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Large Nc ππ scattering Summary

QCD in the Large Nc limit

QCD simplifies in the Large Nc limit (’t Hooft limit)

Nc →∞ λ = NcG
2 ∼ Ncαs = constant

It keeps many non-perturbative properties:

Asymptotic freedom

β(λ) := µ
dλ

dµ
= −

(
11

3
− 2

3

Nf

Nc

)
λ2

8π2

Spontaneous chiral symmetry breaking and confinement

Pseudo-Goldstone bosons spectrum

Large Nc has predictive power in the non-perturbative regime!
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Large Nc ππ scattering Summary

Meson observables at large Nc

Long-term goal: understand QCD at large Nc

Resonances → Stable (Γ ∼ 1/Nc)

Exotic states (tetraquarks?)

K → (ππ)I=0,2

{
Intrinsic QCD effects [Donini, et al. 2020]
Final state interactions

This work: ππ scattering at large Nc from lattice simulations

Nf = 4 (u, d, s c) → 7 channels (4 with s-wave)

15 ⊗ 15 = 84 ⊕ 45 ⊕ 45 ⊕ 20 ⊕ 15 ⊕ 15 ⊕ 1

CI=2 = D − C
CAA = D + C

D C
Match to Chiral Perturbation Theory (ChPT) to constrain Low Energy
Coupling (LECs)
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Large Nc ππ scattering Summary

ππ scattering in ChPT

ππ scatering amplitudes for Nf flavours are known to NNLO

N
L

O
,
N

f
=

4

MπaI=2
0 = − M2

π
16πF2

π

[
1 − 16M2

π
F2
π

LI=2 +
M2

π
32π2F2

π

(
13
4

ln
M2

π
µ2 − 3

4

)]

MπaAA0 =
M2

π
16πF2

π

[
1 − 16M2

π
F 2
π

LAA − M2
π

32π2F2
π

(
21
4

ln
M2

π
µ2 + 5

4

)]

At Large Nc the η′ needs to be included in the EFT

M2
η′ = M2

π +
2Nfχtop

F 2
π

F 2
π∼O(Nc)−−−−−−→
Large Nc

M2
π + ... [Witten-Veneciano]
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Large Nc ππ scattering Summary

ππ scattering in Large Nc ChPT

Large Nc or U(Nf) ChPT [Kaiser, Leutwyler 2000]:

Leutwyler counting scheme

δ ∼ O(mq) ∼ O(M2
π) ∼ O(k2) ∼ O(N−1

c )

Fπ ∼
√
Nc → Loop diagrams are NNLO

π =

(
−π0 + η′

√
2π+

√
2π− −π0 + η′

)

We have computed MI=2 and MAA to NNLO in U(Nf) ChPT
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Large Nc ππ scattering Summary

SU(4) vs U(4) ChPT

I = 2 channel

0 1 2 3 4 5√
Nc

3
Mπ

Fπ

−0.08

−0.06

−0.04

−0.02

0.00

M
π
a
I
=

2
0
−

L
O

SU(4) U(4)

Nc = 3

Nc = 6

There is a tradeoff as Nc increases:

Chiral logs change as M2
η′ → M2

π +O(N−1
c )

NNLO is suppressed (∼ O(N−1
c ))
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Large Nc ππ scattering Summary

Scattering properties from the lattice

Finite-volume spectrum:
δEππ = Eππ − 2Mπ

L

Scattering properties:
Mππ, k cot δ0, a0...

−k′

k

−k

k′Mππ

Lüscher’s formalism [1986] −→ k cot δ0 =
1

πL
Z
(
Lk

2π

)

Threshold expansion

δEππ = − 4πa0

MπL3

[
1 + c1

(a0

L

)
+ c2

(a0

L

)2

+c3

(a0

L

)3

+
2πr0a0

L3
+

πa0

M2
πL3︸ ︷︷ ︸

O(L−6) [Hansen, Sharpe 2017]

+...
]
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Large Nc ππ scattering Summary

Our ensembles

Configurations generated using HiRep [Del Debbio, et al. 2010]

Iwasaki gauge action with Nf = 4 clover-improved Wilson fermions

Two regularizations for valence fermions:

Unitary setup with improved Wilson fermions (csw 6= 0)

Mixed-action setup at maximal twist

Summary of ensembles [Hernández, et al. 2019]

a = 0.075 fm → [Nc = 3− 6] × [4 or 5 values of Mπ] = 17 ensembles
a = 0.065 fm → [Nc = 3] × [2 values of Mπ] = 2 ensembles
a = 0.059 fm → [Nc = 3] × [2 values of Mπ] = 2 ensembles
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Large Nc ππ scattering Summary

Energy spectrum from lattice simulations

Extract δEππ from lattice correlators

R(t) =
∂0Cππ
C 2
π

t�1−−−→ Aππe−δEππt

I = 2 channel

5 10 15 20
tmin

0.0080

0.0085

0.0090

0.0095

0.0100

0.0105

0.0110

δE
I
=

2

243 × 48
Nc = 4

AA channel

4 6 8 10 12 14
tmin

−0.0105

−0.0100

−0.0095

−0.0090

−0.0085

−0.0080

δE
A
A

203 × 36
Nc = 3
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Large Nc ππ scattering Summary

Discretization effects for Nc = 3

Compare between both regularizations → Equal in the continuum

I = 2 channel
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Small O(a2) effects

AA channel
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Large O(a2) effects

� Need continuum extrapolation
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Large Nc ππ scattering Summary

AA-channel: Continuum extrapolation for Nc = 0

Continuum extrapolation of k cot δ0 for Nc = 3 in 3 steps:
1. Extrapolation to k/Mπ = −0.08 using Effective Range

Expansion and M2
πr0a0 ∈ [−5,−1]

2. Interpolation to ξ = M2
π/(4πFπ)2 = 0.14

3. Constrained continuum extrapolation

0.000 0.001 0.002 0.003 0.004 0.005 0.006

a2/fm2

0.8

1.0

1.2

1.4

1.6

k M
π
co

tδ

Twisted mass

Wilson

? Large O(a2) effects for
both regularizations

? Use TM fermions

? Wilson-ChPT inspired
parametrization

MAA =Mcont
AA + a2W ξ

[W ∼ O(N0
c )]

J. Baeza-Ballesteros Lattice21 - 27th July 2021 11 / 15

LO ChPT:
M2

πr0a0 = −3



Large Nc ππ scattering Summary

AA-channel: Continuum extrapolation for Nc = 0

Continuum extrapolation of k cot δ0 for Nc = 3 in 3 steps:
1. Extrapolation to k/Mπ = −0.08 using Effective Range

Expansion and M2
πr0a0 ∈ [−5,−1]

2. Interpolation to ξ = M2
π/(4πFπ)2 = 0.14

3. Constrained continuum extrapolation

0.000 0.001 0.002 0.003 0.004 0.005 0.006

a2/fm2

0.8

1.0

1.2

1.4

1.6

k M
π
co

tδ

Twisted mass

Wilson

? Large O(a2) effects for
both regularizations

? Use TM fermions

? Wilson-ChPT inspired
parametrization

MAA =Mcont
AA + a2W ξ

[W ∼ O(N0
c )]

J. Baeza-Ballesteros Lattice21 - 27th July 2021 11 / 15

LO ChPT:
M2

πr0a0 = −3



Large Nc ππ scattering Summary

Fitting Mπa0 to ChPT

Use threshold expansion to O(L−5) and do a simultaneous
chiral and Nc fit of Mπa0

I = 2 channel

2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5
Mπ

Fπ

−0.08

−0.06

−0.04

−0.02

0.00
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0.04

0.06

M
π
a
I
=

2
0
−

L
O

Nc = 3, a=0.075 fm
Nc = 3, a=0.065 fm
Nc = 3, a=0.059 fm

Nc = 4
Nc = 5
Nc = 6

SU(4)
U(4)

Fit range

SU(4): χ2/dof = 1.00

U(4): χ2/dof = 0.94

AA channel
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Mπ

Fπ
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0.3

0.4
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M
π
a
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A
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−

L
O

Nc = 3, a=0.075 fm
Nc = 3, a=0.065 fm
Nc = 3, a=0.059 fm

Nc = 4
Nc = 5
Nc = 6

SU(4)
U(4)

SU(4): χ2/dof = 2.00

U(4): χ2/dof = 1.42

Match to ChPT to constrain LECs

SU(4)
LI=2

Nc
× 103 = −0.11(4)− 1.43(16)

Nc

LAA

Nc
× 103 = −1.08(13) +

2.2(3)

Nc

U(4)
LI=2

Nc
× 103 = −0.10(7)− 1.29(16)

Nc

LAA

Nc
× 103 = −0.6(4) +

2.4(3)

Nc
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Large Nc ππ scattering Summary

Lüscher’s formalism

Check convergence of threshold expansion

I = 2 channel

−0.7 −0.6 −0.5 −0.4 −0.3 −0.2 −0.1 0.0

Mπa
I=2
0

0.00

0.05

0.10

0.15

0.20

δE
I
=

2
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δE/Mπ

O(L−5)

O(L−6),M2
πr0a0 = −3

203 × 36
Nc = 3

AA channel

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Mπa
AA
0

−0.07

−0.06

−0.05

−0.04

−0.03

−0.02

−0.01

0.00

δE
A
A
/M

π

δE/Mπ

O(L−5)

O(L−6),M2
πr0a0 = −3

243 × 48
Nc = 3

! Good convergence
% Not converging at O(L−6) for

large ξ/small volume.

J. Baeza-Ballesteros Lattice21 - 27th July 2021 13 / 15



Large Nc ππ scattering Summary
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Large Nc ππ scattering Summary

Fitting energy spectrum to ChPT [Preliminary]

Simultaneous chiral and Nc fit of energy spectrum

I = 2 channel

6A
40

6A
30

6A
20

6A
10

5A
40

5A
30

5A
20

5A
10

4A
40

4A
30

4A
20

4A
10

3B
20

3A
40

3A
30

3A
20

3C
20

3A
11

3B
10

3A
10

3C
10

Ensemble
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=

2
/M

π
)(
M

π
L
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Fit
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χ2/dof = 0.85

Increasing ξ

AA channel
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Increasing ξ

U(4)
LI=2

Nc
× 103 = −0.07(4)− 1.4(2)

Nc

LAA

Nc
× 103 = −0.9(2) +

2.6(6)

Nc
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Large Nc ππ scattering Summary

Summary

We have studied ππ scattering at Large Nc

! We have computed scattering amplitudes in U(Nf) ChPT for the
first time

! We have observed large discretization effects in the AA channel

! We have presented preliminary results for fits of the energy spectrum
to ChPT

Thank you for your attention!
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ππ scattering in Large Nc ChPT

We must consider the following loop diagrams + Mass renormalization

π

π

π

π

η′

+

π

π

π

π

η′ π +

π

π

π

π

η′ η′ + (u-channel)
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T U(Nf)

AA = T SU(Nf)

AA +
4M4

π

F 4
πNf

(
1 +

2

Nf

)
B̃η′π(q2)− 4M4

π

F 4
πN

2
f

B̃η′η′ (q
2)+

2M4
π

F 4
π

[
K

(q0)
AA + K

(q2)
AA

(
q2

Mπ

)2

+ ...

]

T U(Nf)

I=2 = T SU(Nf)

I=2 − 4M4
π

F 4
πNf

(
1− 2

Nf

)
B̃η′π(q2)− 4M4

π

F 4
πN

2
f

B̃η′η′ (q
2)+

2M4
π

F 4
π

[
K

(q0)
I=2 + K

(q2)
I=2

(
q2

Mπ

)2

+ ...

]



Limits of U(Nf) ChPT

M2
η′ → M2

π limit:

Mπa
I=2
0 = − M2

π

16πF 2
π

[
1 − 16M2

π

F 2
π

LI=2 + N2
cK

(0)
I=2

(
M2
π

F 2
π

)2

+
M2
π

8F 2
ππ

2
log

M2
π

µ2

]

Mπa
AA
0 =

M2
π

16πF 2
π

[
1 − 16M2

π

F 2
π

LAA + N2
cK

(0)
AA

(
M2
π

F 2
π

)2

− M2
π

8F 2
ππ

2
log

M2
π

µ2

]

M2
η′ � M2

π to match SU(Nf) and U(Nf) LECs:[
L

(1)
I=2

]
SU(Nf)

=
[
L

(1)
I=2

]
U(Nf)

− 1

8N2
f (4π)2

(1 + Nfλ0 − λ0)

[
L

(1)
AA

]
SU(Nf)

=
[
L

(1)
AA

]
U(Nf)

+
1

8N2
f (4π)2

(1 − Nfλ0 − λ0)

λ0 = log
M2
η′ −M2

π

µ2
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First step of continuum extrapolation

Extrapolation to k/M2
π = −0.08 using Effective Range Expansion with

M2
πr0a0 ∈ [−5,−1]

ERE:
k

Mπ
cot δ0 =

1

Mπa0

[
1 +

1

2
(M2

πr0a0)

(
k2

M2
π

)]

−0.12 −0.10 −0.08 −0.06 −0.04

k2/M 2
π

0.5

1.0

1.5

2.0

2.5

k M
π
co

tδ

W, a = 0.075 fm

TM, a = 0.075 fm

W, a = 0.065 fm

TM, a = 0.065 fm

W, a = 0.059 fm

TM, a = 0.059 fm
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LO ChPT:
M2

πr0a0 = −3
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