
Deconfinement Critical 
Point of a Heavy Quark 

Effective Theory
Pham A. Quang


Joint work with O. Philipsen, J. Kim


Lattice 2021 - MIT



Ref. 

M. Fromm, J. Langelage, S. Lottini, OP arXiv:1111.4953


J. Langelage, M. Neuman, OP arXiv:1403.4164


WHOT-QCD Collaboration: Shinji Ejiri et al. arXiv: 
1912.10500


J. Kim, QP, OP, Jonas Scheunert arXiv:2007.04187


.....



Plan

• Introduction


• Effective Yang-Mills theory


• Effective theory of heavy quark QCD 


• Results 


• Conclusions and Outlooks



T

μ

chirally restored 
quark matter

vacuum
nuclear
matter

ea
rl

y 
un

iv
er

se

R
H

IC

QCD Phase Diagram

FA
IR



T

μ

chirally restored 
quark matter

vacuum
nuclear
matter

ea
rl

y 
un

iv
er

se

R
H

IC

QCD Phase Diagram

FA
IR ?

?

?



Why Effective Theories?

• At finite    , sign problem is mild enough to simulate


• Possible to carry out computations analytically e.g.  Linked Cluster or 
High Temperature Expansion 


                      J. Kim, QP, OP, J. Scheunert arXiv:2007.04187, 1912.01705


• Cheaper than full QCD


• ET can still provide important features which are comparable to full 
QCD
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Main focus of this talk



Effective Theories

The basic idea of the effective theories is integrating out 
all spatial links in QCD action, then the effective 
theories depend only on Polyakov loops 

O. Philipsen, J. Langelage, S. Lottini arXiv: 1010.0951



 Eg: Yang–Mills Theory

J. Glesaaen PhD thesis



Effective Yang-Mills Theory

Partition function of ET 

Polyakov loop
<latexit sha1_base64="Zh5ltvuqbmJCh6AT5hUNKuc2uyo="></latexit>

L~x = tr
NtY

t=0

U0(t, ~x) = trW (~x)



Including Fermions

• Hopping matrix


• Re-factorize the fermion determinant

<latexit sha1_base64="nhi0qCYiJrGLhOwkKg7iJ+on50Q=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCIJRERd0IRTddVuwL2hAm00k7dCYJ8xBq6Je4caGIWz/FnX/jpM1CWw9cOJxzL/feEySMSuU431ZhZXVtfaO4Wdra3tkt23v7bRlrgUkLxywW3QBJwmhEWooqRrqJIIgHjHSC8V3mdx6JkDSOmmqSEI+jYURDipEykm+X6zfN077U3Kfwwacl3644VWcGuEzcnFRAjoZvf/UHMdacRAozJGXPdRLlpUgoihmZlvpakgThMRqSnqER4kR66ezwKTw2ygCGsTAVKThTf0+kiEs54YHp5EiN5KKXif95Pa3Cay+lUaIVifB8UagZVDHMUoADKghWbGIIwoKaWyEeIYGwMlllIbiLLy+T9lnVvaye319Uard5HEVwCI7ACXDBFaiBOmiAFsBAg2fwCt6sJ+vFerc+5q0FK585AH9gff4ACHWSCw==</latexit>

H = T +
X

i

Si
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detQ = det(1� T � S) = det(1� T ) det
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Static Quark Determinant 
(LO)

• Finite quark mass, but still large i.e. 

• The static quark determinant is derived by expanding 
the quark determinant in  to leading order.

κ ≪ 1

κ

<latexit sha1_base64="oAdQwyIIn7rEkhW6WoY83/6tkkI="></latexit>

detQstat =
Y

~x

(1 + h1L~x + h2
1L

⇤
~x + h3

1)
2(1 + h̄1L

⇤
~x + h̄2

1L~x + h̄3
1)

2
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h1(µ) = (2eaµ)Nt = h̄1(�µ)



- Correction (NLO)κ2

•  - correction corresponds to the leading order of 
the kinetic quark determinant.
κ2

<latexit sha1_base64="f8jY3FGqUsfSEB141LNJG+BPk78="></latexit>

S = P +M =
1

1� T

X

i

(S+
i + S�

i )

<latexit sha1_base64="gXgIhj3bqtq6zvGWJX5VWMfNWVI="></latexit>

detQkin = det(1� P � M) = exp

 
�

1X

n=1

1

n
tr(P +M)n

!



- Correction (NLO)κ2

•  - correction corresponds to the leading order of 
the kinetic quark determinant.
κ2

<latexit sha1_base64="Ch9f1MaCslMAgqQAaPqtvhe3Kf4="></latexit>

S2 = 2Nt
Nc

P
h~x,~yi

�
W11(~x)� W̄11(~x)

� �
W11(~y � W̄11(~y)

�
+O(4)
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W11 = tr h1W
1+h1W

Here W is called the temporal Wilson lines



- Correction (NNLO)κ4

 - correction is very lengthy, for full expression see     
J. Langenlage, M. Neuman, OP arXiv:1403.4162 

κ4

<latexit sha1_base64="eRLG+5fPAcdu0z1K4uS5tNl7xcs="></latexit>

S4 = 24Nt(Nt�1)
N2

c

P
~x,i,j tr

�
W11(~x)� W̄11(~x)

�
tr
�
W11(~x+ i+ j)� W̄11(~x+ i+ j)

�

<latexit sha1_base64="pRN9pLxG0e2M9gnyjFB7xMkpuPE="></latexit>

⇥tr
⇣
W12(~x+ i)� W̄12(~x+ i)� 2

Nt�1

PNt�1
t=1 (22)2t

(1+h1W (~x+i))(1+h̄1W †(~x+i)

⌘

<latexit sha1_base64="8yRB9kX/EYJImbbaHfCZuZsvWCY="></latexit>

�24Nt
N2

c

P
~x,i,j . . .



Observables
• We define the equilibrium Polyakov loop as

• Then the susceptibility, skewness and kurtosis of the Polyakov loop are

<latexit sha1_base64="TfMIz38xv5NkNWPOlPe3R90Gtjw="></latexit>

B3L =
hL3i � 3hL2ihLi+ 2hLi3

(hL2i � hLi2)3/2

<latexit sha1_base64="+1O+IjgmH1iyeAQuzz0osuoSJ04="></latexit>

B4L =
hL4i � 4hL3ihLi+ 6hL2ihLi2 � 3hLi4

(hL2i � hLi2)2



Remarks

• The standard update for our effective theory is 
parametrization the Polyakov with two angles 

• However, the results presented here were obtained using 
link update i.e. full SU(3) matrices and take the trace 
afterwards


• It seems more expensive but it will provide a nice solution 
aiming for  - correction  

θ1, θ2

κ6
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YM Effective Theory

• Effective Yang-Mills theory from simulation and analytic

Simulation results of ET
Analytical results of ET using High Temperature Expansion

J. Langenlage, S. Lottini, O. Philipsen 
arXiv:1002.1507

J. Kim, QP, O. Philipsen, J. Scheunert 
arXiv:1912.01705



YM Effective Theory and 
Static Quark 

Nf = 1 and Nt = 4
hc
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h1c = 0.00069(14)
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�2/d.o.f. = 1.48



YM Effective Theory, Static 
Quark and K2 Corrections

Nf = 2, Nt = 6

<latexit sha1_base64="F6YgmttEqhE2pNHVeKLfVasZmSk=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwFZNWtBuh6MZlBfuAJpbJZNIOnTyYuRFLKG78FTcuFHHrV7jzb5y2WWjrgQuHc+7l3nu8hDMJlvWtLSwuLa+sFtaK6xubW9v6zm5TxqkgtEFiHou2hyXlLKINYMBpOxEUhx6nLW9wNfZb91RIFke3MEyoG+JexAJGMCipq+87pM/uyicO0AfIfDM2A3N0YZvVSlcvWaY1gTFP7JyUUI56V/9y/JikIY2AcCxlx7YScDMsgBFOR0UnlTTBZIB7tKNohEMq3Wzywsg4UopvBLFQFYExUX9PZDiUchh6qjPE0Jez3lj8z+ukEFTdjEVJCjQi00VByg2IjXEehs8EJcCHimAimLrVIH0sMAGVWlGFYM++PE+aZdM+Mys3p6XaZR5HAR2gQ3SMbHSOauga1VEDEfSIntEretOetBftXfuYti5o+cwe+gPt8wf65pXf</latexit>

�2/d.o.f. = 1.83
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c = 0.1210(5)



YM Effective Theory, Static 
Quark and K2, K4 Corrections

Nf=1, Nt =4 
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Compare With WHOT-QCD

Results from the effective theory for Nf = 1,2 and Nt = 4, 6

Results for        of  WHOT collaboration for Nf=1,2,3 and Nt = 4, 6κc

WHOT-QCD Collaboration 
Shinji Ejiri et al. arXiv:1912.10500



Conclusion

• Summarize the standard procedure for deriving ET up 
to  - correction


• The end point of the first-order phase transition of 
the heavy quark ET agrees well with those of heavy 
quark region in full QCD


• The end points of the NNLO decrease further which 
shows the consistency of our effective theory 

κ4



Outlook

• Including  - correction


• Explore further this region at finite chemical potential 
is the next step. 

κ6



Thank you!
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Columbia Plot



Milder Sign Problem 

M. Neuman, OP, J. Langenlage arXiv:1403.4162



Generating Functional 
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