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Our goal:

To find the best parametrization of the quark density
for its analytical continuation

from imaginary to real quark chemical potential

Outline
1 Simulation settings
2 Analytical continuation of the quark density
3 Cluster Expansion Model (CEM) vs Ratiomal Fraction Model

(RFM)
4 CEM and the fugacity expansion
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Parameters of simulation

Tree-level inproved Symanzik gauge action
Staggered fermions with a diquark source ( diquark coupling
λ = 0.00125)

Sommer parameter r0 = 0.468fm
Lattice spacing a ≈ 0.062 fm
Lattice size L ≈ 1.74 fm
amq = 0.0125; mπ ≈ 800 MeV

Nc = 2, Nf = 2
N3

s × Nt lattices: Ns = 28;

Nt = 14, 12
T = 227, 265 MeV

θ =
µq

T
=
µ′q + ıµ′′q

T
= θR + ıθI

0 ≤ θI ≤
π

Nc
, 0 < µ′q < 600 MeV
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SG = β

1.824
∑(

1− 1
2

Tr
)
− 0.165

∑ (
1− 1

2
Tr

) (1)

SF =
∑
x ,y

ψ̄xD(µq)x ,yψy +
λ

2

∑
x

(
ψT

x τ2ψx + ψ̄xτ2ψ̄
T
x

)
(2)

where ψ̄, ψ are staggered fermion fields,

D(µq)xy = maδxy +
1
2

4∑
ν=1

ην(x)
[
Ux ,νδx+hν ,yeµqaδν,4 (3)

−U†x−hν ,νδx−hν ,ye−µqaδν,4
]
,

η1(x) = 1, ην(x) = (−1)x1+...+xν−1 , ν = 2,3,4.
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We use B =
nqV
Nc

instead of nq

B is the baryon number in the lattice volume,

B(θ) =
1

Nc

∂ ln ZGC(θ)

∂θ

=
Nf

4NcZGC

∫
DUe−SG (det M)Nf /8tr

[
M−1∂M

∂θ

]
,

where M = D†(µq)D(µq) + λ2 and

ZGC(θ) =

∫
DUe−SG (det M)Nf /8 (4)

is the Grand Canonical (GC) partition function.
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Properties of the grand canonical partition function

ZGC(θ,T ,V ) =
∑

n

〈n| exp

(
− Ĥ + µQ̂

T

)
|n〉 (5)

meets the fugacity expansion, that is the Laurent series in ξ = eθ:

ZGC(θ,T ,V ) =
∞∑

k=−∞
ZC(kNc ,T ,V )ekNcθ, (6)

it involves powers of ξNc owing to the Roberge-Weiss symmetry

ZGC(θI ,T ,V ) = ZGC(θI + 2π/Nc ,T ,V ) , (7)

C−parity =⇒ ZGC(θI ,T ,V ) = ZGC(−θI ,T ,V )
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Problem:
The quark density nq (θ) cannot be determined
in lattice QCD at θ = θR because of the sign problem.
Solution:
Find it at θ = ıθI and then employ analytical continuation in θ

Problem in this way:
Analytical continuation in θ depends on parametrization of nq(θ)

Proposed solution:
Test different parametrizations in the case of QC2D,
where nq(θ) can be simulated at both θ = θR and θ = ıθI
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Naive analytic continuation

Assuming that
B(θ)

∣∣∣
θR=0

= ı

∞∑
n=1

an sin (nNcθI) , (8)

we arrive at
B(θ)

∣∣∣
θI=0

=
∞∑

n=1

an sinh (nNcθR) (9)

Limitatons:
an are extracted from a fit over the segment 0 ≤ θI ≤

π

Nc
=⇒ only a few of an can be determined.

Series (9) converges only if lim
n→∞

|an+1|
|an|

= r exists

and |θR| <
− ln r

Nc
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Rational Fraction Model (RFM)

[G. A. Almasi, B. Friman, K. Morita, P. M. Lo, and K. Redlich 2019]

B(θI)
∣∣∣
θR=0

=
∞∑

k=1

aRFM
k sin (kNcθI) (10)

aRFM
n = (−1)n+1 d

1 +
π2(N2

c − 1)

6
n2

n3(1 + nκ)
. (11)

aRFM
n ∼ (−1)k

k2 as k →∞ =⇒ nonanalytic behavior:

B(θ) ∼
(
θI −

π

Nc

)
ln

(
π

Nc
− θI

)
as θI →

π

Nc
(12)
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BRFM(θ) = d

{(
π2(N2

c − 1)

6
+ κ2

)[
θNc

2
− (13)

−
(
β

(
1
κ

)
− κ

2

)
sinh

(
θNc

κ

)
+

1
2

∫ θNc

0
dt tanh

t
2

sinh
θNc − t

κ

]

+
π2

12

(
θNc +

(θNc)3

π2

)
− κ

∫ θNc

0
ln

(
2 cosh

t
2

)
dt

}

where

β(z) =
1
2

(
ψ

(
z + 1

2

)
− ψ

(z
2

))
, ψ(z) =

1
Γ(z)

dΓ(z)

dz
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Cluster Expansion Model (CEM)

[V. Vovchenko, J. Steinheimer, O. Philipsen and H. Stoecker 2018]

B(θI)
∣∣∣
θR=0

=
∞∑

k=1

aCEM
k sin (kNcθI) (14)

bk = (−1)k+1 b qk−1

k

[
1 +

6
π2(N2

c − 1)k2

]
(15)

B =
b

2q

{
ln

1 + q exp(θNc)

1 + q exp(− θNc)
+

+
6

π2(N2
c − 1)

[
Li3
(
− qe−θNc

)
− Li3

(
− qeθNc

)]}
. (16)
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Comparison of the CEM and RFM with lattice data
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Fugacity expansion
ZGC(θ,T ,V )

ZC(0,T ,V )
= 1 +

∞∑
n=1

Zn

(
enNcθ + e−nNcθ

)
(17)

provides a natural parametrization of B(θ),

B(θ) =
−1
Nc

∂(T ln Z )

∂µq
=

2
∑∞

n=1 nZn sinh(nNcθ)

1 + 2
∑∞

n=1 Zn cosh(nNcθ)
(18)

B(θI)
∣∣∣
θR=0

= ı

∞∑
n=1

an sin (nNcθI) (19)

∞∑
n=1

an sin (nNcθI) =
2
∑∞

n=1 nZn sin(nNcθI)

1 + 2
∑∞

n=1 Zn cos(nNcθI)
(20)

Problem: Given an, find Zn

R. N. Rogalyov (IHEP) Quark Density in Lattice QC2D at Imaginary and Real Chemical Potential27.07.2021 14 / 18



Trigonometric identities =⇒ ai =
∞∑

j=1

WijZj , (21)

Wjk = 2jδjk − aj+k + a|j−k | · sign(k − j) [sign(0) = 0] . (22)

Z = W−1a . (23)

ZGC(θI) = exp

(
Nc

N∑
n=1

an

2n

(
cos(nNcθI)− 1

))
(24)

The inverse of the fugacity expansion has the form

ZC (n,T ,V ) =

∫ 2π

0

dθI

2π
e−inθI ZGC(θI ,T ,V ) , (25)
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Comparison of the fugacity expansions
using CEM and RFM
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Conclusions
We have studied the analytical continuation of the quark density in
QC2D at T < TRW using various parametrizations. It was found

theoretical framework Agreement of the respective
of parametrization analytical continuation with

lattice data at real µq

truncated Fourier series bad
CEM excellent
RFM poor
the grand canonical good at
approach with the CEM |µq| < 320÷ 390 MeV

Problem of negative canonical partition functions ZC(n,T ,V ) calls for
further work
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