the
computation of the axial, scalar and tensor charges for
each quark flavor separately, namely gfA, g

f
S and gfT where

f denotes the up, down, strange and charm quarks. In
particular, the quark flavor axial charge gfA determines
the intrinsic spin carried by the quarks in the nucleon
and scalar and tensor charges probe novel interactions
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	flavours	of	 -improved	Wilson	fermions;	tree-level	improved	Lüscher-Weisz	ac3onNf = 2 + 1 O(a)
Six	values	of	the	laKce	spacing:		a = 0.099, 0.085, 0.077, 0.065, 0.050, 0.039 fm

	Ensembles;	 		gauge	configura3ons22 ≳ 35 000

Chiral	trajectory:			Tr Mq ≈ const
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◆2 Z 1

0
dt K̃(t) G(t)

Volumes:		mπ L > 4

Local	and	point-split	vector	currents
		simultaneous	con3nuum	extrapola3ons→

added	since	2019

Our extended list of ensembles, all with m⇡ = 135 ± 5 MeV:

 3

 3.5

 4

 4.5

 5

 5.5

 6

 6.5

 7

 0  0.005  0.01  0.015  0.02  0.025  0.03  0.035  0.04

m
πL

a2 / fm2

Iwasaki Nf 2+1
Iwasaki+DSDR Nf 2+1

96I

64I 48I

24D

32D

48D

RBC/UKQCD 2018

5 / 13

Our extended list of ensembles, all with m⇡ = 135 ± 5 MeV:

 3

 3.5

 4

 4.5

 5

 5.5

 6

 6.5

 7

 0  0.005  0.01  0.015  0.02  0.025  0.03  0.035  0.04

m
πL

a2 / fm2

Iwasaki Nf 2+1
Iwasaki+DSDR Nf 2+1

96I

64I 48I

24D

32D

48D

RBC/UKQCD 2018

5 / 13

0.94

0.96

0.98

1.00

1.02 3.70003.7000

(2
M

K
2
-M

π

2
)/

(p
h

ys
)

3.75003.7500 3.77533.7753

0.94

0.96

0.98

1.00

1.02

0
.9

4

0
.9

6

0
.9

8

1
.0

0

1
.0

2

3.84003.8400

(2
M

K
2
-M

π

2
)/

(p
h

ys
)

M
π

2/(phys)

0
.9

4

0
.9

6

0
.9

8

1
.0

0

1
.0

2

3.92003.9200

M
π

2/(phys)

0
.9

4

0
.9

6

0
.9

8

1
.0

0

1
.0

2

4.01264.0126

M
π

2/(phys)

phys
omega

w0

Figure 1: Position of the 4stout ensembles in the plane of the hadron mass combinations of Equation
(1). These correspond approximately to the light and strange quark masses. The lattice spacings are
a = 0.1315, 0.1191, 0.1116, 0.0952, 0.0787 and 0.0640 fm, respectively. The corresponding � gauge
couplings are indicated at the top of each panel.

1 The 4stout action and gauge ensembles

The main part of the simulation e↵ort was carried out using the 4stout lattice action. This discretization
is defined through the use of the tree-level Symanzik gauge action [2] and a one-link staggered fermion
action with four steps of stout smearing [3]. The smearing parameter was set to ⇢ = 0.125.

We have chosen six gauge coupling parameters, � = 6/g2, as shown in Table 1. All of these ensembles
were generated using 2+1+1 dynamical flavors with no isospin breaking. The charm mass is set by its ratio
to the strange mass, mc/ms = 11.85, which comes from the spectroscopy of the pseudoscalar charmed
mesons in the continuum limit worked out in [4]. This value is within one per-cent of the latest FLAG
average [5]. The light and strange quark masses are chosen to scatter around a “physical point” defined
by the pseudoscalar masses M⇡ and MK and the mass of the Omega baryon, M⌦, as follows:

M2
⇡

M2
⌦

=

"
M2

⇡0

M2
⌦�

#

⇤

,
M2

K
�

1
2M

2
⇡

M2
⌦
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"
M2

K�

M2
⌦�

#

⇤

. (1)

where ⇤ denotes the experimental value and

M2
K�

⌘
1
2

�
M2

K+ +M2
K0 �M2

⇡+

�
. (2)

The latter quantity is designed to be approximately proportional to the strange quark mass with a vanishing
leading order sensitivity to strong-isospin breaking.

In Equation (1), the mass of the Omega baryon plays the role of the scale setting variable. It could,
in principle, be replaced by any other dimensionful quantity that satisfies the criteria: a) moderate quark
mass dependence, b) precisely determined in a lattice simulation, c) known experimental value to an

3

~0.13 fm ~0.12 fm ~0.11 fm

~0.10 fm ~0.08 fm

~0.06 fm

BMWc [K. Szabo, F. Stokes, L. Parato]

ETMc [D. Giusti]

Fermilab-HPQCD-MILC [Lahert, McNeile]

Mainz [Wittig, Risch, Miura, San Jose, Chao]  RBC/UKQCD [Lehner]

• Highly Improved Staggered Quarks (HISQ) 2+1+1+1

• 

• Subset also used by Aubin et al [Aubin]

L ∼ 5 − 6 fm• Twisted-mass Wilson fermions, 2+1+1

• Plan to include phys. mass ensemble in 

future

• Stout-smeared staggered fermions 2+1+1

• L ∼ 6 − 11 fm

• Domain Wall fermions
• Wilson-clover fermions, 2+1

• L ∼ 5 − 6 fm
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Lattice HVP: Finite Volume 

Model comparison

Two more models for finite L (but not T)
Generic field-theory approach [Hansen & Patella ’19, ’20] (HP) relates
the finite-size effect to F�(k)
Rho-pion-gamma model [Chakraborty et al ’17] (RHO) incorporates
the �(770) resonance directly into a �PT-like framework

Compare finite L
corrections for reference
volume in infinite-T limit
All four models agree
within ⇠ 2.5 ⇥ 10�10

NNLO �PT 16.7 ⇥10�10

MLLGS 18.8 ⇥10�10

HP 17.7 ⇥10�10

RHO 16.2 ⇥10�10

Finn M. Stokes HVP finite size effects LATTICE 2021 9 / 12

Monday, 13:00-15:00 US EDT

Finn Stokes (BMWc) 

Residual correction

(6 fm)3 ⇥ (9 fm) (11 fm)4

�! �!

4HEX 18.1 ± 2.4 ⇥10�10

NNLO �PT 15.7 0.6 ± 0.3 ⇥10�10

MLLGS 17.8 ⇥10�10

Finn M. Stokes HVP finite size effects LATTICE 2021 11 / 12

• Other direct calculations by RBC/UKQCD [Lehner @ 
2019 INT workshop, Shintani & Kuramashi, PRD 2019] 
are  consistent (but with larger errors). 

Hartmut	Wittig

Finite-volume	correc3ons
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Mainz	method	(aka	MLL):
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G(t,1) =
Z 1

0
d!!2⇢(!2) e�!|t|

Both	 		and		 		can	be	related	to	the	pion	form	factor		 				 					|An | ρ(ω2) Fπ(ω) ⇒ G(t, ∞) − G(t, L)
[Meyer	2011,	Francis	et	al.	2013,	Della	Morte	et	al.	2017;	Lellouch	&	Lüscher	2001]

Correction for finite-size effects : check at m⇡ = 280 MeV
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I Our procedure works remarkably well at m⇡ = 280 MeV [PRD 100 (2019) 014510]

m⇡L = 4 (L = 6.2 fm) ) �aµ = 22.6⇥ 10�10 (3%)

I In agreement with other direct lattice calculations [E. Shintani, Y. Kuramashi ’19] , [BMW ’20]

Antoine Gérardin 9 HVP contribution to (g � 2)µ : status of the Mainz calculation

mπ = 280 MeV

Explicit	verifica3on	at	 :	
		 		method	works	remarkably	well

mπ = 280 MeV
→

<latexit sha1_base64="HpANX4j1vQ80pKfbi6fNXoMY8s8="></latexit>

m⇡ L = 4 (L = 6.2 fm)
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) �FVahvp
µ = 22.6 · 10�10 (3%)

In	agreement	with	direct	laKce	calcula3ons:	
PACS,	BMWc

[Shintani	&	Kuramashi	2019,	BMWc	2020]

Full	HVP	contribu3on:
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Full	HVP	contribu3on:

Tuesday, 5:00-8:00 US EDT

Hartmut Wittig (Mainz) 
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• Spectral reconstruction (RBC/UKQCD, Mainz): 


✦  obtain low-lying finite-volume spectrum ( ) in dedicated study using additional 
operators that couple to two-pion states


✦use to reconstruct 


✦ can be used to improve  
bounding method:  
  

 

En, An

G(t > tc)

G(t) → G(t) −
N

∑
n=0

A2
n e−Ent

Exclusive Channel Study of the Muon HVP Aaron S. Meyer

Figure 3: Left: Integrand of a
HV P

µ plotted as a function of t/a. The local vector current correlation
function by itself is plotted as black crosses, and the N-state reconstruction obtained from the
GEVP are shown in colors. As more states are added to the correlation function reconstruction,
the resulting curve shape matches the local vector current down to shorter distance. Right: Ratio
of the N-state reconstructions normalized by the local vector current correlation function. The
uncertainty on the local vector current correlation function is denoted by the gray band. As more
states are added, the ratio of reconstruction over local vector current approaches 1, and the 4-state
reconstruction gives a reconstruction consistent with the local vector current to within 1s after
about t/a = 10.

way to estimate the systematic effects of the reconstruction on the large-time correlation function.
The reconstruction of the low-energy spectrum and overlaps of the local vector current correla-
tion function is also used to improve the bounding method, garnering an additional factor gain in
the precision. With these techniques applied, the precision on the HVP contribution to the muon
anomalous magnetic moment is improved by about a factor of 6, from a

HV P

µ = 646(38)⇥10�10 to
a

HV P

µ = 625.0(5.4)⇥ 10�10 on one ensemble. We have also computed the contribution from the
lowest 4p states in the vector current correlator and found these contributions to be negligible.

The techniques used here were formerly applied in Ref. [6] to the HVP on two different lattice
volumes and found to be precise enough to explicitly resolve the finite volume contributions at
physical Mp . We are currently working on computing the HVP contribution on another ensemble
closer to the continuum limit. This ensemble, combined with the strategies demonstrated in these
proceedings, can be used to greatly improve the precision on the HVP contribution from 14⇥10�10

down to 5⇥ 10�10, with an additional improvement after the full set of systematic improvements
are included. With these improvements in estimates of the uncertainty, it is foreseeable that the
precision on the HVP from theory will be able to match the experiment by the time the Fermilab
g�2 experiment reaches its final precision.

5. Acknowledgements

We acknowledge Jozef Dudek, Christopher Thomas, David Wilson, Antoni Woss, and our col-
leagues in the RBC & UKQCD collaborations for interesting discussions. This work used computer
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Lattice HVP: long-distance tail 

• Use noise reduction methods (AMA, LMA,…):

    Aubin et al, RBC/UKQCD, BMWc, Mainz, …

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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[RBC/UKQCD, 
2019]

Long distance contributions and the statistical error

5

Low Mode Average: RBC/UKQCD-18, Aubin, et al.-19, BMW-20
(C(t) averaged over all EM current source-sink pairs) 

Correlator reconstruction: Mainz, RBC/UKQCD

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Fig. 41. The integrand of Eq. (3.22) for the evaluation of the light-quark contribution to aHVP, LO
µ in the time-momentum representation on Nf = 2+1

lattice ensembles with pion masses of M⇡ = 280MeV (left panel) and M⇡ = 200MeV (right panel). Also shown are the results from reconstructing
the correlator using nmax = 1, . . . , 4 states in Eq. (3.25) and the reconstruction of the long-time tail using a single-exponential extension. Left panel
from Ref. [382], right panel adapted from Ref. [383].

The basic form of the extension of the correlator is given by the spectral representation in a finite volume,

C(x0) =

1X

n=1

Ane�Enx0 , (3.25)

where En is the energy of an energy eigenstate |ni belonging to the representation T1 of the cubic group, and An is
the associated matrix element of the electromagnetic current. Ideally, the low-lying finite-volume spectrum is known
explicitly from a dedicated spectroscopic study, permitting the use of a truncated spectral sum for C(x0) beyond xcut0 [378].
Alternatively, the large-time behavior of the correlator can be modeled in various ways. The simplest model is a single-
exponential extension, i.e., taking only one term in the series of Eq. (3.25) and fixing E1 and A1 from a fit to data at
shorter time separations (using a smeared version of the vector correlator, where available, to extract E1 with better
precision) [369,377]. This model (which is essentially vector-meson dominance) is of course overly simplistic, and while
it tends to describe the data well at heavy pion masses, it becomes a poor description of the very-long-time tail at light
pion mass, where the two-pion channel opens (cf. Fig. 41). A more sophisticated approach in the absence of detailed
spectroscopic information is to model the finite-volume spectrum via the Lüscher formalism [379,380] applied to the
Gounaris–Sakurai parameterization [189] of the timelike pion form factor with parameters �⇢ , M⇢ fixed via a fit to the
lattice data [369,377]. The latter procedure also allows for correcting the leading finite-size effects by calculating the
vector correlator in infinite volume from the timelike pion form factor and calculating aHVP, LOµ from there [377,380,381].
Future studies, however, should perform a dedicated spectroscopic companion study.

A third possibility is to implement rigorous upper and lower bounds on the correlation function [10,11]. These can then
be used to replace the correlation function, at large x0 where noise takes over, by a statistically more precise representation
in terms of these bounds (see below).

We note that the coordinate space representation described in this section is related to the method of time moments
(cf. Section 3.1.3) in that the Taylor expansion of f̃ (x0) in the integrand of Eq. (3.22) yields the sum over time moments
that gives aHVP, LOµ in that method. For a discussion of other related methods see Ref. [384].

3.1.5. Windows in euclidean time
In the aµ integral in Eq. (3.22), it is useful to consider different time regions in order to separate the short- and

long-distance systematic lattice effects (discretization, finite volume, etc.). To this end, the RBC/UKQCD collaboration has
proposed the window method [11], which breaks the time integral into three parts:

aHVP, LOµ = aSDµ + aWµ + aLDµ ,

aSDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[1 � ⇥(x0, t0, �)] ,

aWµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[⇥(x0, t0, �) � ⇥(x0, t1, �)] ,

aLDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)⇥(x0, t1, �) , (3.26)
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• Spectral reconstruction (RBC/UKQCD, Mainz): 


✦  obtain low-lying finite-volume spectrum ( ) in dedicated study using additional 
operators that couple to two-pion states


✦use to reconstruct 


✦ can be used to improve  
bounding method:  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G(t > tc)

G(t) → G(t) −
N

∑
n=0

A2
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Exclusive Channel Study of the Muon HVP Aaron S. Meyer

Figure 3: Left: Integrand of a
HV P

µ plotted as a function of t/a. The local vector current correlation
function by itself is plotted as black crosses, and the N-state reconstruction obtained from the
GEVP are shown in colors. As more states are added to the correlation function reconstruction,
the resulting curve shape matches the local vector current down to shorter distance. Right: Ratio
of the N-state reconstructions normalized by the local vector current correlation function. The
uncertainty on the local vector current correlation function is denoted by the gray band. As more
states are added, the ratio of reconstruction over local vector current approaches 1, and the 4-state
reconstruction gives a reconstruction consistent with the local vector current to within 1s after
about t/a = 10.

way to estimate the systematic effects of the reconstruction on the large-time correlation function.
The reconstruction of the low-energy spectrum and overlaps of the local vector current correla-
tion function is also used to improve the bounding method, garnering an additional factor gain in
the precision. With these techniques applied, the precision on the HVP contribution to the muon
anomalous magnetic moment is improved by about a factor of 6, from a

HV P

µ = 646(38)⇥10�10 to
a

HV P

µ = 625.0(5.4)⇥ 10�10 on one ensemble. We have also computed the contribution from the
lowest 4p states in the vector current correlator and found these contributions to be negligible.

The techniques used here were formerly applied in Ref. [6] to the HVP on two different lattice
volumes and found to be precise enough to explicitly resolve the finite volume contributions at
physical Mp . We are currently working on computing the HVP contribution on another ensemble
closer to the continuum limit. This ensemble, combined with the strategies demonstrated in these
proceedings, can be used to greatly improve the precision on the HVP contribution from 14⇥10�10

down to 5⇥ 10�10, with an additional improvement after the full set of systematic improvements
are included. With these improvements in estimates of the uncertainty, it is foreseeable that the
precision on the HVP from theory will be able to match the experiment by the time the Fermilab
g�2 experiment reaches its final precision.
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We acknowledge Jozef Dudek, Christopher Thomas, David Wilson, Antoni Woss, and our col-
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Lattice HVP: long-distance tail 

• Use noise reduction methods (AMA, LMA,…):

    Aubin et al, RBC/UKQCD, BMWc, Mainz, …
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Long distance contributions and the statistical error
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Low Mode Average: RBC/UKQCD-18, Aubin, et al.-19, BMW-20
(C(t) averaged over all EM current source-sink pairs) 

Correlator reconstruction: Mainz, RBC/UKQCD
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Fig. 41. The integrand of Eq. (3.22) for the evaluation of the light-quark contribution to aHVP, LO
µ in the time-momentum representation on Nf = 2+1

lattice ensembles with pion masses of M⇡ = 280MeV (left panel) and M⇡ = 200MeV (right panel). Also shown are the results from reconstructing
the correlator using nmax = 1, . . . , 4 states in Eq. (3.25) and the reconstruction of the long-time tail using a single-exponential extension. Left panel
from Ref. [382], right panel adapted from Ref. [383].

The basic form of the extension of the correlator is given by the spectral representation in a finite volume,

C(x0) =

1X

n=1

Ane�Enx0 , (3.25)

where En is the energy of an energy eigenstate |ni belonging to the representation T1 of the cubic group, and An is
the associated matrix element of the electromagnetic current. Ideally, the low-lying finite-volume spectrum is known
explicitly from a dedicated spectroscopic study, permitting the use of a truncated spectral sum for C(x0) beyond xcut0 [378].
Alternatively, the large-time behavior of the correlator can be modeled in various ways. The simplest model is a single-
exponential extension, i.e., taking only one term in the series of Eq. (3.25) and fixing E1 and A1 from a fit to data at
shorter time separations (using a smeared version of the vector correlator, where available, to extract E1 with better
precision) [369,377]. This model (which is essentially vector-meson dominance) is of course overly simplistic, and while
it tends to describe the data well at heavy pion masses, it becomes a poor description of the very-long-time tail at light
pion mass, where the two-pion channel opens (cf. Fig. 41). A more sophisticated approach in the absence of detailed
spectroscopic information is to model the finite-volume spectrum via the Lüscher formalism [379,380] applied to the
Gounaris–Sakurai parameterization [189] of the timelike pion form factor with parameters �⇢ , M⇢ fixed via a fit to the
lattice data [369,377]. The latter procedure also allows for correcting the leading finite-size effects by calculating the
vector correlator in infinite volume from the timelike pion form factor and calculating aHVP, LOµ from there [377,380,381].
Future studies, however, should perform a dedicated spectroscopic companion study.

A third possibility is to implement rigorous upper and lower bounds on the correlation function [10,11]. These can then
be used to replace the correlation function, at large x0 where noise takes over, by a statistically more precise representation
in terms of these bounds (see below).

We note that the coordinate space representation described in this section is related to the method of time moments
(cf. Section 3.1.3) in that the Taylor expansion of f̃ (x0) in the integrand of Eq. (3.22) yields the sum over time moments
that gives aHVP, LOµ in that method. For a discussion of other related methods see Ref. [384].

3.1.5. Windows in euclidean time
In the aµ integral in Eq. (3.22), it is useful to consider different time regions in order to separate the short- and

long-distance systematic lattice effects (discretization, finite volume, etc.). To this end, the RBC/UKQCD collaboration has
proposed the window method [11], which breaks the time integral into three parts:

aHVP, LOµ = aSDµ + aWµ + aLDµ ,

aSDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[1 � ⇥(x0, t0, �)] ,

aWµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[⇥(x0, t0, �) � ⇥(x0, t1, �)] ,

aLDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)⇥(x0, t1, �) , (3.26)
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• First calculation with staggered 
multi-pion operators 

Correlator Reconstruction
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BLINDED 
PRELIMINARY

❖ Raw:
❖ Bounding Method     tc = 2.65 fm:
❖ Reconstruction, n=6, t* = 1.82 fm, two-pion states beneath rho :
❖ Reconstruction, n=7, t* = 1.67 fm, Including the rho:

Vector current is time-
averaged to suppress 
oscillating 
contributions.

0.15 [fm]

7.8%                                     
4.9% 
1.5%               
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• Spectral reconstruction (RBC/UKQCD, Mainz): 


✦  obtain low-lying finite-volume spectrum ( ) in dedicated study using additional 
operators that couple to two-pion states


✦use to reconstruct 


✦ can be used to improve  
bounding method:  
  

 

En, An

G(t > tc)

G(t) → G(t) −
N

∑
n=0

A2
n e−Ent

Exclusive Channel Study of the Muon HVP Aaron S. Meyer

Figure 3: Left: Integrand of a
HV P

µ plotted as a function of t/a. The local vector current correlation
function by itself is plotted as black crosses, and the N-state reconstruction obtained from the
GEVP are shown in colors. As more states are added to the correlation function reconstruction,
the resulting curve shape matches the local vector current down to shorter distance. Right: Ratio
of the N-state reconstructions normalized by the local vector current correlation function. The
uncertainty on the local vector current correlation function is denoted by the gray band. As more
states are added, the ratio of reconstruction over local vector current approaches 1, and the 4-state
reconstruction gives a reconstruction consistent with the local vector current to within 1s after
about t/a = 10.

way to estimate the systematic effects of the reconstruction on the large-time correlation function.
The reconstruction of the low-energy spectrum and overlaps of the local vector current correla-
tion function is also used to improve the bounding method, garnering an additional factor gain in
the precision. With these techniques applied, the precision on the HVP contribution to the muon
anomalous magnetic moment is improved by about a factor of 6, from a

HV P

µ = 646(38)⇥10�10 to
a

HV P

µ = 625.0(5.4)⇥ 10�10 on one ensemble. We have also computed the contribution from the
lowest 4p states in the vector current correlator and found these contributions to be negligible.

The techniques used here were formerly applied in Ref. [6] to the HVP on two different lattice
volumes and found to be precise enough to explicitly resolve the finite volume contributions at
physical Mp . We are currently working on computing the HVP contribution on another ensemble
closer to the continuum limit. This ensemble, combined with the strategies demonstrated in these
proceedings, can be used to greatly improve the precision on the HVP contribution from 14⇥10�10

down to 5⇥ 10�10, with an additional improvement after the full set of systematic improvements
are included. With these improvements in estimates of the uncertainty, it is foreseeable that the
precision on the HVP from theory will be able to match the experiment by the time the Fermilab
g�2 experiment reaches its final precision.
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Lattice HVP: long-distance tail 

• Use noise reduction methods (AMA, LMA,…):

    Aubin et al, RBC/UKQCD, BMWc, Mainz, …

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
<latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit><latexit sha1_base64="U+hOQ+JxARC4aWy8cTW3aWuSD7c="></latexit>

[RBC/UKQCD, 
2019]

Long distance contributions and the statistical error

5

Low Mode Average: RBC/UKQCD-18, Aubin, et al.-19, BMW-20
(C(t) averaged over all EM current source-sink pairs) 

Correlator reconstruction: Mainz, RBC/UKQCD

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Fig. 41. The integrand of Eq. (3.22) for the evaluation of the light-quark contribution to aHVP, LO
µ in the time-momentum representation on Nf = 2+1

lattice ensembles with pion masses of M⇡ = 280MeV (left panel) and M⇡ = 200MeV (right panel). Also shown are the results from reconstructing
the correlator using nmax = 1, . . . , 4 states in Eq. (3.25) and the reconstruction of the long-time tail using a single-exponential extension. Left panel
from Ref. [382], right panel adapted from Ref. [383].

The basic form of the extension of the correlator is given by the spectral representation in a finite volume,

C(x0) =

1X

n=1

Ane�Enx0 , (3.25)

where En is the energy of an energy eigenstate |ni belonging to the representation T1 of the cubic group, and An is
the associated matrix element of the electromagnetic current. Ideally, the low-lying finite-volume spectrum is known
explicitly from a dedicated spectroscopic study, permitting the use of a truncated spectral sum for C(x0) beyond xcut0 [378].
Alternatively, the large-time behavior of the correlator can be modeled in various ways. The simplest model is a single-
exponential extension, i.e., taking only one term in the series of Eq. (3.25) and fixing E1 and A1 from a fit to data at
shorter time separations (using a smeared version of the vector correlator, where available, to extract E1 with better
precision) [369,377]. This model (which is essentially vector-meson dominance) is of course overly simplistic, and while
it tends to describe the data well at heavy pion masses, it becomes a poor description of the very-long-time tail at light
pion mass, where the two-pion channel opens (cf. Fig. 41). A more sophisticated approach in the absence of detailed
spectroscopic information is to model the finite-volume spectrum via the Lüscher formalism [379,380] applied to the
Gounaris–Sakurai parameterization [189] of the timelike pion form factor with parameters �⇢ , M⇢ fixed via a fit to the
lattice data [369,377]. The latter procedure also allows for correcting the leading finite-size effects by calculating the
vector correlator in infinite volume from the timelike pion form factor and calculating aHVP, LOµ from there [377,380,381].
Future studies, however, should perform a dedicated spectroscopic companion study.

A third possibility is to implement rigorous upper and lower bounds on the correlation function [10,11]. These can then
be used to replace the correlation function, at large x0 where noise takes over, by a statistically more precise representation
in terms of these bounds (see below).

We note that the coordinate space representation described in this section is related to the method of time moments
(cf. Section 3.1.3) in that the Taylor expansion of f̃ (x0) in the integrand of Eq. (3.22) yields the sum over time moments
that gives aHVP, LOµ in that method. For a discussion of other related methods see Ref. [384].

3.1.5. Windows in euclidean time
In the aµ integral in Eq. (3.22), it is useful to consider different time regions in order to separate the short- and

long-distance systematic lattice effects (discretization, finite volume, etc.). To this end, the RBC/UKQCD collaboration has
proposed the window method [11], which breaks the time integral into three parts:

aHVP, LOµ = aSDµ + aWµ + aLDµ ,

aSDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[1 � ⇥(x0, t0, �)] ,

aWµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[⇥(x0, t0, �) � ⇥(x0, t1, �)] ,

aLDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)⇥(x0, t1, �) , (3.26)
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Leonardo Giusti (Milan)  
Multi-level integration


Tuesday, 13:00-15:00 US EDT

Tej Kanwar (MIT)  
contour deformation
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Lattice HVP: continuum extrapolation 

• Large taste-breaking effects with BMW set-up 
➠ uncorrected data not easily fit to power 
series, i.e. 

Hartmut	Wittig

Scaling	test

9

Comprehensive	scaling	test	of	intermediate	window	observable	at	SU(3)-symmetric	point	
( )mπ = mK = mη ≈ 420 MeV

Simultaneous	extrapola3on	of	results	from	
local-local	and	local-conserved	
current	combina3ons
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165
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185

190

0 0.002 0.004 0.006 0.008 0.01

fit 1 : χ2/dof = 1.1

fit 2 : χ2/dof = 0.9

a
2 [fm2]

Isovector , mπ ≈ 420 MeV

fit 1 : a2

fit 2 : a2 + a3

Six	laKce	spacings:		a < 0.1 fm

Tuesday, 5:00-8:00 US EDT

Hartmut Wittig (Mainz) 

Monday, 13:00-15:00 US EDT

Kalman Szabo (BMWc) 

Taste improvement II
aµ(a) ! aµ(a)� aSRHO

µ (a) + aRHO
µ

reduces lattice artefact, also makes a2 dependence linear
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SRHO improvement gives central value. Systematic errors by:

1 change starting point of improvement t = 0.4 ! 1.3 fm
2 skip coarse lattices
3 change � = 0 and � = 3
4 replace SRHO by NNLO SXPT above 1.3 fm

Previously already added a
�1 = 2.77 GeV ensemble for strange

quark:

I Third lattice spacing for strange data (a�1 = 2.77 GeV with
m⇡ = 234 MeV with sea light-quark mass corrected from global fit):

 50
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-0.002  0  0.002  0.004  0.006  0.008  0.01  0.012  0.014

x 
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-1
0

a2 / fm2

LL Sin
LL

LC Sin
LC

Published

In this figure, we have attempted a linear fit in a2. The p value of all shown
fits is good and does not resolve the a4 or a2 log(a2) coe�cients from zero. We
can, however, allow them to be included in the fit (for now just a4), which
significantly increases the uncertainty of the extrapolation
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A better way to study the quality of agreement of di�erent discretizations
is to look at correlated di�erences between the di�erent methods on the same
ensemble. In these di�erences virtually all statistical noise cancels

4

I For light quark use new 96I ensemble at physical pion mass. Data
still being generated on Summit in USA and Booster in Germany
(a�1 = 2.77 GeV with m⇡ = 139 MeV)

7 / 13

Tuesday, 5:00-8:00 US EDT

Christoph Lehner (RBC/UKQCD)

Lattice spacing dependence
staggered naive scaling is a2, can be modified by logarithms
! a2/ log(a)� What is the value of �?

For O(N) model � < 0. For pure YM with Wilson action � > 0,
probably also for full QCD. [Husung et al ’19]

Major staggered artefact (taste violation) scales naively a2↵s(
1
a
),

ie. � = 1. We observe approximately a2↵3
s(

1
a
), ie. � ⇡ 3

Note, there can be � < 0 exponent in short-distance part of aµ, probably relevant only

for charm. [Ce et al ’21]

Use two types of power series:

1 A0 + A1
⇥
a2
⇤
+ A2

⇥
a2
⇤2

2 A0 + A1
⇥
a2↵3

s
(1

a
)
⇤
+ A2

⇥
a2↵3

s
(1

a
)
⇤2

Difference is (another type of) systematic error of cont. extrapolation.

• RBC: 
Currently adding add a third lattice spacing 

• Fermilab-HPQCD-MILC:  
planning to add a 5th lattice spacing (0.042 fm).   

• Mainz and ETMc perform combined 
chair and continuum extrapolaiton  
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Lattice HVP: Scale Setting

36

•  is dimensionless, but depends on the lattice indirectly, through masses in lattice units in 
the Kernel. In particular, : 


• need a good physical quantity  to determine lattice spacing to high precision (< 0.2%). 
Currently in use:  
 -   — depends on  and requires radiative QED corrections 
 -  baryon mass (RBC/UKQCD, BMW)  
   also being adopted by Mainz, Fermilab-HPQCD-MILC

aμ
amμ

fπ Vud
Ω

HVP:	Results	from	Mainz/CLSHartmut	Wittig

Scale	se3ng	error

20

Evaluate �ahvp
µ =

�������
a

dahvp
µ

da

�������
�a
a

TMR:		 ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dx0 f̃ (x0) G(x0) x0 f̃ 0(x0) � f̃ (x0) = J(x0)

Use	expansion	of												to	obtain	J(x0)f̃ (x0)

) a
dahvp
µ

da
= �ahvp

µ +
✓↵
⇡

◆2 Z 1

0
dx0 G(x0) J(x0)

�ahvp
µ

ahvp
µ

=
1

ahvp
µ

�������
a

dahvp
µ

da

�������
|          {z          }
⇡ 1.8

�a
a

a
dahvp
µ

da
= 1.22 · 10�7 )

Rather	precise	determina6on	of	la_ce	spacing	a	[fm]	required!

[H. Wittig @ 1st Muon g-2 Theory Initiative workshop; 

Della Morte et al, Lattice 2017]
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Lattice HVP: Scale Setting
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•  is dimensionless, but depends on the lattice indirectly, through masses in lattice units in 
the Kernel. In particular, : 


• need a good physical quantity  to determine lattice spacing to high precision (< 0.2%). 
Currently in use:  
 -   — depends on  and requires radiative QED corrections 
 -  baryon mass (RBC/UKQCD, BMW)  
   also being adopted by Mainz, Fermilab-HPQCD-MILC
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HVP:	Results	from	Mainz/CLSHartmut	Wittig
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Rather	precise	determina6on	of	la_ce	spacing	a	[fm]	required!

[H. Wittig @ 1st Muon g-2 Theory Initiative workshop; 

Della Morte et al, Lattice 2017]

Monday, 13:00-15:00 US EDT

Lukas Varnhorst (BMWc)


 Thursday 5:00-8:00 US EDT  Friday, 5:00–8:00 US EDT 

Alexander Segner (Mainz)   Ben Strassberger (Mainz)
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-ra6o:					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the

67
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Aubin et al. 19
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(ahvpµ )c · 1010

LaPce	QCD:									ahvp, LO
μ = (711.6 ± 18.4) ⋅ 10−10

BMW	Collab.:						ahvp, LO
μ = (708.7 ± 2.8 ± 4.5) ⋅ 10−10 (0.75%	uncertainty, 

	2.3 		tension	with	 -ra6o)σ R
[Borsanyi	et	al.,	arXiv:2002.12347]
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Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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vanishes within errors for larger values of x0. At small times the disconnected contribution

is only about 0.005% of the connected one, and hence we conclude that the vector correlator

G(x0) is completely dominated by the connected part in the region x0 ! 0.5 fm.

The fact that the disconnected contribution is small where it can be resolved does

not, however, imply that it is negligible. Using our data we can derive an upper bound

on the error which arises if one were to neglect the disconnected contribution altogether.

To this end it is useful to recall the isospin decomposition of the electromagnetic current

shown in eq. (2.13), which gives rise to the iso-vector (I = 1) correlator Gρρ and its

iso-scalar counterpart GI=0 (see eq. (2.15)). The iso-vector correlator Gρρ(x0) contains

only quark-connected diagrams; it is related to the connected light quark contribution

Gud(x0) via

Gρρ(x0) =
9

10
Gud(x0). (D.7)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected con-

tributions, i.e.

G(x0)
I=0 =

1

10
Gud(x0) +Gs(x0)−Gdisc(x0). (D.8)

With the help of eqs. (D.3) and (D.7) one derives the expression

− Gdisc(x0)

Gρρ(x0)
=

G(x0)−Gρρ(x0)

Gρρ(x0)
− 1

9

(
1 + 9

Gs(x0)

Gρρ(x0)

)
. (D.9)

It is now important to realize that the iso-scalar spectral function vanishes below the

three-pion threshold, which implies that GI=0(x0) = O(e−3mπx0) for x0 → ∞. According

to eq. (D.8) this implies

Gdisc(x0) =

(
1

10
Gud(x0) +Gs(x0)

)
· (1 + O(e−mπx0)), (D.10)

G(x0) = Gρρ(x0) · (1 + O(e−mπx0)) (D.11)

in the deep infrared. With these considerations one determines the asymptotic behaviour

of the ratio in eq. (D.9) in the long-distance regime as

− Gdisc(x0)

Gρρ(x0)
x0→∞−→ −1

9
, (D.12)

where we have also taken into account that Gs(x0) drops off faster than Gρρ(x0) due to

the heavier mass of the strange quark. We expect the asymptotic value to be approached

from above, because [G(x0)−Gρρ(x0)] ∼ 1
18e

−mωx0 is likely larger than Gs(x0) ∼ 1
9e

−mφx0

for x0 " 1 fm.

In figure 7 we plot the ratio of eq. (D.9) versus the Euclidean distance. One can see

that the ratio is practically zero up to x0/a ≈ 26 on E5 and x0/a ≈ 22 at the smaller

pion mass of ensemble F6. Thus, there is no visible trend for distances x0 ! 1.7 fm that

the ratio approaches its asymptotic value of −1/9. In order to derive a conservative upper

bound on the quark-disconnected contribution we assume that the ratio of eq. (D.9) drops
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.

Ensemble a fm m⇡ MeV L fm Eigenmodes Nmeas

Very coarse 0.15 134.7 4.8 300 1692

Coarse 0.12 134.9 5.8 - 787

Fine 0.09 128.3 5.8 1000 271

The correlators are multiplied by a random blinding factor.
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The graph also shows the data corrected for finite volume and taste corrections.

The continuum and chiral extrapolation fit model is

D = a0

 
1 + a1a

2
+ a2(

m2

⇡ � m2

⇡,phys

m2

⇡,phys

)

!

where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.

⇥(t; t0,�) ⌘ 1

2
+
1

2
tanh[

t � t0

�
]

where � = 0.15 fm

W (t; t1, t2) ⌘ ⇥(t; t1,�) � ⇥(t; t2,�)

The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.

•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.
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Introduction

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 5 / 6

• Some tensions between lattice results for 
individual contributions. 
 


• Large cancellations between individual 
contributions: 

 

• Ongoing efforts presented by Mainz and 
Fermilab-HPQCD-MILC. 

δaIB
μ ≲ 1 %
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Tuesday, 5:00-8:00 US EDT

Andreas Risch (Mainz)

Letizia Parato (BMWc) 


Poster, Wednesday, 8:00-9:00 US EDT

C. McNeile (Fermilab-HPQCD-MILC)
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aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ

<latexit sha1_base64="9M0tnw3VnWHGL11uTa1l7HXkKRA="></latexit>

aSMµ

<latexit sha1_base64="B4SnhG0Qn/MQgb3wQgGVx68DO0U=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JIRZdFN26EivYBTQyT6bQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE6eMKu15305hZXVtfaO4Wdra3tktu3v7LZUYiUkTJyyRnRgpwqggTU01I51UEsRjRtrx6Grqtx+JVDQR93qckpCjgaB9ipG2UuSWURRw85AFksO7mwmM3IpX9WaAy8TPSQXkaETuV9BLsOFEaMyQUl3fS3WYIakpZmRSCowiKcIjNCBdSwXiRIXZ7PAJPLZKD/YTaUtoOFN/T2SIKzXmse3kSA/VojcV//O6RvcvwoyK1Ggi8HxR3zCoEzhNAfaoJFizsSUIS2pvhXiIJMLaZlWyIfiLLy+T1mnVr1XPbmuV+mUeRxEcgiNwAnxwDurgGjRAE2BgwDN4BW/Ok/PivDsf89aCk88cgD9wPn8AFW6SuA==</latexit>
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Lattice QCD + QED

data driven

hybrid: combine data &  
lattice 

+ unitarity/analyticity 
constraints

Where do we go 
from here? 
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• Use windows in Euclidean time to consider the different time regions separately.  
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
  
 
                           


• Compute each window separately (in continuum, infinite volume limits,…) and 
combine


t : 0 → t0
t : t0 → t1
t : t1 → ∞

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

aµ = aSDµ + aWµ + aLDµ

<latexit sha1_base64="0A4VaTTb7VMk7HAGUT6BXMvS530=">AAACIXicbVBNS8MwGE79nPOr6tFLcAiCMFqZuIsw1IMHDxPdB6y1pFm6hSVtSVJhlP0VL/4VLx4U2U38M2ZdD3PzgZAnz/u8vHkfP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cD2pt56JkDQKH9UwJi5HvZAGFCOlJc+sIs/hCbyE2f2UOoLDh5sRPJ0VWnPvO23wzJJVtjLARWLnpARy1D1z7HQjnHASKsyQlB3bipWbIqEoZmRUdBJJYoQHqEc6moaIE+mm2YYjeKyVLgwioU+oYKbOdqSISznkvnZypPpyvjYR/6t1EhVU3ZSGcaJIiKeDgoRBFcFJXLBLBcGKDTVBWFD9V4j7SCCsdKhFHYI9v/IiaZ6V7Ur5/L5Sql3lcRTAITgCJ8AGF6AGbkEdNAAGL+ANfIBP49V4N76M8dS6ZOQ9B+APjJ9ffhCh3w==</latexit>

t0 = 0.4 fm, t1 = 1.0 fm

Hartmut	Wittig

Window	observables

4

Restrict	integra3on	over	Euclidean	3me	to	sub-intervals	
		 		reduce/enhance	sensi3vity	to	systema3c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

• Precision	test	of	different	laKce	calcula3ons	

• Comparison	with	corresponding	 -ra3o	es3mateR

Intermediate	window:

0

0.2

0.4
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1

0 0.5 1 1.5 2 2.5 3

t [fm]

Lattice data

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤
Step	func3on:

“Standard”	window	quan33es:
<latexit sha1_base64="3/X9k7tHfEFhYfCh5/e+1KR+S3s="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

H. Wittig @ Lattice 2021
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Hartmut	Wittig

Intermediate	window

5

• No	special	treatment	of	the	noisy	long-distance	contribu3on	required	

• 1–2	permille	sta3s3cal	accuracy	of	the	integrand		 		overall	error	not	dominated	by	sta3s3cs	
• Focus	on	systema3c	effects:			finite-volume	correc3ons,	con3nuum	extrapola3on

→

Long-distance	tail	of	the	integrand	is	suppressed:

0
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⟶

(ensemble	E250:	 )mπ = mphys
π

Tuesday, 5:00-8:00 US EDT

Hartmut Wittig (Mainz) 
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<latexit sha1_base64="0A4VaTTb7VMk7HAGUT6BXMvS530=">AAACIXicbVBNS8MwGE79nPOr6tFLcAiCMFqZuIsw1IMHDxPdB6y1pFm6hSVtSVJhlP0VL/4VLx4U2U38M2ZdD3PzgZAnz/u8vHkfP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cD2pt56JkDQKH9UwJi5HvZAGFCOlJc+sIs/hCbyE2f2UOoLDh5sRPJ0VWnPvO23wzJJVtjLARWLnpARy1D1z7HQjnHASKsyQlB3bipWbIqEoZmRUdBJJYoQHqEc6moaIE+mm2YYjeKyVLgwioU+oYKbOdqSISznkvnZypPpyvjYR/6t1EhVU3ZSGcaJIiKeDgoRBFcFJXLBLBcGKDTVBWFD9V4j7SCCsdKhFHYI9v/IiaZ6V7Ur5/L5Sql3lcRTAITgCJ8AGF6AGbkEdNAAGL+ANfIBP49V4N76M8dS6ZOQ9B+APjJ9ffhCh3w==</latexit>

Lattice HVP: windows in Euclidean time

Hartmut	Wittig

Crosschecks
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“Window”	quanAAes
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• Straighporward	reference	quan66es	
• Can	be	applied	to	individual	contribu6ons	(light,	strange,	charm,	disconnected,…)	
• Comparison	with	 /	 -ra6o	may	require	tuning	of	the	windowe+e− R

PRELIMINARY PRELIMINARY

PRELIMINARY

Windows Consistency

7/26/2021 15

arXiv:1902.04223

https://indico.cern.ch/event/956699/contributions/4117838/

PRELIMINARY

❖ Self-consistency check:

Monday, 13:00-15:00 US EDT

Shaun Lahert  
(Fermilab-HPQCD-MILC) 
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Intermediate window 
other contributions
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Fig. 29. Hadronic higher order VP contributions: a)-c) involving LO vacuum polarization, d) involving HO vacuum polarization
(FSR of hadrons).

perturbative QCD prediction. Less problematic is the space–like (Euclidean) region −q2 → ∞, since it is
away from thresholds and resonances.

The time–like quantity R(s) intrinsically is non-perturbative and exhibits bound states, resonances, in-
stanton effects (η′) and in particular the hadronization of the quarks. In applying pQCD to describe real
physical cross–sections of hadro–production one needs a “rule” which bridges the asymptotic freedom regime
with the confinement regime, since the hadronization of the colored partons produced in the hard kicks into
color singlet hadrons eludes a quantitative understanding. The rule is referred to as quark hadron dual-
ity 15 [231,232], which states that for large s the average non–perturbative hadron cross–section equals the
perturbative quark cross–section:

σ(e+e− → hadrons)(s) $
∑

q
σ(e+e− → qq̄, qq̄g, · · ·)(s) , (129)

where the averaging extends from the hadron production threshold up to s–values which must lie sufficiently
far above the quark–pair production threshold (global duality). Qualitatively, such a behavior is visible in
the data Fig. 22 above about 2 GeV between the different flavor thresholds sufficiently above the lower
threshold. A glance at the region from 4 to 5 GeV gives a good flavor of duality at work. Note however that
for precise reliable predictions it has not yet been possible to quantify the accuracy of the duality conjecture.
A quantitative check would require much more precise cross–section measurements than the ones available
today. Ideally, one should attempt to reach the accuracy of pQCD predictions. In addition, in dispersion
integrals the cross–sections are weighted by different s–dependent kernels, while the duality statement is
claimed to hold for weight unity. One procedure definitely is contradicting duality reasonings: to “take pQCD
plus resonances” or to “take pQCD where R(s) is smooth and data in the complementary ranges”. Also
adjusting the normalization of experimental data to conform with pQCD within energy intervals (assuming
local duality) has no solid foundation. Nevertheless, the application of pQCD in the regions advocated
in [229] seems to be on fairly solid ground on a phenomenological level. A more conservative use of pQCD
is possible by going to the Euclidean region and applying the Adler function [233] method as proposed in
Refs. [234,165,235]. As mentioned earlier, the low energy structure of QCD also exhibits non–perturbative
quark condensates. The latter also yield contributions to R(s), which for large energies are calculable by the
operator product expansion of the current correlator Eq. (64) [236]. The corresponding 〈mq q̄q〉/s2 power
corrections in fact are small at energies where pQCD applies [234,82] and hence not a problem in our context.

4.2. Higher Order Hadronic Vacuum Polarization Corrections

At order O(α3) there are several classes of hadronic VP contributions with typical diagrams shown in
Fig. 29. They have been estimated first in [187]. Classes (a) to (c) involve leading hadronic VP insertions and
may be treated using DRs together with experimental e+e−–annihilation data. Class (d) involves leading
QED corrections of the charged hadrons and correspond to the inclusion of hadronic final state radiation
(FSR).

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated without particular
problems as described in the following.

15Quark–hadron duality was first observed phenomenologically for the structure function in deep inelastic electron–proton
scattering [230].

52
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f �a
HVP
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Preliminary	results	and	error	budget
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Isovector [%] Isoscalar [%] Charm [%]
Statistics 				0.2 				0.2 			＜0.05
FV-corrections ⩽	0.2 				./. 				./.
Extrapolation 							0.61 							1.3 					1.7
Scale setting 							0.38 							0.86 					3.9
Renormalisation 			＜0.01 			＜0.01 			＜0.05
Tuning of κcharm 				./. 				./. ⩽	0.2
Total 							0.77 							1.59 							4.3
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.

Ensemble a fm m⇡ MeV L fm Eigenmodes Nmeas

Very coarse 0.15 134.7 4.8 300 1692

Coarse 0.12 134.9 5.8 - 787

Fine 0.09 128.3 5.8 1000 271

The correlators are multiplied by a random blinding factor.

The graph also shows the data corrected for finite volume and taste corrections.

The continuum and chiral extrapolation fit model is

D = a0

 
1 + a1a

2
+ a2(

m2

⇡ � m2

⇡,phys

m2

⇡,phys

)

!

where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.

⇥(t; t0,�) ⌘ 1

2
+
1

2
tanh[

t � t0

�
]

where � = 0.15 fm

W (t; t1, t2) ⌘ ⇥(t; t1,�) � ⇥(t; t2,�)

The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.
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µ

•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.

Poster, Wednesday, 8:00-9:00 US EDT

C. McNeile (Fermilab-HPQCD-MILC) Tuesday, 5:00-8:00 US EDT


Hartmut Wittig (Mainz) 
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Lattice HVP: intermediate window (ud)

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties
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no improvement

SRHO improvement

a2[fm2]

Cont. extrap. systematics:

1 SRHO vs no improvement

2 � = 0 or 3

3 linear, quadratic or cubic

4 skip coarse lattices

-3.7 σ tension with data-driven evaluation  
-2.2 σ tension with RBC/UKQCD18

Monday, 13:00-15:00 US EDT

Kalman Szabo (BMWc) 

Window Analysis

7/26/2021 11

Restrict integral to some Euclidean time region to emphasize different physics / lattice effects.

• SD: short-distance, discretization effects prominent.
• LD: long-distance(two-pion states), finite volume effects prominent.
• W: less sensitive to these extremum effects, easier to compute with precision to compare different 

lattice calculations. Goal of lattice g-2 community: agreement on these quantities.

T. Blum et al, 
arXiv:1801.07224

❖ Corrections from 𝜌 − 𝛾 − 𝜋𝜋 model 
(leading order).

❖ Good consistency between 
extrapolations of data with(out) 
discretization effect corrections.

BLINDED 
PRELIMINARY

Intermediate window, 0.4-1 fm

Monday, 13:00-15:00 US EDT

Shaun Lahert  
(Fermilab-HPQCD-MILC) 

RESULTS
What if we include the R-ratio in the fits? Would the lattice result be consistent?

Simple quadratic fit gives mixed results.  
If we include the coarsest data point, the agreement with the R-ratio is not great 

(better than the linear fit)

Pre
lim

inar
y

Pre
lim

inar
y

Monday, 13:00-15:00 US EDT

Chris Aubin (Aubin et al) 

Ongoing work: 

• vary functional form of extrapolation,  

e.g., include  terms in expansion

• RBC/UKQCD adding a 3rd lattice spacing

• Blind analyses by Fermilab-HPQCD-MILC 

and RBC/UKQCD

αm
s a2n
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Short-distance corrections

• Use thermal observables and gauge 
ensembles at finite temperature and very fine 
lattice spacings to resolve discretization 
effects in calculations of short-distance 
quantities


• Construct improved observables with better 
smaller discretization effects 


• Can be applied to SD window and 

• New step-scaling method for  computing  

at large 

Δα
Δα

Q2

Tuesday, 5:00-8:00 US EDT

Tim Harris (NEPhEU QCD)

Continuum limit in Nf = 2 QCD

Exclude Nt = 12 lattice for Ith

Also use LO result to improve thermal limit

I̊ = Ith �
h
Ith � Ith

i

LO

• thermal contribution benefits from fine lattices
• improved has flatter continuum limit than original

Final result

I(t = 0.1974 fm) = 1.035(9)stat(19)sys ⇥ 10
�3

fm
2

compared with 5-loop perturbative result

Ipert.(t = 0.1974 fm) = 1.059+1

�6
⇥ 10

�3
fm

2

(similar picture for the Adler function)
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t = 0.1974 fm, vacuum

I (10�3fm2
)

thermal improved bI (10�3fm2
)

5-loop QCD

8 / 10
Cuto↵ e↵ects at short distances

⌅

Friday, 5:00-8:00 US EDT 

Nicolai Husung (DESY) 

• Compute anomalous dimensions of higher 
dimensional operators in Symanzik EFT


• Use to guide continuum extrapolation

• In most cases studied:  Γ̂ ≳ 0
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The QED and EW contributions are known very precisely 
Hadronic contributions determine the uncertainty in the SM prediction. 

dispersive HVP: ~0.6% error  [0.34ppm] 
based on well-tested experimental data, will be improved with new measurements 
(coming soon).

lattice HVP: first LQCD calculation with sub-percent uncertainty by BMWc 
but in tension with data-driven approach 
a lot of activity and progress, expect more sub-precision results soon. 

dispersive HLBL: ~20% error  [0.15ppm] 
newly developed dispersive approach with almost fully quantified errors 
systematically improvable

lattice HLbL: two complete lattice calculations 
consistent with each other and with data-driven result 
systematically improvable  

Summary
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Outlook

Theory Initiative: 
a “WP process” for Lattice HVP and HLbL results

Starting to developing guidelines for assessing lattice HVP calculations 
panel discussion at the KEK workshop

Quantities to calculate:  
windows for lattice-only cross checks for all components 

  
I=1,0 (light quark) 
derivatives of  (or windows) w.r.t. parameters

Prescription for defining isospin limit and separating QED & SIB 
contributions 

Blinding lattice calculations is good practice to avoid unintended bias 
  

aμ = aSD
μ + aW

μ + aLD
μ

aμ



Farah Willenbrock
Max Hansen

Jonna Koponen Xiao-Ming Xu

Thank you!



Farah WillenbrockMax Hansen

Jonna Koponen Xiao-Ming Xu

Thank you!
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Appendix
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Muon g-2 Theory Initiative

Section 2: Data-driven evaluations of HVP  
M. Benayoun, C. M. Carloni Calame, H. Czyz, M. Davier, S. I. Eidelman, M. Hoferichter, F. 
Jegerlehner, A. Keshavarzi, B. Malaescu, D. Nomura, M. Passera, T. Teubner, G. Venanzoni, Z. Zhang


Section 3: Lattice QCD calculations of HVP  
T. Blum, M. Bruno, M. Ce, C. T. H. Davies, M. Della Morte, A. X. El-Khadra, D. Giusti, Steven 
Gottlieb, V. Guelpers, G. Herdoiza, T. Izubuchi, C. Lehner, L. Lellouch, M. K. Marinkovic, A. S. Meyer, 
K. Miura, A. Portelli, S. Simula, R. Van de Water, G. von Hippel, H. Wittig


Section 4: Data-driven and dispersive approach to HLbL 
J. Bijnens, G. Colangelo, F. Curciarello, H. Czyz, I. Danilkin, F. Hagelstein, M. Hoferichter, B. Kubis, A. 
Kupsc, A. Nyffeler, V. Pascalutsa, E. Perez del Rio, M. Procura, C. F. Redmer, P. Sanchez-Puertas, P. 
Stoffer, M. Vanderhaeghen 

Section 5: Lattice approaches to HLbL  
N. Asmussen, T. Blum, A. Gerardin, M. Hayakawa, R. J. Hudspith, T. Izubuchi, L. Jin, C. Lehner, H. B. 
Meyer, A. Nyffeler


Section 6: The QED contributions to   
T. Aoyama, T. Kinoshita, M. Nio


Section 7: The electroweak contributions to  
D. Stoeckinger, H. Stoeckinger-Kim

aμ

aμ
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WP section authors: 
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Contribution Section Equation Value ⇥1011 References

Experiment (E821) Eq. (8.13) 116 592 089(63) Ref. [1]

HVP LO (e+e�) Sec. 2.3.7 Eq. (2.33) 6931(40) Refs. [2–7]
HVP NLO (e+e�) Sec. 2.3.8 Eq. (2.34) �98.3(7) Ref. [7]
HVP NNLO (e+e�) Sec. 2.3.8 Eq. (2.35) 12.4(1) Ref. [8]
HVP LO (lattice, udsc) Sec. 3.5.1 Eq. (3.49) 7116(184) Refs. [9–17]
HLbL (phenomenology) Sec. 4.9.4 Eq. (4.92) 92(19) Refs. [18–30]
HLbL NLO (phenomenology) Sec. 4.8 Eq. (4.91) 2(1) Ref. [31]
HLbL (lattice, uds) Sec. 5.7 Eq. (5.49) 79(35) Ref. [32]
HLbL (phenomenology + lattice) Sec. 8 Eq. (8.10) 90(17) Refs. [18–30, 32]

QED Sec. 6.5 Eq. (6.30) 116 584 718.931(104) Refs. [33, 34]
Electroweak Sec. 7.4 Eq. (7.16) 153.6(1.0) Refs. [35, 36]
HVP (e+e�, LO + NLO + NNLO) Sec. 8 Eq. (8.5) 6845(40) Refs. [2–8]
HLbL (phenomenology + lattice + NLO) Sec. 8 Eq. (8.11) 92(18) Refs. [18–32]
Total SM Value Sec. 8 Eq. (8.12) 116 591 810(43) Refs. [2–8, 18–24, 31–36]
Di↵erence: �aµ := aexp

µ � aSM
µ Sec. 8 Eq. (8.14) 279(76)

Table 1: Summary of the contributions to aSM
µ . After the experimental number from E821, the first block gives the main results for the hadronic

contributions from Secs. 2 to 5 as well as the combined result for HLbL scattering from phenomenology and lattice QCD constructed in Sec. 8. The
second block summarizes the quantities entering our recommended SM value, in particular, the total HVP contribution, evaluated from e+e� data,
and the total HLbL number. The construction of the total HVP and HLbL contributions takes into account correlations among the terms at di↵erent
orders, and the final rounding includes subleading digits at intermediate stages. The HVP evaluation is mainly based on the experimental Refs. [37–
89]. In addition, the HLbL evaluation uses experimental input from Refs. [90–109]. The lattice QCD calculation of the HLbL contribution builds on
crucial methodological advances from Refs. [110–116]. Finally, the QED value uses the fine-structure constant obtained from atom-interferometry
measurements of the Cs atom [117].

0. Executive Summary

The current tension between the experimental and the theoretical values of the muon magnetic anomaly, aµ ⌘
(g � 2)µ/2, has generated significant interest in the particle physics community because it might arise from e↵ects
of as yet undiscovered particles contributing through virtual loops. The final result from the Brookhaven National
Laboratory (BNL) experiment E821, published in 2004, has a precision of 0.54 ppm. At that time, the Standard
Model (SM) theoretical value of aµ that employed the conventional e+e� dispersion relation to determine hadronic
vacuum polarization (HVP), had an uncertainty of 0.7 ppm, and aexp

µ di↵ered from aSM
µ by 2.7�. An independent

evaluation of HVP using hadronic ⌧ decays, also at 0.7 ppm precision, led to a 1.4� discrepancy. The situation was
interesting, but by no means convincing. Any enthusiasm for a new-physics interpretation was further tempered when
one considered the variety of hadronic models used to evaluate higher-order hadronic light-by-light (HLbL) diagrams,
the uncertainties of which were di�cult to assess. A comprehensive experimental e↵ort to produce dedicated, precise,
and extensive measurements of e+e� cross sections, coupled with the development of sophisticated data combination
methods, led to improved SM evaluations that determine a di↵erence between aexp

µ and aSM
µ of ⇡ 3–4�, albeit with

concerns over the reliability of the model-dependent HLbL estimates. On the theoretical side, there was a lot of activity
to develop new model-independent approaches, including dispersive methods for HLbL and lattice-QCD methods for
both HVP and HLbL. While not mature enough to inform the SM predictions until very recently, they held promise
for significant improvements to the reliability and precision of the SM estimates.

This more tantalizing discrepancy is not at the discovery threshold. Accordingly, two major initiatives are aimed
at resolving whether new physics is being revealed in the precision evaluation of the muon’s magnetic moment. The
first is to improve the experimental measurement of aexp

µ by a factor of 4. The Fermilab Muon g � 2 collaboration is
actively taking and analyzing data using proven, but modernized, techniques that largely adopt key features of magic-
momenta storage ring e↵orts at CERN and BNL. An alternative and novel approach is being designed for J-PARC. It
will feature an ultra-cold, low-momentum muon beam injected into a compact and highly uniform magnet. The goal
of the second e↵ort is to improve the theoretical SM evaluation to a level commensurate with the experimental goals.
To this end, a group was formed—the Muon g�2 Theory Initiative—to holistically evaluate all aspects of the SM and
to recommend a single value against which new experimental results should be compared. This White Paper (WP) is

7
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Experimental average (E989+E821) 116592061(41) Phys.Rev.Lett. 124, 141801

251(59)

website: https://muon-gm2-theory.illinois.edu 

https://doi.org/10.1103/PhysRevLett.126.141801
https://muon-gm2-theory.illinois.edu
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 also depends on the hadronic vacuum polarization function, and 
can be written as an integral over , but weighted 
towards higher energies.  

a shift in  also changes : ➠ EW fits  
[Crivellin et al 2020, Keshavarsi et al 2020, Malaescu & Scott 2020] 

If the shift is due to differences in the low ( ) energy region, the 
impact on  and EW fits is small.  

A shift in  from low ( ) energies ➠  
must satisfy unitarity & analyticity constraints ➠   
can be tested with lattice calculations  
[Colangelo, Hoferichter, Stoffer 2021]

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

≲ 2 GeV
Δαhad(M2

Z)

aHVP
μ ≲ 2 GeV σ(e+e− → ππ)

FV
π (s)

aHVP
μ⬄σ(e+e− → hadrons) ⬄ Δαhad(M2

Z)

Connections
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Hadronic running of α and global EW fit

e+e− KNT, DHMZ EW fit HEPFit EW fit GFitter guess based on BMWc

∆α
(5)
had(M

2
Z )× 104 276.1(1.1) 270.2(3.0) 271.6(3.9) 277.8(1.3)

difference to e+e− −1.8σ −1.1σ +1.0σ

Time-like formulation:

∆α
(5)
had(M

2
Z ) =

αM2
Z

3π
P

∞
∫

sthr

ds
Rhad(s)

s(M2
Z − s)

Space-like formulation:
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(5)
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2
Z ) =

α

π
Π̂(−M2

Z )+
α

π

(

Π̂(M2
Z )−Π̂(−M2
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Global EW fit

Difference between HEPFit and GFitter

implementation mainly treatment of MW

Pull goes into opposite direction
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BMWc 2020

More in talks by M. Passera, B. Malaescu (phenomenology)

and K. Miura, T. San José (lattice)
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Constraints on the two-pion contribution to HVP arXiv:2010.07943 [hep-ph]

Modifying a⇡⇡µ |1GeV

• “low-energy” scenario: local changes in cross section of
⇠ 8% around ⇢

• “high-energy” scenario: impact on pion charge radius and
space-like VFF ) chance for independent lattice-QCD
checks

• requires factor ⇠ 3

improvement over
�QCD result:
hr2⇡i = 0.433(9)(13) fm2

! arXiv:2006.05431 [hep-ph] �0.1
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3

Peter Stoffer @ Lattice HVP workshop
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Windows: Euclidean time vs s

57

Windows in Euclidean time
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Windows in Euclidean time

Standard window not necessarily best suited

to help with KLOE/BaBar tension

percentage captured of ππ channel ≤ 1 GeV

window SD intermediate LD

[0.4,1.0] fm 3 28 69

[1.0,2.0] fm 31 51 18

[1.0,2.5] fm 31 61 9

[1.0,3.0] fm 31 65 4
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intermediate
[t0, t1]

t0 = 0.4 fm, t1 = 1.0 fm

Δ = 0.15 fm

SD: 
LD:  
intermediate: 

[0,t0]
[t1, ∞]

[t0, t1]

For intermediate window: 
~30% from  σ(ππ) ≲ 1 GeV
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μ-e  elastic scattering to measure  

 


LOI June 2019 [P. Banerjeei et al, arXiv:2004.13663, Eur.Phys.J.C 80 (2020)] 

aHVP

µ

M. Passera    KEK   Feb 12 2018 7

Muon-electron scattering

Abbiendi, Carloni Calame, Marconi, Matteuzzi, Montagna,  

Nicrosini, MP, Piccinini, Tenchini, Trentadue, Venanzoni 

EPJC 2017 - arXiv:1609.08987 

e e

Hadronst

M. Passera    KEK   Feb 12 2018 19

μe

• use CERN M2 muon beam (150 GeV)

• Physics beyond colliders program @ CERN

• LOI June 2019

• pilot run in 2021

• full apparatus in 2023-2024

Hadronic vacuum polarization

58

From time-like to space-like evaluation of a
HLO
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Smooth function
7! Time-like: combination of many experimental data sets,

control of RCs better than O(1%) on hadronic channels required.
7! Space-like: in principle, one single experiment,

it’s a one-loop e�ect, very high accuracy needed.
C.M. Carloni Calame (INFN, Pavia) MUonE 4 / 34

https://cds.cern.ch/record/2677471/files/SPSC-I-252.pdf
https://arxiv.org/abs/2004.13663
https://cds.cern.ch/record/2677471/files/SPSC-I-252.pdf

