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Introduction

I Goal: probe the QCD phase diagram by non-perturbative
techniques. The lattice would be a natural candidate also through
numerical simulations.

I Compute

〈O〉 ≡ 1

Z

∫
dxn O(x) e−S(x)

stochastically, by sampling configurations from P ∝ e−S(x).

However lattice QCD at finite density displays the prototype of a
sign problem: S is complex → e−S(x) does not define a legitimate
probability distribution

I A possible workaround: complexify the dof of the theory and deform
the domain of integration to remove (or mitigate) the sign problem
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Lefschetz thimbles regularization
Lefschetz thimbles decomposition

Lefschetz thimbles regularization (Phys. Rev. D 86 (2012) 074506, JHEP 10 (2013) 147)

1. we complexify the theory:

x 7→ z = x + iy

S(x) 7→ S(z) = SR(z) + iSI (z)

2. we look for the critical points:

∂zS |zσ = 0

3. for each critical point, we define the thimble Jσ as the union of the SA
paths leaving zσ:

dzi
dt

=
∂S̄

∂z̄i
, with i.c. zi (−∞) = zσ,i

II   Look for critical points

I   We complexify the degrees of freedom

III Then for each critical point we then have to …

2.3 Takagi vectors at critical points

Takagi’s factorization provides the characterization of the thimble in the vicinity of the
critical point p� (with coordinates z�). We introduce the vector notation and expand the
action to second order around z�

Z =

0
B@

z1

...
zn

1
CA 2 Cn S(z) ⇡ S(z�) +

1

2
ZT H(S; p�)Z

where we have assumed z� = 0 for the sake of simplicity. Takagi’s factorization theorem
states that, given the complex symmetric matrix H(S; p�) (the Hessian, in our case), there
exists a unitary n ⇥ n matrix W such that W T H(S; p�)W = ⇤, with ⇤ = diag (�1, · · · ,�n)
and the �i (called Takagi values) are all real and non-negative. We will find that in the case
at hand they are all positive. The columns of W are n normalized Takagi vectors v(i), that
is

nX

k=1

v
(i)
k v̄

(j)
k = �ij

so that we can rephrase Takagi’s theorem as

H(S; p�)v
(i) = �iv̄

(i)

or, equivalently,

H(S; p�)W = W⇤.

Takagi’s vectors provides a basis for the tangent space at the critical point. This also mean
that each SA leaves the critical point along a direction which is a given linear combination of
the Takagi’s vectors. As we will see, our preferred way of singling out one particular point on
the thimble is choosing such a direction and then specifyng when to stop while integrating
the SA.

We saw we have three critical points: {Uk = e2⇡ik/31} (k = 0, 1, 2). After defining

Bk ⌘ 2


cosh

⇣µc

T

⌘
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✓
µ

T
+

2⇡ik

3

◆�

we have S(Uk) = �3Nf log Bk and rbraS(U)
��
Uk

= �ke
i'k�ab, with

�ke
i'k ⌘ Nf
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Solve the Takagi problem for the Hessian at the critical point

The Takagi vectors          provide a basis for the tangent space at the critical point (first piece of information on our manifold)

The Takagi values       fixes the rate at which the real part of the action increases along the Steepest Ascents paths
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The THIMBLE attached to the critical point is the union of all the STEEPEST ASCENT 
PATHS originating at the critical point, along which imaginary part of action stays 
constant while the real part of the action grows (ensuring convergence). 

In order to construct the tangent space at a generic point on the thimble we have to 
PARALLEL TRANSPORT the Takagi vectors along the SA on which the given point sits.

attached to critical points � of the (complexified) action and have the same real dimension of
the original manifold. Proceeding straight to the field theoretic quantities one is interested
in, we denote the thimbles J� and in a sketchy way we write

hOi =

P
� n� e�i SI(p�)

R
J�

dz e�SR O ei!

P
� n� e�i SI(p�)

R
J�

dz e�SR ei!
(1)

where the z are a shortcut for complex field configurations and the p� stand for the con-
figurations which are the (generalized) stationary points of the action S, the sum formally
extending to all of them, even though the n� can be zero (thus, not all the critical points do
contribute). The action is written in terms of a real part SR and of an imaginary part SI . In
the previous formula the denominator reconstructs the partition function Z. Notice that a
positive measure e�SR is in place and constant phases e�i SI(p�) has been factored out of the
integrals. This is a consequence of the main virtue the thimbles have: the imaginary part
of the action stays constant on them. A so-called residual phase ei! is there that accounts
for the relative orientation between the canonical complex volume form and the real volume
form, characterizing the tangent space of the thimble.

Solving the sign problem via a deformation of the integration domain is conceptually
satisfying and the thimble approach is potentially very powerful. However one can not omit
di�culties: thimbles are non-trivial manifolds, for which a local characterisation is missing
and thus, not surprisingly, devising Monte Carlo methods to sample integrals on thimbles
is a delicate issue. Moreover, recent works have stressed how taking into account multiple
thimbles can be tricky. Finally, one could hardly deny that the final goal of virtually any
attempt to solve the sign problem is to eventually attack the study of the QCD phase
diagram.

Despite its simplicity, the study at hand addresses virtually all the issues we have just
sketched. We will present a numerical study of QCD in 0+1 dimensions, showing that thimble
regularization can solve it: analytic results are known (e.g. for the chiral condensate and the
Polyakov loop) and those have been obtained via Monte Carlo simulations on thimbles, on
a wide range of values for the number of flavor Nf , the mass parameter m and the chemical
potential µ/T (we directly write in terms of the quantity results really depend on). Even if
in the end there is no real gauge symmetry in place, the model is a perfect ground to see
the thimble formalism for SU(N) theory at work. Moreover, the sign problem one has to
tackle is a genuine one, originating from the (quark) chemical potential via the fermionic
determinant. We have already presented preliminary results of this study in [?]; for other,
independent work on this subject see also [?].

The paper is organized as follows: in section 2 we present the SU(N) thimble formalism
we need for 0 + 1 QCD (in this case N = 3), which is introduced in section 3, where
we also discuss the issue of contributions from the three thimbles associated to the group
center elements; section 4 deals with algorithmic issues (including those related to taking
into account three thimbles), while in section 5 we present our results. We finally draw our
conclusions in section 6.
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This is manifest in the semiclassical expansion thanks to S(U2) = S(U1), B2 = B̄1, �2 = �1,

ei'2 = ei'1 = e�i'1 , all following from e4⇡i/3 = e�2⇡i/3 = e2⇡i/3. Thus we can rephrase Z as

Z ⇡ Z0 + Z1 + Z2

with Z0 2 R and Z2 = Z̄1 (so that |Z1| = |Z2|). The semiclassical expansion on thimbles
also provides an easy way to compute an estimate for the relevance of J1,2 with respect to
J0 in the computation of e.g. the partition function. We define the relative weight r1,2

0

r1,2
0 ⌘ |Z1,2|

|Z0|
=

��e3Nf log B1,2
����4

1,2

|e3Nf log B0 |��4
0

=

✓
�1,2

�0

◆�4 ����
B1,2

B0

����
3Nf

(10)

and study it at di↵erent values of µ
T

and m. This, as we shall see, provides a reliable
estimate which can be compared with the results of numerical simulations. We note that,
being B0 = A + 2 cosh(µ/T ) 2 R and B1 = A � cosh(µ/T ) + i

p
3 sinh(µ/T )

|B1,2|2 = A2 + cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
+ 3 sinh2

⇣µ

T

⌘

= A2 + 4 cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
� 3 < A2 + 4 cosh2

⇣µ

T

⌘
+ 4A cosh

⇣µ

T

⌘
= |B0|2

so that

r1,2
0 �!

Nf!1
0

for any value of µ
T

and m (the ratio �1,2/�0 is independent on Nf ). One thus expects
that integrating only over J0 will give more accurate results at large Nf , i.e. there is a
regime where the leading thimble dominance scenario actualy shows up. This is of course
a semiclassical estimate: the reliability of this prediction will be checked against numerical
simulations.

3 Monte Carlo computations on thimbles

Our preferred way of characterising points on a thimble goes through a constructive approach,
which we now recall in the formalism relevant for a very generic theory. Given a critical point,
we saw in subsection 2.3 how to determine the tangent space. By performing the Takagi
factorization of the Hessian we were left with Takagi values �i > 0 and Takagi vectors v(i),
which provide a basis of the tangent space. The tangent space contains all the directions
along which the SA paths defined by3

d

dt
zi =

@S̄

@z̄i
(11)

3We denote by t the time coordinate parametrizing the flow along the SA path.
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2.3 Takagi vectors at critical points

Takagi’s factorization provides the characterization of the thimble in the vicinity of the
critical point p� (with coordinates z�). We introduce the vector notation and expand the
action to second order around z�

Z =

0
B@

z1

...
zn

1
CA 2 Cn S(z) ⇡ S(z�) +

1

2
ZT H(S; p�)Z

where we have assumed z� = 0 for the sake of simplicity. Takagi’s factorization theorem
states that, given the complex symmetric matrix H(S; p�) (the Hessian, in our case), there
exists a unitary n ⇥ n matrix W such that W T H(S; p�)W = ⇤, with ⇤ = diag (�1, · · · ,�n)
and the �i (called Takagi values) are all real and non-negative. We will find that in the case
at hand they are all positive. The columns of W are n normalized Takagi vectors v(i), that
is

nX

k=1

v
(i)
k v̄

(j)
k = �ij

so that we can rephrase Takagi’s theorem as

H(S; p�)v
(i) = �iv̄

(i)

or, equivalently,

H(S; p�)W = W⇤.

Takagi’s vectors provides a basis for the tangent space at the critical point. This also mean
that each SA leaves the critical point along a direction which is a given linear combination of
the Takagi’s vectors. As we will see, our preferred way of singling out one particular point on
the thimble is choosing such a direction and then specifyng when to stop while integrating
the SA.

We saw we have three critical points: {Uk = e2⇡ik/31} (k = 0, 1, 2). After defining
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��
Uk

= �ke
i'k�ab, with

�ke
i'k ⌘ Nf


B�1

k

✓
cosh

✓
µ

T
+

2⇡ik

3

◆
� 2B�1

k sinh2

✓
µ

T
+

2⇡ik

3

◆◆�

6

�i

The main message is the THIMBLES DECOMPOSITION

@zS = 0

We want to compute

S(x) = SR(x) + iSI(x) ! S(z)

hOi =
1

Z

Z
dx O e�S

critical point

… but S is complex …

Constructing thimbles (the general picture)

4. Along the flow the real part of the action is increasing and the imaginary
part of the action is constant. Still there is a complex factor: the residual
phase (orientation of the thimble in the embedding manifold).
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Lefschetz thimbles regularization
Lefschetz thimbles decomposition

4. thimbles decomposition:

∫

R
dzn O(z) e−S(z) =

∑

σ

nσe
−iS I

σ

∫

Jσ
dzn O(z) e−S

R
e iωσ

I SR is always increasing and this ensures the convergence of the
integral; SI is constant and e−iSI can be factored out

I the sum is in principle over all the critical points, but . . .

I the intersection numbers nσ are integers numbers that count
the intersections between the original contour and the unstable
thimble Kσ → nσ can be zero

I unstable thimble Kσ defined in a similar fashion to the stable
thimble Jσ as the set of solutions of the SD equations, on
which SI is constant and SR is decreasing
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Lefschetz thimbles regularization
The one-thimble approximation (and its failure)

I thimbles decomposition formula:

〈O〉 =

∑
σ nσZσ〈Oe iω〉σ∑
σ nσZσ〈e iω〉σ ≈

? 〈Oe iω〉σ0
〈e iω〉σ0

how good can be the one-thimble approximation?

I counter-examples:
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(0+1)-dimensional QCD heavy-dense QCD Thirring model
F. Di Renzo, G. Eruzzi F. Di Renzo, K. Zambello F. Di Renzo, K. Zambello

Phys. Rev. D 97, 014503 (2018) PoS LATTICE2018 (2018) 148 PoS LATTICE2019 (2020) 211
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Taylor expansions on Lefschetz thimbles
Taylor expansions and Padé approximants

I Taylor expansions around points where only σ0 matters

〈O〉(µ) = 〈O〉(µ0)+
∂O

∂µ

∣∣∣∣
µ0

(µ−µ0)+
1

2

∂2O

∂µ2

∣∣∣∣
µ0

(µ−µ0)2+. . .

We can use multiple Taylor expansions at different points, this itself is an

improvement w.r.t. a single Taylor expansion around µ = 0.

I The big improvement: interpolate all the Taylor coefficients at
once using rational functions (Padé approximants).

We look for a function of the form

Rn,m(µ) =
pn(µ)

qm(µ)
=

a0 + a1µ+ a2µ
2 + . . .+ anµ

n

1 + b1µ+ b2µ2 + . . .+ bmµm

that matches all the Taylor coefficients we calculated.
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Taylor expansions on Lefschetz thimbles
Taylor expansions and Padé approximants

I Multi-point Padé: we determine ai , bi by imposing

∂ j

µjRn,m(µ(k)) = ∂ j

µj 〈O〉(µ(k))

Nonlinear system of eqs, but the problem can be linearized





pn(µ(k)) = 〈O〉(µ(k))qm(µ(k))

p′
n(µ(k)) = 〈O〉′(µ(k))qm(µ(k)) + 〈O〉(µ(k))q′

m(µ(k))

p′′
n (µ(k)) = 〈O〉′′(µ(k))qm(µ(k)) + 2〈O〉′(µ(k))q′

m(µ(k)) + 〈O〉(µ(k))q′′
m(µ(k))

. . .

We fix the number of expansion points µ(k), then we increase
the order of the derivatives until convergence.

⇒ improved convergence properties of the series + interesting
information on singularities structure (see also Simran’s talk, today at 6:30 ET)
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Taylor expansions on Lefschetz thimbles
Applications

(0+1)-dimensional Thirring model

For this theory the one-thimble approximation fails.
(JHEP 12 (2015) 125, JHEP 05 (2016) 053, PoS LATTICE2019 (2020) 211)

Can we find at least a few suitable expansion points in regions
where the one-thimble approximation holds?

Parameters L = 8, β = 1,m = 2:

I µ
m

= 0 → no sign problem at all

I µ
m

= 0.4 → from SI we know one thimble contributes

I µ
m

= 1.4, 1.8 → from SR we know only two might contribute and . . .
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Taylor expansions on Lefschetz thimbles
Applications

I Numerical results for L = 8:
F. Di Renzo, S. Singh, K. Zambello, Phys. Rev. D 103, 034513 (2021)

0 0.5 1 1.5 2
-0.2

0

0.2

0.4

0.6

0.8

1

µ
m

〈χ̄
χ
〉

analytic

0− 1

1− 2

2− 3

2− 5

From Padé we are able to extract some information about the
analytical structure of the observable.

The analysis has also been repeated towards the continuum
limit up to L = 64.
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Taylor expansions on Lefschetz thimbles
Applications

Heavy-dense QCD

I µ
m

= 1.0 → no sign problem

I µ
m

= 0.9995, 1.0005 → thimbles other
than the fundamental one are
depressed

I Numerical results:
F. Di Renzo, S. Singh, K. Zambello, Phys. Rev. D 103, 034513 (2021)
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A few comments
Possible applications beyond thimbles

I A numerical experiment (add more derivatives, no errors)

⇒ This method apparently returns a lot of information on
singularities structure. This is right what we look for in QCD!
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A few comments
Possible applications beyond thimbles

I This procedure works for any calculation method that gives
access to multiple expansion points

I Application beyond thimbles: hunt for singularities in the
QCD phase diagram by Padé interpolation of multiple Taylor
expansions around points at imaginary µ.

(see Simran’s and Guido’s talks, today at 6:30 and 6:45 ET)

For practical reasons in this case we have to increase the number of
points instead of the order of the derivatives.
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Conclusions
Conclusions

I so far thimble regularization has been applied to various models; it
is now clear that the dominant thimble alone is not enough to
capture the full content of a theory

I multi-thimble simulations are hard, but we have proposed a new and
more powerful approach in which the need for multi-thimble
simulations can be by-passed by computing and bridging different
Taylor expansions; we have successfully applied this method to
heavy-dense QCD and to the Thirring model

I we have found that the method is more powerful than we had
anticipated, as bridging by Padé not only allowed to by-pass the
need for multi-thimble simulations but it also allowed to locate the
true singularities of the observables

I this idea has applications to QCD at imaginary µ

. . . more about this in the following talks by Simran and Guido

. . . stay tuned!
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