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Aims
• Generalize the three-particle quantization condition (QC3) 

beyond degenerate scalars (e.g. ) 

• Work in generic relativistic field theory (RFT) approach, and (as usual) make no 
restrictions on relative angular momenta 

• Applications of nondegenerate QC3 to QCD are limited: examples are
 

• Provide a simplified method of derivation that facilitates 
future generalizations 

• Generalization to “2+1” case (e.g. ) already completed (see Tyler’s talk)

• Next up: multiple channels (of all types); particles with spin

3π+, 3K+

D+
s D0π−, D+

s D0D+, …

π+π+K+

2

N.B. Prior work in NREFT approach for DDK system
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Workflow

3

E0(L)

E1(L)

E2(L)

Kdf,3 M3
Infinite-volume 

integral eqs.
QCs

•  is a real, infinite-volume (but scheme-dependent) K matrix that is smooth aside 
from possible 3-particle resonance poles; integral equations ensure unitarity of 
𝒦df,3

ℳ3

𝒦2

2- and 3-particle 
spectra

ℳ2

N.B. I only display QCs in this talk, but the
integral equations are known in all cases
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History of RFT Methods
• Original RFT derivation based on all-orders analysis using 

Feynman diagrams [Hansen & SS, 2014 & 2015]

• Applies to identical scalars

• Systematic but complicated derivation yields QC3:   

• Nontrivial that  is symmetric under particle exchange and Lorentz invariant

•  is known only implicitly;   

• Generalized to degenerate but distinguishable particles (e.g. 
three pions of any isospin) [Hansen, Romero-López & SS, 2020]

• QC3 has same form, but with additional matrix index, whose dimension is given by 
number of independent two-particle subchannels

• E.g. there are two independent subchannels for :   and 

det[F−1
3 + 𝒦df,3] = 0

𝒦df,3

𝒦df,3 F3 = F̃ [ 1
3

−
1

F̃ + G̃ + 1/(2ωL3𝒦2)
F̃]

3π(I=2) π(ππ)I=2 πρ

4
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History of RFT Methods
• Alternative derivation using time-ordered PT (TOPT) leads 

to second form of QC3 for identical scalars [Blanton & SS, 2020]

• Much simpler derivation involving summing a geometric series

• Yields QC3:   

•  is known explicitly, but is not symmetric under particle exchange or Lorentz inv.

• Asymmetrization identities lead to third form of QC3

•

• Same form as above, but  is Lorentz invariant (though still asymmetric)

•  is related to the contact term in FVU approach [Mai & Döring, 2017] 

det[1 + (2ωL3𝒦2 + 𝒦(u,u)
df,3 )(F̃ + G̃)] = 0

𝒦(u,u)
df,3

det[F−1
3 + 𝒦df,3] = 0 ⇒ det[1 + (2ωL3𝒦2 + 𝒦′ (u,u)

df,3 )(F̃ + G̃)] = 0

𝒦′ (u,u)
df,3

𝒦′ (u,u)
df,3

5

Notice the prime!
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New results (1)
• Generalized TOPT method to nondegenerate scalars

• Naturally written using a 3d matrix notation, with indices corresponding to which of 
three particles is the “spectator”

• det[1 + (2ωL3𝒦2 + 𝒦(u,u)
df,3 )(F̃ + G̃)] = 0 ⟶ det[1 + ( ̂𝒦2,L + ̂𝒦 (u,u)

df,3 ) ̂F G]

6

6

We stress that all quantities still have implicit momentum indices as well as the explicit flavor indices.
The extra flavor matrix structure allows us to implement di↵erent cuts depending on the nature of the adjacent

kernels. Specifically, on-shell projection is e↵ected by rewriting bD as

bD = bFG + c�FG , (16)

bFG =

0

@
eF (1) eG(12)PL PL

eG(13)

PL
eG(21) eF (2) eG(23)PL

eG(31)PL PL
eG(32) eF (3)

1

A , (17)

c�FG =

0

B@
eI(1)

F
� eG(12) � eG(13)

� eG(21) eI(2)

F
� eG(23)

� eG(31) � eG(32) eI(3)

F

1

CA , (18)

where the objects in bFG project adjacent kernels on shell, while those in c�FG are integral operators that sew together
adjacent kernels into new infinite-volume quantities. The notation for these objects is the same as in BS1, except
that here there are superscripts indicating the flavors of the spectator particles. In particular,

h
eF (i)

i

pi`
0m0;ki`m

= �piki

H(i)(pi)

2!piL
3

2

4 1

L3

UVX

pj

�PV

Z
UV d3pj

(2⇡)3

3

5 Y`0m0(p⇤(pi)

j
)

q⇤`0
2,pi

1

4!pj!pk(E � !p1 � !p2 � !p3)

Y`m(p⇤(pi)

j
)

q⇤`

2,pi

(19)
is a generalized Lüscher zeta function, and

h
eG(ij)

i

pi`
0m0;kj`m

=
1

2!piL
3

Y`0m0(k⇤(pi)

j
)

q⇤`0
2,pi

H(i)(pi)H(j)(kj)

b2

ij
� m2

k

Y`m(p
⇤(kj)

i
)

q⇤`

2,kj

1

2!kjL
3

(20)

is a generalized switch factor,5 with the four-vector bij given by

bij = (E � !pi � !kj ,P � pi � kj) . (21)

The parity operators are a new feature here and are given by

[PL]
pi`

0m0;ki`m
= �pi`

0m0;ki`m(�1)` . (22)

The integral operators eI(i)

F
and � eG(ij) are then defined by the di↵erence bD � bFG, and explicit forms are not needed.

The discussion of their general properties in BS1 remains valid here, and we do not repeat it.
We now explain the notation in Eqs. (19) and (20). We begin with the matrix indices on both eF (i) and eG(ij),

which are of similar form to those used in all previous RFT quantization conditions. A key property of eF (i) and
eG(ij) is that they project adjacent kernels—here the elements of bB, bA0, and bA—on shell. This projection changes
the matrix indices from {k} to {ki`m}, with the latter denoting an on-shell, three-particle state. The new feature
for nondegenerate particles is that there are three choices of indices, labeled by i = 1 � 3. Here i is the flavor of the
particle chosen as the “spectator,” and ki is shorthand for its momentum, ki, which is drawn from the finite-volume
set. The remaining two (“nonspectator”) particles, whose flavors are denoted j and k, are then boosted to their
center-of-mass frame (CMF), in which the kernel is decomposed into spherical harmonics. Denoting a generic on-shell
kernel by X({k})—this could, for example, be B3({p}; {k}), with the {p} index left implicit, and with {k} restricted
so that the three particles are on shell for the given E and P—this decomposition is

X({k}) =
X

`m

X({k})ki`m

p
4⇡Y`m(bk⇤(ki)

j
) . (23)

Here bk⇤(ki)

j
is the unit vector in the direction of k⇤(ki)

j
, which itself is the spatial part of the four-vector obtained

by boosting (!kj ,kj) into the CMF of the nonspectator pair. Details of the boost are discussed in Appendix A;

5 Here we are using the relativistic form of the energy denominator, which is an allowed choice, as explained in BS1, and is needed
when we construct the fully Lorentz-invariant form of three-particle K matrix below. For eF (i) we keep the nonrelativistic form of the
denominator for notational brevity; the change to the relativistic form only changes eF (i) by exponentially suppressed contributions.

̂𝒦 (u,u)
df,3 =

[𝒦(1,1)
df,3 ]k1ℓm,p1ℓ′ m′ [𝒦(1,2)

df,3 ]k1ℓm,p2ℓ′ m′ [𝒦(1,3)
df,3 ]k1ℓm,p3ℓ′ m′ 

[𝒦(2,1)
df,3 ]k2ℓm,p1ℓ′ m′ [𝒦(2,2)

df,3 ]k2ℓm,p2ℓ′ m′ [𝒦(2,3)
df,3 ]k2ℓm,p3ℓ′ m′ 

[𝒦(3,1)
df,3 ]k3ℓm,p1ℓ′ m′ [𝒦(3,2)

df,3 ]k3ℓm,p2ℓ′ m′ [𝒦(3,3)
df,3 ]k3ℓm,p3ℓ′ m′ 

�
3 3

1
2

3

1
2

1

3
2

B(3)
2

B(1)
2

B(3)
2 B(3)

2
B(1)

2
+

1

3
2

+⋯

̂𝒦2,L = diag(2ω1L3𝒦(23)
2 , 2ω2L3𝒦(31)

2 , 2ω3L3𝒦(12)
2 )
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j
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eG(ij)

i

pi`
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=
1

2!piL
3
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j
)

q⇤`0
2,pi
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b2

ij
� m2

k

Y`m(p
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i
)
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1

2!kjL
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(20)
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The parity operators are a new feature here and are given by

[PL]
pi`

0m0;ki`m
= �pi`

0m0;ki`m(�1)` . (22)

The integral operators eI(i)

F
and � eG(ij) are then defined by the di↵erence bD � bFG, and explicit forms are not needed.

The discussion of their general properties in BS1 remains valid here, and we do not repeat it.
We now explain the notation in Eqs. (19) and (20). We begin with the matrix indices on both eF (i) and eG(ij),

which are of similar form to those used in all previous RFT quantization conditions. A key property of eF (i) and
eG(ij) is that they project adjacent kernels—here the elements of bB, bA0, and bA—on shell. This projection changes
the matrix indices from {k} to {ki`m}, with the latter denoting an on-shell, three-particle state. The new feature
for nondegenerate particles is that there are three choices of indices, labeled by i = 1 � 3. Here i is the flavor of the
particle chosen as the “spectator,” and ki is shorthand for its momentum, ki, which is drawn from the finite-volume
set. The remaining two (“nonspectator”) particles, whose flavors are denoted j and k, are then boosted to their
center-of-mass frame (CMF), in which the kernel is decomposed into spherical harmonics. Denoting a generic on-shell
kernel by X({k})—this could, for example, be B3({p}; {k}), with the {p} index left implicit, and with {k} restricted
so that the three particles are on shell for the given E and P—this decomposition is

X({k}) =
X

`m

X({k})ki`m

p
4⇡Y`m(bk⇤(ki)

j
) . (23)

Here bk⇤(ki)

j
is the unit vector in the direction of k⇤(ki)

j
, which itself is the spatial part of the four-vector obtained

by boosting (!kj ,kj) into the CMF of the nonspectator pair. Details of the boost are discussed in Appendix A;

5 Here we are using the relativistic form of the energy denominator, which is an allowed choice, as explained in BS1, and is needed
when we construct the fully Lorentz-invariant form of three-particle K matrix below. For eF (i) we keep the nonrelativistic form of the
denominator for notational brevity; the change to the relativistic form only changes eF (i) by exponentially suppressed contributions.

̂𝒦 (u,u)
df,3 =

[𝒦(1,1)
df,3 ]k1ℓm,p1ℓ′ m′ [𝒦(1,2)

df,3 ]k1ℓm,p2ℓ′ m′ [𝒦(1,3)
df,3 ]k1ℓm,p3ℓ′ m′ 

[𝒦(2,1)
df,3 ]k2ℓm,p1ℓ′ m′ [𝒦(2,2)

df,3 ]k2ℓm,p2ℓ′ m′ [𝒦(2,3)
df,3 ]k2ℓm,p3ℓ′ m′ 

[𝒦(3,1)
df,3 ]k3ℓm,p1ℓ′ m′ [𝒦(3,2)

df,3 ]k3ℓm,p2ℓ′ m′ [𝒦(3,3)
df,3 ]k3ℓm,p3ℓ′ m′ 

̂𝒦2,L = diag(2ω1L3𝒦(23)
2 , 2ω2L3𝒦(31)

2 , 2ω3L3𝒦(12)
2 )

9 different “asymmetric” amplitudes (expressed in 9 different coordinate systems)
Not Lorentz invariant

Known kinematic functions

3 different two-particle Lorentz-invariant K matrices
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Notice the prime!

New results (2)
• New Feynman-diagram-based analysis that mimics structure 

of TOPT approach and allows explicit all-orders expressions

• Leads to identical form of QC3 to TOPT approach, but with Lorentz-invariant 

•

̂𝒦 ′ (u,u)
df,3

det[1 + ( ̂𝒦2,L + ̂𝒦 (u,u)
df,3 ) ̂F G] ⟶ det[1 + ( ̂𝒦2,L + ̂𝒦 ′ (u,u)

df,3 ) ̂F G]

8

̂𝒦 ′ (u,u)
df,3 =

[𝒦′ (1,1)
df,3 ]k1ℓm,p1ℓ′ m′ [𝒦′ (1,2)

df,3 ]k1ℓm,p2ℓ′ m′ [𝒦′ (1,3)
df,3 ]k1ℓm,p3ℓ′ m′ 

[𝒦′ (2,1)
df,3 ]k2ℓm,p1ℓ′ m′ [𝒦′ (2,2)

df,3 ]k2ℓm,p2ℓ′ m′ [𝒦′ (2,3)
df,3 ]k2ℓm,p3ℓ′ m′ 

[𝒦′ (3,1)
df,3 ]k3ℓm,p1ℓ′ m′ [𝒦′ (3,2)

df,3 ]k3ℓm,p2ℓ′ m′ [𝒦′ (3,3)
df,3 ]k3ℓm,p3ℓ′ m′ 

9 different “asymmetric” amplitudes (expressed in 9 different coordinate systems)
Lorentz invariant

• This form can presumably related to a nondegenerate generalization of the FVU 
formalism, using the methods of [Blanton & SS, 2007.16190]
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New results (3)
• We apply generalized symmetrization identities to obtain 

symmetric forms of the previous two QC3s 

• Both lead to the same symmetric form of the QC3, containing the same, Lorentz-
invariant and symmetric 

•

̂𝒦 df,3

det[1 + ( ̂𝒦2,L + ̂𝒦 (′ )(u,u)
df,3 ) ̂F G] ⟶ det[ ̂F −1

3 + ̂𝒦 df,3]

9

ibT L ¼ ibK00df;3
1

1 − ½iðbFG − bIFGÞ þ iðbFG − b⃖IGÞibD23;LiðbFG − b⃗IGÞ&ibK
00
df;3

: ð106Þ

Using the symmetrization identities (100)–(102), these can
be rewritten as

icM0
df;3;L ¼ ½1þ ibD23;LibF S⃗&ibT L½1þ S⃖ibFibD23;L&; ð107Þ

where

ibT L ¼ ibK00df;3
1

1 − ½13 S⃖ibF S⃗þb⃖SibFibD23;LibF
b⃗S&ibK00df;3

: ð108Þ

Expanding out the geometric series we see that, except at
the ends, bK00df;3 is sandwiched between two symmetrization
operators, and thus fully symmetrized.

D. Quantization condition

We recall from above that the quantization condition can
be obtained from the poles in cM0

df;3;L. Looking at
Eq. (107), we see that poles can only arise from the factors
of bF, bD23;L, or bT L. The former only has poles at free
energies, which cannot be present in the interacting
spectrum, and must cancel in the full expression. Poles
arising from bD23;L do not depend on eKdf;3, and thus also
must either be absent or cancel, since all finite-volume
energies must have some dependence on the three-particle
interaction. Thus the only source that remains is bT L. To
determine its poles, we rewrite Eq. (108) as

ibT L ¼ ibK00df;3 þ ibK00df;3S⃖
1

1 − ibF3i
beKdf;3

ibF3S⃗ibK
00
df;3: ð109Þ

where

bF3 ¼
1

3
bF − bFbD23;L

bF; ð110Þ

and

beKdf;3 ¼ S⃗bK00df;3S⃖: ð111Þ

Since poles can only arise from the second term in
Eq. (109), we obtain our third and final form for the
quantization condition,

detð1þ bF3
beKdf;3Þ ¼ 0: ð112Þ

We refer to this as the symmetric form of the quantization
condition.

Comparing to the quantization condition for identical
particles derived in Ref. [2], we see that the nondegenerate
result has the same form, but with an additional layer of
matrix indices. This is what one might have naively
expected, but, as we have shown, it is nontrivial to obtain

this generalization. A key property of the matrix beKdf;3 is
that it contains the same underlying K matrix in each
element, due to the presence of symmetrization operators
on both sides of bK00df;3 in Eq. (111). The underlying K
matrix is

eKdf;3ðfpg; fkgÞ ¼
X

i;j

½bK00df;3&ijðfpg; fkgÞ; ð113Þ

where, on the right-hand side, each element of bK00df;3 has
been converted from the fklmg basis to the momentum
basis, using the appropriate generalization of Eq. (23), and
then summed. The difference between the elements of the

matrix beKdf;3 arises only because eKdf;3 is expressed in
different coordinates,

½beKdf;3&ij ¼ eKdf;3ðfpg; fkgÞpil0m0;kjlm: ð114Þ

We stress that the complicated nature of the relation
between eKdf;3 (which appears in our final quantization
condition) and the elements of bK0df;3 [which appear in the
previous form, Eq. (59)] is not a practical concern, because
we are simply replacing one set of unknown quantities with
another. In fact, as already stressed above, the final form of
the condition, Eq. (112) has the great advantage of
requiring the parametrization of only a single K matrix,
rather than nine.
The form of bF3, Eq. (110), is also the same as that in

Ref. [2], although here the matrix structure has more
content. In particular, the entries of the diagonal flavor
matrix bF are different, as they correspond to a different
choice of spectator flavor. Similarly, the factors of bG
contained in bD23;L have a nontrivial matrix structure.
Since this matrix version of bF3 is a quantity not previously
considered, we note that it can be written as

bF3 ¼
1

3
bF − bF 1

bK
−1
2;L þ bFG

bF ð115Þ

¼ bF
!
−
2

3
þ 1

1þ ð1þ bK2;L
bGÞ−1bK2;LbF

"
; ð116Þ
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We stress that all quantities still have implicit momentum indices as well as the explicit flavor indices.
The extra flavor matrix structure allows us to implement di↵erent cuts depending on the nature of the adjacent

kernels. Specifically, on-shell projection is e↵ected by rewriting bD as

bD = bFG + c�FG , (16)

bFG =

0

@
eF (1) eG(12)PL PL

eG(13)

PL
eG(21) eF (2) eG(23)PL

eG(31)PL PL
eG(32) eF (3)

1

A , (17)

c�FG =

0

B@
eI(1)

F
� eG(12) � eG(13)

� eG(21) eI(2)

F
� eG(23)

� eG(31) � eG(32) eI(3)

F

1

CA , (18)

where the objects in bFG project adjacent kernels on shell, while those in c�FG are integral operators that sew together
adjacent kernels into new infinite-volume quantities. The notation for these objects is the same as in BS1, except
that here there are superscripts indicating the flavors of the spectator particles. In particular,

h
eF (i)

i

pi`
0m0;ki`m

= �piki

H(i)(pi)

2!piL
3

2

4 1

L3

UVX

pj

�PV

Z
UV d3pj

(2⇡)3

3

5 Y`0m0(p⇤(pi)

j
)

q⇤`0
2,pi

1

4!pj!pk(E � !p1 � !p2 � !p3)

Y`m(p⇤(pi)

j
)

q⇤`

2,pi

(19)
is a generalized Lüscher zeta function, and

h
eG(ij)

i

pi`
0m0;kj`m

=
1

2!piL
3

Y`0m0(k⇤(pi)

j
)

q⇤`0
2,pi

H(i)(pi)H(j)(kj)

b2

ij
� m2

k

Y`m(p
⇤(kj)

i
)

q⇤`

2,kj

1

2!kjL
3

(20)

is a generalized switch factor,5 with the four-vector bij given by

bij = (E � !pi � !kj ,P � pi � kj) . (21)

The parity operators are a new feature here and are given by

[PL]
pi`

0m0;ki`m
= �pi`

0m0;ki`m(�1)` . (22)

The integral operators eI(i)

F
and � eG(ij) are then defined by the di↵erence bD � bFG, and explicit forms are not needed.

The discussion of their general properties in BS1 remains valid here, and we do not repeat it.
We now explain the notation in Eqs. (19) and (20). We begin with the matrix indices on both eF (i) and eG(ij),

which are of similar form to those used in all previous RFT quantization conditions. A key property of eF (i) and
eG(ij) is that they project adjacent kernels—here the elements of bB, bA0, and bA—on shell. This projection changes
the matrix indices from {k} to {ki`m}, with the latter denoting an on-shell, three-particle state. The new feature
for nondegenerate particles is that there are three choices of indices, labeled by i = 1 � 3. Here i is the flavor of the
particle chosen as the “spectator,” and ki is shorthand for its momentum, ki, which is drawn from the finite-volume
set. The remaining two (“nonspectator”) particles, whose flavors are denoted j and k, are then boosted to their
center-of-mass frame (CMF), in which the kernel is decomposed into spherical harmonics. Denoting a generic on-shell
kernel by X({k})—this could, for example, be B3({p}; {k}), with the {p} index left implicit, and with {k} restricted
so that the three particles are on shell for the given E and P—this decomposition is

X({k}) =
X

`m

X({k})ki`m

p
4⇡Y`m(bk⇤(ki)

j
) . (23)

Here bk⇤(ki)

j
is the unit vector in the direction of k⇤(ki)

j
, which itself is the spatial part of the four-vector obtained

by boosting (!kj ,kj) into the CMF of the nonspectator pair. Details of the boost are discussed in Appendix A;

5 Here we are using the relativistic form of the energy denominator, which is an allowed choice, as explained in BS1, and is needed
when we construct the fully Lorentz-invariant form of three-particle K matrix below. For eF (i) we keep the nonrelativistic form of the
denominator for notational brevity; the change to the relativistic form only changes eF (i) by exponentially suppressed contributions.
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B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

3

1
2 +

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

ś ś
+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(1)

2

<latexit sha1_base64="CHt075AvNjYDS9jVW2kqbTbRyGY=">AAACAHicbVDJSgNBEO2OWxy3cQEPXhqDED2EmSC4nIJechEimAWScejpdJImPQvdPUIY5uIn+Au5eFDEq5/hzb+xJ8lBow8KHu9VUVXPiziTyrK+YG5hcWl5Jb9qrK1vbG6Z2zsNGcaC0DoJeShaHpaUs4DWFVOctiJBse9x2vSG15nffKBCsjC4U6OIOj7uB6zHCFZacs19I+n4WA0I5ugqdZNyep8U7ePUNQtWyZoA/SX2jBQqJ3s38PJpXHPNz043JLFPA0U4lrJtW5FyEiwUI5ymRieWNMJkiPu0rWmAfSqdZPJAio600kW9UOgKFJqoPycS7Es58j3dmR0r571M/M9rx6p37iQsiGJFAzJd1Is5UiHK0kBdJihRfKQJJoLpWxEZYIGJ0pkZOgR7/uW/pFEu2aeli1udRhVMkQcH4BAUgQ3OQAVUQQ3UAQEpGIMX8Aof4TN8g+/T1hyczeyCX4Af30uml9U=</latexit>

B
(3)

2

<latexit sha1_base64="bt9AgDjKeiqszGTE35dndB+Uf+Y=">AAACAHicbVDLSsNAFJ3UV42v+AAXbgaLUF2UpAo+VkU33QgV7APaGCbTSTt08mBmIpSQjZ/gL3TjQhG3foY7/8ZJ24W2HrhwOOde7r3HjRgV0jS/tdzC4tLySn5VX1vf2NwytncaIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOkObjK/+Ui4oGFwL4cRsX3UC6hHMZJKcox9Pen4SPYxYvA6dZJy+pAUT49TxyiYJXMMOE+sKSlUTvZutavnUc0xvjrdEMc+CSRmSIi2ZUbSThCXFDOS6p1YkAjhAeqRtqIB8omwk/EDKTxSShd6IVcVSDhWf08kyBdi6LuqMztWzHqZ+J/XjqV3YSc0iGJJAjxZ5MUMyhBmacAu5QRLNlQEYU7VrRD3EUdYqsx0FYI1+/I8aZRL1lnp8k6lUQUT5MEBOARFYIFzUAFVUAN1gEEKRuAVvGlP2ov2rn1MWnPadGYX/IH2+QNOspfX</latexit>

B
(3)

2

<latexit sha1_base64="bt9AgDjKeiqszGTE35dndB+Uf+Y=">AAACAHicbVDLSsNAFJ3UV42v+AAXbgaLUF2UpAo+VkU33QgV7APaGCbTSTt08mBmIpSQjZ/gL3TjQhG3foY7/8ZJ24W2HrhwOOde7r3HjRgV0jS/tdzC4tLySn5VX1vf2NwytncaIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOkObjK/+Ui4oGFwL4cRsX3UC6hHMZJKcox9Pen4SPYxYvA6dZJy+pAUT49TxyiYJXMMOE+sKSlUTvZutavnUc0xvjrdEMc+CSRmSIi2ZUbSThCXFDOS6p1YkAjhAeqRtqIB8omwk/EDKTxSShd6IVcVSDhWf08kyBdi6LuqMztWzHqZ+J/XjqV3YSc0iGJJAjxZ5MUMyhBmacAu5QRLNlQEYU7VrRD3EUdYqsx0FYI1+/I8aZRL1lnp8k6lUQUT5MEBOARFYIFzUAFVUAN1gEEKRuAVvGlP2ov2rn1MWnPadGYX/IH2+QNOspfX</latexit>

B
(3)

2

<latexit sha1_base64="bt9AgDjKeiqszGTE35dndB+Uf+Y=">AAACAHicbVDLSsNAFJ3UV42v+AAXbgaLUF2UpAo+VkU33QgV7APaGCbTSTt08mBmIpSQjZ/gL3TjQhG3foY7/8ZJ24W2HrhwOOde7r3HjRgV0jS/tdzC4tLySn5VX1vf2NwytncaIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOkObjK/+Ui4oGFwL4cRsX3UC6hHMZJKcox9Pen4SPYxYvA6dZJy+pAUT49TxyiYJXMMOE+sKSlUTvZutavnUc0xvjrdEMc+CSRmSIi2ZUbSThCXFDOS6p1YkAjhAeqRtqIB8omwk/EDKTxSShd6IVcVSDhWf08kyBdi6LuqMztWzHqZ+J/XjqV3YSc0iGJJAjxZ5MUMyhBmacAu5QRLNlQEYU7VrRD3EUdYqsx0FYI1+/I8aZRL1lnp8k6lUQUT5MEBOARFYIFzUAFVUAN1gEEKRuAVvGlP2ov2rn1MWnPadGYX/IH2+QNOspfX</latexit>

B
(3)

2

<latexit sha1_base64="bt9AgDjKeiqszGTE35dndB+Uf+Y=">AAACAHicbVDLSsNAFJ3UV42v+AAXbgaLUF2UpAo+VkU33QgV7APaGCbTSTt08mBmIpSQjZ/gL3TjQhG3foY7/8ZJ24W2HrhwOOde7r3HjRgV0jS/tdzC4tLySn5VX1vf2NwytncaIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOkObjK/+Ui4oGFwL4cRsX3UC6hHMZJKcox9Pen4SPYxYvA6dZJy+pAUT49TxyiYJXMMOE+sKSlUTvZutavnUc0xvjrdEMc+CSRmSIi2ZUbSThCXFDOS6p1YkAjhAeqRtqIB8omwk/EDKTxSShd6IVcVSDhWf08kyBdi6LuqMztWzHqZ+J/XjqV3YSc0iGJJAjxZ5MUMyhBmacAu5QRLNlQEYU7VrRD3EUdYqsx0FYI1+/I8aZRL1lnp8k6lUQUT5MEBOARFYIFzUAFVUAN1gEEKRuAVvGlP2ov2rn1MWnPadGYX/IH2+QNOspfX</latexit>

B
(3)

2

<latexit sha1_base64="bt9AgDjKeiqszGTE35dndB+Uf+Y=">AAACAHicbVDLSsNAFJ3UV42v+AAXbgaLUF2UpAo+VkU33QgV7APaGCbTSTt08mBmIpSQjZ/gL3TjQhG3foY7/8ZJ24W2HrhwOOde7r3HjRgV0jS/tdzC4tLySn5VX1vf2NwytncaIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOkObjK/+Ui4oGFwL4cRsX3UC6hHMZJKcox9Pen4SPYxYvA6dZJy+pAUT49TxyiYJXMMOE+sKSlUTvZutavnUc0xvjrdEMc+CSRmSIi2ZUbSThCXFDOS6p1YkAjhAeqRtqIB8omwk/EDKTxSShd6IVcVSDhWf08kyBdi6LuqMztWzHqZ+J/XjqV3YSc0iGJJAjxZ5MUMyhBmacAu5QRLNlQEYU7VrRD3EUdYqsx0FYI1+/I8aZRL1lnp8k6lUQUT5MEBOARFYIFzUAFVUAN1gEEKRuAVvGlP2ov2rn1MWnPadGYX/IH2+QNOspfX</latexit>

B
(3)

2

<latexit sha1_base64="bt9AgDjKeiqszGTE35dndB+Uf+Y=">AAACAHicbVDLSsNAFJ3UV42v+AAXbgaLUF2UpAo+VkU33QgV7APaGCbTSTt08mBmIpSQjZ/gL3TjQhG3foY7/8ZJ24W2HrhwOOde7r3HjRgV0jS/tdzC4tLySn5VX1vf2NwytncaIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOkObjK/+Ui4oGFwL4cRsX3UC6hHMZJKcox9Pen4SPYxYvA6dZJy+pAUT49TxyiYJXMMOE+sKSlUTvZutavnUc0xvjrdEMc+CSRmSIi2ZUbSThCXFDOS6p1YkAjhAeqRtqIB8omwk/EDKTxSShd6IVcVSDhWf08kyBdi6LuqMztWzHqZ+J/XjqV3YSc0iGJJAjxZ5MUMyhBmacAu5QRLNlQEYU7VrRD3EUdYqsx0FYI1+/I8aZRL1lnp8k6lUQUT5MEBOARFYIFzUAFVUAN1gEEKRuAVvGlP2ov2rn1MWnPadGYX/IH2+QNOspfX</latexit>
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=

FIG. 2: Contributions to the combined two- and three-particle finite-volume scattering amplitude M23,L in TOPT. Notation

as in Fig. 1. The absence of diagrams involving the two-particle kernel B(2)
2 is for representational simplicity—such diagrams

are contained in the ellipsis.

means that the elements of the matrix cannot be combined as in Eq. (56), to give an on-shell M23,L. Indeed, even

if we multiply by spherical harmonics to convert the `m indices back into momenta, the elements of cM23,L cannot
be combined for finite L, since the on-shell projection moves some momenta out of the finite-volume set. Such a
combination is possible only in the infinite-volume limit, which, however, is all that we require below.

We next unpack the result (46) in order to extract a result for the three-particle amplitude itself. First, we package
the finite-volume two-particle amplitudes into matrix form

c
M2,L ⌘ diag(M

(1)

2,L
, M

(2)

2,L
, M

(3)

2,L
) . (47)

Next, we separate bFG, given in Eq. (17), into its eF and eG parts:

bFG = bF + bG , (48)

with the diagonal terms contained in

bF = diag( eF (1), eF (2), eF (3)) , (49)

and the o↵-diagonal terms contained in bG. Then Eq. (42) becomes

icM2,L = ibK2,L

1

1 � i bFibK2,L

. (50)

The matrix version of M3,L is given by

cM3,L ⌘ cM23,L �
c
M2,L , (51)

and is related schematically to the full scattering amplitude by M3,L = h1| cM3,L|1i. As noted above, this equation
only makes sense in the infinite-volume limit, after multiplying by appropriate spherical harmonics and summing over
angular-momentum indices.

Matrix version of 
original QC3 of 

[Hansen & SS, 14]

̂𝒦 df,3 =

[𝒦df,3]k1ℓm,p1ℓ′ m′ [𝒦df,3]k1ℓm,p2ℓ′ m′ [𝒦df,3]k1ℓm,p3ℓ′ m′ 

[𝒦df,3]k2ℓm,p1ℓ′ m′ [𝒦df,3]k2ℓm,p2ℓ′ m′ [𝒦df,3]k2ℓm,p3ℓ′ m′ 

[𝒦df,3]k3ℓm,p1ℓ′ m′ [𝒦df,3]k3ℓm,p2ℓ′ m′ [𝒦df,3]k3ℓm,p3ℓ′ m′ 

Single, Lorentz-invariant amplitude expressed in 9 
different coordinate systems

Much simpler to parametrize
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Summary of preferred method
• Use TOPT to derive asymmetric QC3 involving non-Lorentz invariant 

• All-orders result follows from summing simple geometric series

• Need to introduce appropriate matrix structure (often several choices)

• Use symmetrization identities to convert to symmetric form of QC3, which 
automatically involves Lorentz-invariant 

• Actually apply symmetrization to finite-volume scattering amplitude 

• Obtain integral equations relating  to infinite-volume amplitude  with little extra 
effort

• Symmetrization identities nontrivial to derive, and algebra required to apply them is nasty, 
but the same approach can be recycled from one application to the next

• Method avoids Feynman-diagram-based intermediate step

𝒦(u,u)
df,3

𝒦df,3

ℳ3,L

𝒦df,3 ℳ3

10



/10S.R.Sharpe, ``Three-particle quantization condition for non-degenerate scalars,” LATTICE 2021, 7/29//2021

Thanks 
Any questions?

11
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Backup slides

12
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Scope & Notation
• Identical spinless particles of mass m (e.g. )

• Z2 symmetry — no  transitions

• All quantities in QC3 are infinite-dimensional matrices with indices  describing 3 
on-shell particles with total energy-momentum 

3π+

2 → 3

{ ⃗k , ℓ, m}
(E, ⃗P )

13

â⇤ �! `,m
(E � !k, ~P � ~k)

(!k,~k)
BOOST

2-particle CMF angular momentum: ℓ, mfinite volume “spectator” momentum: ⃗k

e.g. [𝒦(u,u)
df,3 ]kℓm;pℓ′ m′ 
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F3 collects 2-particle interactions

14

F3 = [ F̃
3

− F̃
1

(2ωL3𝒦2)−1 + F̃ + G̃
F̃ ]

• F & G are known geometrical functions, 
containing cutoff function H

G̃ pℓ′ m′ ;kℓm =
1

2ωpL3 ( k*
q*p )

ℓ′ 
4πYℓ′ m′ ( ̂k*)H( ⃗p )H( ⃗k )Y*ℓm( ̂p*)

(P − k − p)2 − m2 ( p*
q*k )

ℓ
1

2ωkL3

F̃ pℓ′ m′ ;kℓm =
1

2ωkL3
δpk H( ⃗k ) FPV,ℓ′ m′ ;ℓm(E − ωk, ⃗P − ⃗k , L)

�(E − ωk, ⃗P − ⃗k ) →

p
k

�
k k
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Max Hansen & SRS:   

“Relativistic, model-independent, three-particle quantization condition,” 

 arXiv:1408.5933 (PRD) [HS14] 

“Expressing the 3-particle finite-volume spectrum in terms of the 3-to-3 scattering amplitude,”  

arXiv:1504.04028 (PRD) [HS15] 

“Perturbative results for 2- & 3-particle threshold energies in finite volume,” 

 arXiv:1509.07929 (PRD) [HSPT15] 

“Threshold expansion of the 3-particle quantization condition,”  

arXiv:1602.00324 (PRD) [HSTH15] 

“Applying the relativistic quantization condition to a 3-particle bound state in a periodic box,” 

arXiv: 1609.04317 (PRD) [HSBS16] 

“Lattice QCD and three-particle decays of Resonances,” 

arXiv: 1901.00483 (Ann. Rev. Nucl. Part. Science) [HSREV19]

15

RFT 3-particle papers
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Raúl Briceño, Max Hansen & SRS:  

“Relating the finite-volume spectrum and the 2-and-3-particle 

S-matrix for relativistic systems of identical scalar particles,” 

 arXiv:1701.07465 (PRD) [BHS17] 

“Numerical study of the relativistic three-body quantization 

condition in the isotropic approximation,” 

arXiv:1803.04169 (PRD) [BHS18] 

“Three-particle systems with resonant sub-processes in a finite 

volume,” arXiv:1810.01429 (PRD 19) [BHS19] 
  

Tyler Blanton, Fernando Romero-López & SRS:  

“Implementing the three-particle quantization condition including 

 higher partial waves,” arXiv:1901.07095 (JHEP) [BRS19]

SRS 

“Testing the threshold expansion for three-particle energies at fourth order in φ4 theory,” 

arXiv:1707.04279 (PRD) [SPT17]

“I=3 three-pion scattering amplitude from lattice QCD,” 

arXiv:1909.02973 (PRL) [BRS-PRL19]

https://arxiv.org/abs/1909.02973
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Raúl Briceño, Max Hansen, SRS & Adam Szczepaniak:  

“Unitarity of the infinite-volume three-particle scattering 
amplitude arising from a finite-volume formalism,” 

 arXiv:1905.11188 (PRD) 
  

Andrew Jackura, S. Dawid, C. Fernández-Ramírez, V. Mathieu, 
M. Mikhasenko, A. Pilloni, SRS & A. Szczepaniak: 

 

“On the Equivalence of Three-Particle Scattering Formalisms,’’ 
arXiv:1905.12007 (PRD)

Tyler Blanton, Raúl Briceño, Max Hansen, Fernando Romero-López, SRS:  

“Numerical exploration of three relativistic particles in a finite volume 
including two-particle resonances and bound states”, arXiv:1908.02411 

(JHEP) [BBHRS19]

Max Hansen, Fernando Romero-López, SRS:  

“Generalizing the relativistic quantization condition to include all three-pion 
isospin channels”, arXiv:2003.10974 (JHEP) [HRS20] 

“Decay amplitudes to three particles from finite-volume matrix elements,” 
arXiv: 2101.10246 (JHEP)

https://arxiv.org/abs/2003.10974
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Tyler Blanton & SRS:   

“Alternative derivation of the relativistic three-particle quantization condition,” 

arXiv:2007.16188 (PRD) [BS20a] 

“Equivalence of relativistic three-particle quantization conditions,”  

arXiv:2007.16190 (PRD) [BS20b] 

“Relativistic three-particle quantization condition for nondegenerate scalars,” 

arXiv:2011.05520 (PRD) 

“Three-particle finite-volume formalism for  and related systems,” 

arXiv:2105.12904 (PRD under review)

π+π+K+

Tyler Blanton, Drew Hanlon, Ben Hörz, Colin Morningstar, Fernando Romero-López & SRS 

“  interactions beyond leading order from lattice QCD,” 

arXiv:2106.05590 (JHEP under review)

3π+ & 3K+
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Other work

★NREFT approach 

• H.-W. Hammer, J.-Y. Pang & A. Rusetsky, 1706.07700, JHEP & 1707.02176 , JHEP [Formalism & examples]

• M. Döring et al., 1802.03362 , PRD [Numerical implementation]

• J.-Y. Pang et al., 1902.01111 , PRD [large volume expansion for excited levels]

• F. Müller, T. Yu & A. Rusetsky, 2011.14178, PRD [large volume expansion for I=1 three pion ground state]

• F. Romero-López, A. Rusetsky, N. Schlage & C. Urbach, 2010.11715, JHEP [generalized large-volume exps]

• F. Müller & A. Rusetsky, 2012.13957, JHEP [Three-particle analog of Lellouch-Lüscher formula]

★Reviews 

• A. Rusetsky, 1911.01253 [LATTICE 2019 plenary]

• M. Mai, M. Döring and A. Rusetsky, 2103.00577 [Review of formalisms and chiral extrapolations]

★ Implementing RFT integral equations 

• A. Jackura et al., 2010.09820  [Solving s-wave RFT integral equations in presence of bound states]

• M.T. Hansen et al. (HADSPEC), 2009.04931, PRL [Calculating  spectrum and using to determine 
three-particle scattering amplitude]

3π+

http://arxiv.org/abs/arXiv:1706.07700
http://arxiv.org/abs/arXiv:1707.02176
http://arxiv.org/abs/arXiv:1802.03362
http://arxiv.org/abs/arXiv:1902.01111
https://arxiv.org/abs/2011.14178
https://arxiv.org/abs/2010.11715
https://arxiv.org/abs/2012.13957
https://arxiv.org/abs/1911.01253
https://arxiv.org/abs/2103.00577
https://arxiv.org/abs/2010.09820
https://arxiv.org/abs/2009.04931
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Alternate 3-particle approaches
★ Finite-volume unitarity (FVU) approach 

• M. Mai & M. Döring, 1709.08222 , EPJA  [formalism]

• M. Mai et al., 1706.06118, EPJA [unitary parametrization of M3 involving R matrix; used in FVU approach]

• A. Jackura et al., 1809.10523, EPJC [further analysis of R matrix parametrization]

• M. Mai & M. Döring, 1807.04746 , PRL [3 pion spectrum at finite-volume from FVU]

• M. Mai et al., 1909.05749 ,PRD [applying FVU approach to spectrum from Hanlon & Hörz]

• C. Culver et al., 1911.09047, PRD [calculating  spectrum and comparing with FVU predictions]

• A. Alexandru et al., 2009.12358 , PRD [calculating  spectrum and comparing with FVU predictions]

• R. Brett et al., 2101.06144 [determining  interaction from LQCD spectrum]

3π+

3π+

3K−

3π+

★HALQCD approach  

• T. Doi et al. (HALQCD collab.), 1106.2276, Prog.Theor.Phys. [3 nucleon potentials in NR regime]

http://arxiv.org/abs/arXiv:1709.08222
http://arxiv.org/abs/arXiv:1706.06118
https://arxiv.org/abs/1809.10523
http://arxiv.org/abs/arXiv:1807.04746
https://arxiv.org/abs/1909.05749
https://arxiv.org/abs/1911.09047
https://arxiv.org/abs/2009.12358
https://arxiv.org/abs/2101.06144
http://arxiv.org/abs/arXiv:1106.2276

