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0. Introduction 
Necessity of boosted systems 
for the HAL QCD method



HAL QCD method for resonances

HAL QCD method was formulated for a boosted system.

This talk for I=2 ππ scattering.

vacuum states dominates signals

S. Aoki, Lattice 2019.
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� resonance from ⇡⇡ scattering in the center of mass system

non-zero total momentum  (boosted system)
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vacuum contribution is absent

But no numerical test has been performed so far.



I. The HAL QCD potential  
from the moving system (Theory)

S. Aoki, Lattice 2019.
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HAL QCD potential from boosted NBS wave function

Moving

CM

NBS wave function

LO potential
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x4 = xk = 0

To extract meaningful potential from this equation, x4 = 0 is required since x∗
‖ becomes

complex with non-zero x4. We also need to fix x‖ in order to specify x∗4, the scheme of

the potential, since x∗4 depends on x‖. In this paper, we take x‖ = 0 and thus obtain the

equal–time scheme potential. The LO potential in the equal–time scheme is given by

V LO
x∗4=0(x

∗
⊥) =

(∇2
⊥ + γ2(∇‖ + iv∂x4)2 + k∗2)ϕk1,k2(x, x

4)

2µϕk1,k2(x, x4)

∣∣∣∣
x4=0,x‖=0

, (17)

where we set x4 = 0 and x‖ = 0 after taking derivatives in the right–hand side.

In lattice simulations, we put the system in a box of size L × L × L with periodic

boundary conditions in the Lab frame. We then define a correlation function as

Fφφ,P(x1, x2) = 〈Tφ(x1)φ(x2)Jφφ(P, 0)〉, (18)

where Jφφ(P, 0) creates two-particle states with total momentum P at X4 = 0, which is

quantized as P = 2π
L ntotal (ntotal ∈ Z3). This correlation function can be written as

Fφφ(x1, x2) = eiP·X
∑

n

BnϕWn(x)e
−WnX4

+ (inelastic contributions) (19)

→ eiP·XBminϕWmin(x)e
−WminX4

, (X4 ' 1), (20)

where

Wn =
√

k1 +m2 +
√
k2 +m2, k1 =

2π

L
n, k2 =

2π

L
(ntotal − n), (21)

Bn = 〈k1, k2|Jφφ(P, 0)|0〉, k0
1 =

√
k1 +m2, k0

2 =
√
k2 +m2, (22)

Wmin is the minimum value among Wn, and corresponding Bn and ϕn denote Bmin and

ϕmin, respectively. Therefore, we can extract the NBS wave function of the lowest energy

state through this correlation function at a large CM time X4. Note that these relative

NBS wave functions have a periodicity depending on P = 2π
L ntotal as

ϕW (x+mL, x4)eiπntotal·m = ϕW (x, x4) (ntotal,m ∈ Z3), (23)

which can be derived from eq.(5) together with the periodicity of coordinates xi (i = 1, 2).

The calculations of derivatives (e.g. ∇‖ at x‖ = 0) are implemented taking this periodicity

into account. In summary, we can extract the effective LO potential in lattice simulations

from Fφφ(x1, x2) at sufficiently large X4 through eq. (17)

C. Time-dependent method in the laboratory frame

In lattice QCD simulations, correlation functions except those for pions become noisier

at larger X4 in general, so that eq. (20) may not be achieved within small statistical errors.
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B. Potential through the NBS wave function in the laboratory frame

We now move to Euclidean spacetime, on which actual lattice simulations are carried

out. In Euclidean coordinates, eq. (9) reads

x∗4 = γ(x4 − iv · x‖), x∗
‖ = γ(x‖ + ivx4), x∗

⊥ = x⊥. (10)

In the CM frame, the relative NBS wave function at fixed x∗
4 satisfies the Helmholtz equa-

tion at large separation as

(∇∗2 + k∗2)ϕk∗1 ,k
∗
2
(x∗, x∗4) (r∗ = |x∗| > R), (11)

where R is an interaction range and k∗ = |k∗| for the relative momentum k∗ = k∗
1 = −k∗

2

in the CM frame, and its radial part with an angular momentum l behaves as [5, 17]

ϕl
k∗1 ,k

∗
2
(r∗, x∗4) ≈ Al(x

∗4, k∗)eiδl
sin (k∗r∗ − lπ/2 + δl(k∗))

k∗r∗
, (12)

where Al(x∗4, k∗) is an overall factor and δl is the phase shift, which is equal to the phase

of the S-matrix. We can construct an energy–independent non–local potential through the

Schrödinger–type equation as

1

2µ
(∇∗2 + k∗2)ϕk∗1 ,k

∗
2
(x∗, x∗4) =

∫
d3y∗Ux∗4(x∗,y∗)ϕk∗1 ,k

∗
2
(y∗, x∗4), (13)

where µ = m/2 is the reduced mass. The subscription x∗4 of U represents the scheme of

the potential with the relative time separation x∗4. In practice, we introduce the derivative

expansion to treat the non-locality of the potential as

Ux∗4(x∗,y∗) =
∑

i

V i
x∗4(x∗)

(
∇∗2)i δ(x∗ − y∗), (14)

where V i
x∗4(x∗) is local coefficients of the expansion 1. Thus the effective leading-order (LO)

potential is simply given by

V LO
x∗4 (x∗) =

(∇∗2 + k∗2)ϕk∗1 ,k
∗
2
(x∗, x∗4)

2µϕk∗1 ,k
∗
2
(x∗, x∗4)

. (15)

Now we are ready to access the potential through the NBS wave function in the Lab

frame. According to eqs.(7), (10) and (14), the relative NBS wave function in the Lab

frame satisfies
1

2µ
(∇2

⊥ + γ2(∇‖ + iv∂x4)2 + k∗2)ϕk1,k2(x, x
4)

=
∑

i

V i
γ(x4−iv·x‖)

(
x⊥, γ(x‖ + ivx4)

) (
∇2

⊥ + γ2(∇‖ + iv∂x4)2
)i
ϕk1,k2(x, x

4).
(16)

1 A fact that we do not include terms with odd powers of ∇ here can be regarded as the scheme of the

potential.
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Leading order HAL QCD potential

CM

CM Moving

Moving
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Time dependent method

CM
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Moving
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R(x, x4, X4) '
X

n

Bn'Wn(x)e
�(Wn�2m)X4

at a moderately large X4, where the operation of starred-Laplacians to G is understood as

(∇∗2)iG(x, x4, X4) =
∑

n

B′
nW

2
CM,n

(
∇2

⊥ + γ2n(∇‖ + ivn∂x4)2
)i
ϕWn(x, x

4)e−(Wn−2m)X4
.

(38)

Note that we can put V i outside a summation over n for elastic states in eq.(37) only

at x∗4 = 0, since the scheme of the potential depends on n through γn unless x∗4 =

γn(x4 − ivn · x‖) = 0. This procedure is more complicated than the conventional time-

dependent method [7], since we need to sum over n without knowing not only k∗2
n in eq. (32)

but also the Lorentz factors γ2n and velocities vn in eq. (34), by combining several terms

as shown above.

Finally, the effective LO potential in the time-dependent method is given by

V LO
x∗4=0(x⊥) =

(
L⊥ + L‖ +mE

)
(x, x4, X4)

mG(x, x4, X4)

∣∣∣∣∣
x4=0,x‖=0

. (39)

III. NUMERICAL DEMONSTRATION: I = 2 ππ POTENTIAL

A. Calculation of correlation functions

Let us consider the I = 2 ππ system for the demonstration. We define the correlation

functions of this system as

Fπ+π+,P(x, x
4, X4) =

∑

X

e−iP·X〈Tπ+(X + x/2)π+(X − x/2)Jπ+π+(P, 0)〉 (40)

Fπ+(X4) =
∑

x,y

〈π+(x, X4)π
−(y, 0)〉, (41)

where the positively (negatively) charged pion operator is given as π+(x) = d̄(x)γ5u(x)

(π−(x) = ū(x)γ5d(x)) with up and down quark fields u(x) and d(x). Total momenta are

chosen as P = (0, 0, 2π/L×n) (n = 0, 1, 2), and the corresponding source operators in our

calculation are given as

Jπ+π+ (P = 0, 0) = π+
s (p1 = 0, 0) π+

s (p2 = 0, 0) (42)

Jπ+π+

(
P =

2π

L
ez, 0

)
= π+

s

(
p1 =

2π

L
ez, 0

)
π+
s (p2 = 0, 0) (43)

Jπ+π+

(
P =

2π

L
ez × 2, 0

)
= π+

s

(
p1 =

2π

L
ez, 0

)
π+
s

(
p2 =

2π

L
ez, 0

)
, (44)

where π+(p, 0) is defined as

π+(p, 0) =
∑

y

π−(y, 0)e+ip·y. (45)
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To overcome this difficulty, one has introduced the time-dependent method[7], which does

not require a single state dominance in Fφφ such as eq. (20), for the extraction of the

potential in the CM frame. We here extend the time-dependent method to the Lab frame.

A key quantity in the time-dependent method is a normalized correlation function R

(sometimes called ”R-correlator“), which is defined in the Lab frame as

R(x, x4, X4) =
Fφφ,P(x, x4, X4)

Fφ(X4)2
, (24)

where

Fφφ,P(x, x
4, X4) =

∑

X

e−iP·X〈Tφ(X + x/2)φ(X − x/2)Jφφ(P, 0)〉, (25)

Fφ(X
4) =

∑

x,y

〈φ(x, X4)φ†(y, 0)〉. (26)

A summation over the CM coordinate X with a factor e−iP·X in eq. (25) removes the plane

wave factor eiP·X in eq. (18), and enhances statistics.

To extract the potential, we define

G(x, x4, X4) =
(
(∂X4 − 2m)2 −P2

)
R(x, x4, X4), (27)

E(x, x4, X4) =
[
∂2X4/4m− ∂X4 −P2/4m

]
G(x, x4, X4), (28)

L⊥(x, x
4, X4) = ∇2

⊥G(x, x4, X4), (29)

L‖(x, x
4, X4) =

(
−(∂X4 − 2m)∇‖ + iP∂x4

)2
R(x, x4, X4). (30)

At a moderately large X4 where the inelastic contributions can be neglected, we have

G(x, x4, X4) %
∑

n

B′
nW

2
CM,nϕWn(x, x

4)e−(Wn−2m)X4
(31)

E(x, x4, X4) %
∑

n

B′
nW

2
CM,n

k∗2
n

m
ϕWn(x, x

4)e−(Wn−2m)X4
(32)

L⊥(x, x
4, X4) %

∑

n

B′
nW

2
CM,n∇2

⊥ϕWn(x, x
4)e−(Wn−2m)X4

(33)

L‖(x, x
4, X4) %

∑

n

B′
nW

2
CM,nγ

2
n(∇‖ + ivn∂x4)2ϕWn(x, x

4)e−(Wn−2m)X4
, (34)

where

B′
n =

Bn

C2
, Fφ(X

4) = Ce−mX4
+ (inelastic contributions), (35)

W 2
CM,n = W 2

n −P2 = 4(k∗2
n +m2), γ2n =

W 2
n

W 2
CM,n

. (36)

By combining these and eq.(16), we obtain
(
L⊥ + L‖

m
+ E

)
(x, x4, X4)

∣∣∣∣
x4=0,x‖=0

%
∑

i

V i
x∗4=0

(
x∗
⊥ = x⊥,x

∗
‖ = 0

)

×
(
(∇∗2)iG(x, x4, X4)

)∣∣
x4=0,x‖=0

(37)
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II. Numerical results
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I = 2 ⇡⇡ potential

Akahoshi and Aoki, in preparation.



Numerical setup
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2 + 1 flavor CP-PACS configurations on a 323 ⇥ 64 latttice
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a ' 0.0907 fm, m⇡ ' 700 MeV
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smeared quark source
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Iwasaki gauge action and non-perturbatively improved Wilson quark action



Potentials (breakup)
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V LO

x⇤4=0
(x?) =

(L? + Lk)(x, x
4, X4)

mG(x, x4, X4)

����
x4=0,xk=0

+
E(x, x4, X4)

G(x, x4, X4)

����
x4=0,xk=0

Laplacian energy

case1 case2
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Potentials (comparison)

They are consistent except at short distances, 
though boosted ones are noisier.



Scattering phase shifts

All three cases gives consistent results.



Comparison with finite volume method

case1

case2

CM
Sasaki

HAL QCD potentials with non-zero momentum work !



Finite volume spectra

CM (1st excited)

CM (Lowest)

case1

case2



Comparison at low energies

case1

case2

CM

Sasaki



Conclusion

1. resonance in the HAL QCD potential

2. extension to 3 body interactions ?

HAL QCD method with non-zero total momentum is formulated.

Application to I=2 ππ system is presented.

The HAL QCD potential works with non-zero total momentum !

Studies in future.
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⇢ resonance in moving system

CM result

moving
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� resonance in I = 0 ⇡⇡ moving system


