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Excited  resonances from meson-meson 
scattering at the SU(3) flavor point in lattice QCD.
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The lightest vector ( ) mesons are the (770), (782), (1020)  

States are well understood in e+e- annihilation due to their narrow widths and little 
background into decay into simple states like , , . 

 states separated via decay channels  (OZI) 

JPC = 1−− ρ ω ϕ

ππ πππ KK̄

ω and ϕ πππ vs KK̄

!
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Experimental Status

PR D86 032013 J.P. Lees et  al.

BaBar
PR D88, 032013 J.P. Lees et al.arXiv:1912.11208v1 BES III



The  and the ρ(1450) ρ(1700)

Excited light vector mesons (I=1)
Phys. Rev. D 94, 11201 (2016)

Phys. Rev. D 86, 032013 (2012)

BaBar

e+e− → ωπ0
e+e− → π+π−(γ)



The , , and the ω(1420) ω(1650) ϕ(1680)

Excited light vector mesons (I=0)
Phys. Rev. D 76, 092005 (2007)

Phys. Rev. D 70, 072004 (2004)

e+e− → ωπ+π−
e+e− → π+π−π0

BaBar-  

SND- 

DM2- 

e+e− → K+K−π0

Eur. Phys. J. C 80, 1139 (2020)



Presence of two states in  from quark model it is 
natural to interpret these states as a radial excitation in 
S-wave [ ], and an orbital excitation in D-wave [ ] (or 
some linear combination of the two). 

What the PDG says: 

Isovector :  

Isoscalar:  /  . 

Lattice: 

1−−

23S1
3D1

ρ(1450), ρ(1700), ρ3(1690)

ω(1420), ω(1650), ω3(1670) ϕ(1680), ϕ3(1850)

Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

A Place to start

J. J. Dudek, R. G. Edwards, P. Guo, and C. E. Thomas 

(Hadron Spectrum), Phys. Rev. D88, 094505 (2013), arXiv:1309.2608 [hep-lat]. 

m⇡ ⇠ 391 MeV
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These  states are resonances which can be accessed from 
scattering amplitudes. 

Finite-volume spectrum  scattering amplitude ( ) 

 

 

Compute correlation functions on the lattice to obtain finite-volume 
spectrum. 

J−−

↔ 2 → 2

det [1 + iρ(E) ⋅ t(E) ⋅ (1 + iℳ(E, L))] = 0

t−1(E) = K−1(E) − iρ(E)

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

Outline pA
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excited mesons at the SU(3) flavor point in the singlet representation  

Advantages: 

Heavier light quark masses allow us to probe higher energy regions: 

first three-particle threshold gets moved higher up 

resonant states at lighter quark masses feature as stable 
particles 

Fewer channels (ex.  are all just ) 

J−−

⇒

⇒ π, K, K̄, η η8

SU(3) Flavor Ensembles

J. J. Dudek, R. G. Edwards, P. Guo, and C. E. Thomas 

(Hadron Spectrum), Phys. Rev. D88, 094505 (2013), arXiv:1309.2608 [hep-lat]. 



J=1: ,  

J=2:   

J=3: ,  

η8ω8{3P1} f1
0ω1{3S1, 3D1}, η1ω1{3P1}

η8ω8{3P2, 3F2}, f1
0ω1{3D2}, η1ω1{3P2, 3F2}

η8ω8{3F3} f1
0ω1{3D3, 3G3}, η1ω1{3F3}

Channels SU(3)F

⌘8!8 ⇠ ⇡⇢
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J. J. Dudek, R. G. Edwards, P. Guo, and C. E. Thomas 

(Hadron Spectrum), Phys. Rev. D88, 094505 (2013), arXiv:1309.2608 [hep-lat]. 



 

Three resonances in a single irrep. 

  

Very dense in energy levels. 

  

JP = (1,3,...)−

⇒ ρ{32S1}, ρ{3D1}, ρ{3D3}



JP = (1, 3, ...)�

<latexit sha1_base64="8tUDw+htJ6JpcXTASNnYDU81VLk=">AAAB+3icbVDLSsNAFJ34rPEV69LNYBEq1JBoRTdC0Y24qmAf0KZlMp20QyeTMDMRS8ivuHGhiFt/xJ1/4/Sx0NYDFw7n3Mu99/gxo1I5zrextLyyurae2zA3t7Z3dq29fF1GicCkhiMWiaaPJGGUk5qiipFmLAgKfUYa/vBm7DceiZA04g9qFBMvRH1OA4qR0lLXypt3nbSaXRXd0lnJtu3jzknXKji2MwFcJO6MFMAM1a711e5FOAkJV5ghKVuuEysvRUJRzEhmthNJYoSHqE9amnIUEumlk9szeKSVHgwioYsrOFF/T6QolHIU+rozRGog572x+J/XSlRw6aWUx4kiHE8XBQmDKoLjIGCPCoIVG2mCsKD6VogHSCCsdFymDsGdf3mR1E9tt2yf35cLletZHDlwAA5BEbjgAlTALaiCGsDgCTyDV/BmZMaL8W58TFuXjNnMPvgD4/MH3qGRwA==</latexit>

JP = (2, 3, ...)�

<latexit sha1_base64="vTGiFdRc45Ot6Nh58suu3FdXxms=">AAAB+3icbVDLSsNAFJ3UV42vWJduBotQoYakVnQjFN2Iqwr2AW1aJtNJO3TyYGYilpBfceNCEbf+iDv/xmmbhbYeuHA4517uvceNGBXSsr613Mrq2vpGflPf2t7Z3TP2C00RxhyTBg5ZyNsuEoTRgDQklYy0I06Q7zLScsc3U7/1SLigYfAgJxFxfDQMqEcxkkrqGwX9rpfU06tSpXxWNk3zpHfaN4qWac0Al4mdkSLIUO8bX91BiGOfBBIzJETHtiLpJIhLihlJ9W4sSITwGA1JR9EA+UQ4yez2FB4rZQC9kKsKJJypvycS5Asx8V3V6SM5EoveVPzP68TSu3QSGkSxJAGeL/JiBmUIp0HAAeUESzZRBGFO1a0QjxBHWKq4dBWCvfjyMmlWTLtqnt9Xi7XrLI48OARHoARscAFq4BbUQQNg8ASewSt401LtRXvXPuatOS2bOQB/oH3+AOAukcE=</latexit>

JP = (2, ...)�

<latexit sha1_base64="LjJEjrE72zFOpWKj7D9I8Jckj7s=">AAAB+XicbVBNS8NAEJ3Urxq/oh69BItQQUNSKnoRil7EUwX7AW1aNtttu3SzCbubQgn9J148KOLVf+LNf+O2zUGrDwYe780wMy+IGZXKdb+M3Mrq2vpGftPc2t7Z3bP2D+oySgQmNRyxSDQDJAmjnNQUVYw0Y0FQGDDSCEa3M78xJkLSiD+qSUz8EA047VOMlJa6lmXed9Lq9LpYOnMc57Rz3rUKruPOYf8lXkYKkKHatT7bvQgnIeEKMyRly3Nj5adIKIoZmZrtRJIY4REakJamHIVE+un88ql9opWe3Y+ELq7sufpzIkWhlJMw0J0hUkO57M3E/7xWovpXfkp5nCjC8WJRP2G2iuxZDHaPCoIVm2iCsKD6VhsPkUBY6bBMHYK3/PJfUi85Xtm5eCgXKjdZHHk4gmMoggeXUIE7qEINMIzhCV7g1UiNZ+PNeF+05oxs5hB+wfj4Bv34kU4=</latexit>

JP = (3, ...)�

<latexit sha1_base64="WXDAXz/zP1t7QUEj9ArM9HqpyLc=">AAAB+XicbVDJSgNBEK2JWxy3UY9eGoMQQYcZjehFCHoRTxHMAskk9HR6kiY9C909gTDkT7x4UMSrf+LNv7GzHDT6oODxXhVV9fyEM6kc58vILS2vrK7l182Nza3tHWt3rybjVBBaJTGPRcPHknIW0apiitNGIigOfU7r/uB24teHVEgWR49qlFAvxL2IBYxgpaWOZZn37awyvi6en9i2fdw+7VgFx3amQH+JOycFmKPSsT5b3ZikIY0U4VjKpuskysuwUIxwOjZbqaQJJgPco01NIxxS6WXTy8foSCtdFMRCV6TQVP05keFQylHo684Qq75c9Cbif14zVcGVl7EoSRWNyGxRkHKkYjSJAXWZoETxkSaYCKZvRaSPBSZKh2XqENzFl/+S2pntluyLh1KhfDOPIw8HcAhFcOESynAHFagCgSE8wQu8GpnxbLwZ77PWnDGf2YdfMD6+Af+DkU8=</latexit>



JP = 0+, 1�, 2+, 3�, ...

<latexit sha1_base64="QVGFLKDYlwPt60QuI7eN8MkCQN8=">AAACA3icbVDLSgMxFM3UVx1fo+50EyyCYB1makU3QtGNuKpgH9BOSyZN29BMZkgyQhkKbvwVNy4UcetPuPNvTNtZaOuBcA/n3MvNPX7EqFSO821kFhaXlleyq+ba+sbmlrW9U5VhLDCp4JCFou4jSRjlpKKoYqQeCYICn5GaP7ge+7UHIiQN+b0aRsQLUI/TLsVIaalt7Zm3raQ8unRax3m3dZIv6Hqqq23bbSvn2M4EcJ64KcmBFOW29dXshDgOCFeYISkbrhMpL0FCUczIyGzGkkQID1CPNDTlKCDSSyY3jOChVjqwGwr9uIIT9fdEggIph4GvOwOk+nLWG4v/eY1YdS+8hPIoVoTj6aJuzKAK4TgQ2KGCYMWGmiAsqP4rxH0kEFY6NlOH4M6ePE+qBdst2md3xVzpKo0jC/bBATgCLjgHJXADyqACMHgEz+AVvBlPxovxbnxMWzNGOrML/sD4/AFIHJQW</latexit>

JP = 2±, 3±, ...

<latexit sha1_base64="IVuiqnRL3OdU0MMaNAuNIRsOveU=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4kJDUim6EohtxVcE+oE3LZDpph84kYWYilBBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5x48Zlcpxvo2FxaXlldXCmrm+sbm1be3s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6ThD6/HfuOBCEmj8F6NYuJx1A9pQDFSWupa++ZtJ61ml6VO2o55dnKad9u2u1bRsZ0J4Dxxc1IEOapd66vdi3DCSagwQ1K2XCdWXoqEopiRzGwnksQID1GftDQNESfSSyc3ZPBIKz0YREJXqOBE/b2RIi7liPt6kiM1kLPeWPzPayUquPBSGsaJIiGePhQkDKoIjgOBPSoIVmykCcKC6r9CPEACYaVjM3UI7uzJ86Rest2yfXZXLlau8jgK4AAcgmPggnNQATegCmoAg0fwDF7Bm/FkvBjvxsd0dMHId/bAHxifP8N5llM=</latexit>

JP = 2±, 3±, ...

<latexit sha1_base64="IVuiqnRL3OdU0MMaNAuNIRsOveU=">AAACA3icbVDLSsNAFJ34rPEVdaebwSK4kJDUim6EohtxVcE+oE3LZDpph84kYWYilBBw46+4caGIW3/CnX/jtM1CWw9c7uGce5m5x48Zlcpxvo2FxaXlldXCmrm+sbm1be3s1mWUCExqOGKRaPpIEkZDUlNUMdKMBUHcZ6ThD6/HfuOBCEmj8F6NYuJx1A9pQDFSWupa++ZtJ61ml6VO2o55dnKad9u2u1bRsZ0J4Dxxc1IEOapd66vdi3DCSagwQ1K2XCdWXoqEopiRzGwnksQID1GftDQNESfSSyc3ZPBIKz0YREJXqOBE/b2RIi7liPt6kiM1kLPeWPzPayUquPBSGsaJIiGePhQkDKoIjgOBPSoIVmykCcKC6r9CPEACYaVjM3UI7uzJ86Rest2yfXZXLlau8jgK4AAcgmPggnNQATegCmoAg0fwDF7Bm/FkvBjvxsd0dMHId/bAHxifP8N5llM=</latexit>

JP = 0+, 1�, 2±, 3±, ...

<latexit sha1_base64="szxDTm3QiJIYspjoWs6W+PcV0Bo=">AAACC3icbVDLSsNAFJ3UV42vqEs3Q4sgWENSK7oRim7EVQX7gDYpk+m0HTp5MDMRSsjejb/ixoUibv0Bd/6N0zYLbT1wuYdz7mXmHi9iVEjL+tZyS8srq2v5dX1jc2t7x9jda4gw5pjUcchC3vKQIIwGpC6pZKQVcYJ8j5GmN7qe+M0HwgUNg3s5jojjo0FA+xQjqaSuUdBv3aSWXlruccl2T0plN+lEflo6zbppml2jaJnWFHCR2Bkpggy1rvHV6YU49kkgMUNCtG0rkk6CuKSYkVTvxIJECI/QgLQVDZBPhJNMb0nhoVJ6sB9yVYGEU/X3RoJ8Ica+pyZ9JIdi3puI/3ntWPYvnIQGUSxJgGcP9WMGZQgnwcAe5QRLNlYEYU7VXyEeIo6wVPHpKgR7/uRF0iibdsU8u6sUq1dZHHlwAArgCNjgHFTBDaiBOsDgETyDV/CmPWkv2rv2MRvNadnOPvgD7fMH4r+YcA==</latexit>

JP = 0+, 1�, 2+, 3±, ...

<latexit sha1_base64="TcpCo87qpU9YEVs1JqyAuuGX1nk=">AAACCXicbVDLSsNAFJ3UV42vqEs3g0UQGkNSK7oRim7EVQX7gDYpk+m0HTp5MDMRSsjWjb/ixoUibv0Dd/6N08dCWw9cOJxzL/fe48eMCmnb31puaXlldS2/rm9sbm3vGLt7dRElHJMajljEmz4ShNGQ1CSVjDRjTlDgM9Lwh9djv/FAuKBReC9HMXED1A9pj2IkldQxoH7rpdXs0vaKpuOdmCUvLWbmqZe24yAzLcvqGAXbsieAi8SZkQKYodoxvtrdCCcBCSVmSIiWY8fSTRGXFDOS6e1EkBjhIeqTlqIhCohw08knGTxSShf2Iq4qlHCi/p5IUSDEKPBVZ4DkQMx7Y/E/r5XI3oWb0jBOJAnxdFEvYVBGcBwL7FJOsGQjRRDmVN0K8QBxhKUKT1chOPMvL5J6yXLK1tlduVC5msWRBwfgEBwDB5yDCrgBVVADGDyCZ/AK3rQn7UV71z6mrTltNrMP/kD7/AHl6ZdO</latexit>



J=2 dynamically coupled in P- and F-waves 

Can handle this with the K-matrix   

J=3 Breit-Wigner parameterization 

t−1 = K−1 + I

Parameterizations, J=2,3
JP

` = 0 1+

` = 1 (0, 1,2)�

` = 2 (1, 2, 3)+

` = 3 (2, 3, 4)�

... ...

<latexit sha1_base64="K+1EB3XzBfFMfZTTZ11vOxFRMbk="></latexit>

KJ=2 =


(3P2|3P2) (3P2|3F2)
(3P2|3F2) (3F2|3F2)

�

<latexit sha1_base64="At7OQfkhQsUCiFfW5xHP9AMLnoM="></latexit>

ImI = − ρ

I(s) = I(s0)�
s� s0

⇡

Z 1

sthr

⇢(s0)

(s0 � s0)(s0 � s� i✏)
ds0

<latexit sha1_base64="l46SX0FZvcjbRU/UD1ZM5x3R5uE="></latexit>

Kij ! (2ki)
`K``0

ij (2kj)
`0

<latexit sha1_base64="RPEsEoK/njHarNlFxDYJFa6oaNs=">AAACKXicbVDLSsNAFJ34rPFVdelmsIh1U5JS0WXRjdBNBfuAppbJdNJOO5mEmYlSQn7Hjb/iRkFRt/6IkzYLbb1wmcM553LnHjdkVCrL+jSWlldW19ZzG+bm1vbObn5vvymDSGDSwAELRNtFkjDKSUNRxUg7FAT5LiMtd3yV6q17IiQN+K2ahKTrowGnHsVIaaqXr5q1XkxHiSPoYKiQEMEDLJbHPXp6FzuEsaQ2e9M+SabWVB5lsqbyBatkTQsuAjsDBZBVvZd/dfoBjnzCFWZIyo5thaobI6EoZiQxnUiSEOExGpCOhhz5RHbj6aUJPNZMH3qB0M0VnLK/J2LkSznxXe30kRrKeS0l/9M6kfIuujHlYaQIx7NFXsSgCmAaG+xTQbBiEw0QFlT/FeIhEggrHa6pQ7DnT14EzXLJrpTObiqF6mUWRw4cgiNQBDY4B1VwDeqgATB4BM/gDbwbT8aL8WF8zaxLRjZzAP6U8f0D6+KnDQ==</latexit>



η8ω8 elastic scattering in 2−−,3−−

KJ=2 =
1

m2
R � s


g2P gP gF

gP gF g2F

�
+


�PP �PF

�PF �FF

�

<latexit sha1_base64="3BkyeMgKPd8Sd7NBOTj7WlgUJ5g="></latexit>

KJ=3 =
g2F

m2
R � s

<latexit sha1_base64="oyNNTFSFEi7g24HwWTSxUsFo8bo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWJJa0U2hKIjopop9QB9hMp20QyeTMDMRSsjKjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7jxsyKpVlfRtz8wuLS8uZlezq2vrGprm1XZNBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7gY+fUHIiQN+L0ahqTtox6nHsVIackx926c+Lp0nJRankA47jmXnUIS+85dp3AkE8fMWXlrDDhL7JTkQIqKY361ugGOfMIVZkjKpm2Fqh0joShmJMm2IklChAeoR5qacuQT2Y7HbyTwQCtd6AVCF1dwrP6eiJEv5dB3daePVF9OeyPxP68ZKe+sHVMeRopwPFnkRQyqAI4ygV0qCFZsqAnCgupbIe4jnYfSyWV1CPb0y7OkVsjbxfzJbTFXPk/jyIBdsA8OgQ1OQRlcgQqoAgwewTN4BW/Gk/FivBsfk9Y5I53ZAX9gfP4AE96YQA==</latexit>

JP

` = 0 1+

` = 1 (0, 1,2)�

` = 2 (1, 2, 3)+

` = 3 (2, 3, 4)�

... ...

<latexit sha1_base64="K+1EB3XzBfFMfZTTZ11vOxFRMbk="></latexit>



η8ω8 elastic scattering in 2−−

1.42 < �2/Ndof < 1.46

<latexit sha1_base64="rum1cusHT/8M1BUfXBsElHxXFO8=">AAACCHicbVC5TsNAEF2HK4TLQEmBRYREFewoHEWKCBoqFCRySLGJ1pt1ssp6be2OEZGVkoZfoaEAIVo+gY6/YXMUkPCkkZ7em9HMPD/mTIFtfxuZhcWl5ZXsam5tfWNzy9zeqasokYTWSMQj2fSxopwJWgMGnDZjSXHoc9rw+5cjv3FPpWKRuIVBTL0QdwULGMGgpba57xRKxbJLeuyueHzdTl2gD5B2omA4LGvrtG3m7YI9hjVPnCnJoymqbfPL7UQkCakAwrFSLceOwUuxBEY4HebcRNEYkz7u0pamAodUeen4kaF1qJWOFURSlwBrrP6eSHGo1CD0dWeIoadmvZH4n9dKIDj3UibiBKggk0VBwi2IrFEqVodJSoAPNMFEMn2rRXpYYgI6u5wOwZl9eZ7UiwWnVDi5KeUrF9M4smgPHaAj5KAzVEFXqIpqiKBH9Ixe0ZvxZLwY78bHpDVjTGd20R8Ynz8z2Jg1</latexit>

1.66 < �2/Ndof < 1.86

<latexit sha1_base64="eIjtQ3IOJidwWV2Twiq2DrMjGn8=">AAACCHicbVC7TgJBFJ3FF+Jr1dLCjcTEat0liBQURBsrg4k8EkAyO8zChNlHZu4ayWZLG3/FxkJjbP0EO//GAbZQ8CQ3OTnn3tx7jxNyJsGyvrXM0vLK6lp2PbexubW9o+/uNWQQCULrJOCBaDlYUs58WgcGnLZCQbHncNp0RpcTv3lPhWSBfwvjkHY9PPCZywgGJfX0Q9sslSodMmR3hdPrXtwB+gBxP3CTpGKb5VJPz1umNYWxSOyU5FGKWk//6vQDEnnUB8KxlG3bCqEbYwGMcJrkOpGkISYjPKBtRX3sUdmNp48kxrFS+oYbCFU+GFP190SMPSnHnqM6PQxDOe9NxP+8dgRuuRszP4yA+mS2yI24AYExScXoM0EJ8LEimAimbjXIEAtMQGWXUyHY8y8vkkbBtIvm2U0xX71I48iiA3SETpCNzlEVXaEaqiOCHtEzekVv2pP2or1rH7PWjJbO7KM/0D5/AEOomD8=</latexit>



η8ω8 elastic scattering in 1−−

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

+ �

<latexit sha1_base64="LP1hg60puSMMrWPxTb7yY+Z5ZWw=">AAACT3icbVHPS8MwGE3nr23+qnr0UhyCII5WFL0Mhl5ELxPcFNZZvmbpDEvakqTCCP0PvejNf8OLB0XMZg+6+SDweO+F78tLmDIqleu+WqW5+YXFpXKluryyurZub2x2ZJIJTNo4YYm4C0ESRmPSVlQxcpcKAjxk5DYcno/920ciJE3iGzVKSY/DIKYRxaCMFNjRVaAvG17e8CMBWA/uDwPtc1APMtKQ57nmU8qBzPf/yYYz2bDIDoBzCOyaW3cncGaJV5AaKtAK7Be/n+CMk1hhBlJ2PTdVPQ1CUcxIXvUzSVLAQxiQrqExcCJ7etJH7uwape9EiTAnVs5E/X1DA5dyxEOTnCw77Y3F/7xupqLTnqZxmikS459BUcYclTjjcp0+FQQrNjIEsKBmVwc/gClLmS+omhK86SfPks5h3TuqH18f1ZpnRR1ltI120B7y0AlqogvUQm2E0RN6Qx/o03q23q2vUhEtWQXZQn9QqnwDll23Mw==</latexit>



η8ω8 elastic scattering in 1−−

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

+ �sn

<latexit sha1_base64="4J/AuSHQmNPTMgHmWSUb5DHq3Yc="></latexit>

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

<latexit sha1_base64="nOkNNvgXU+Rtbm/ID74xn2GAszA=">AAACSHicbVBLS8NAGNzEV62vqEcvwSIIYklKRS+FohfRSwX7gCaGzXZTl24e7G6EsuTnefHozd/gxYMi3tymOWjbgYVhZj6+b8dPKOHCst40fWl5ZXWttF7e2Nza3jF29zo8ThnCbRTTmPV8yDElEW4LIijuJQzD0Ke464+uJn73CTNO4uhejBPshnAYkYAgKJTkGd6tJ28adtZwAgaRHD7UPOmEUDzyQMIsy2Q4o5zy7GRB1p/L+nnWMypW1cphzhO7IBVQoOUZr84gRmmII4Eo5LxvW4lwJWSCIIqzspNynEA0gkPcVzSCIeauzIvIzCOlDMwgZupFwszVvxMShpyPQ18l8ytnvYm4yOunIrhwJYmSVOAITRcFKTVFbE5aNQeEYSToWBGIGFG3mugRqpaE6r6sSrBnvzxPOrWqXa+e3dUrzcuijhI4AIfgGNjgHDTBNWiBNkDgGbyDT/ClvWgf2rf2M43qWjGzD/5B138BxLq1Yg==</latexit>



Zero is a feature of elastic unitarity 

 

Cannot generate with an effective range 

t =
1

ρ(cot δ − i)

k3 cot δ =
1
a

+
1
2

rk2 + . . .

Elasticity



 

 

t(s) =
N(s)
D(s)

D(s) = D(s0) −
s − s0

π ∫
∞

sthr

N(s′ )ρ(s′ )
(s′ − s)(s′ − s0)

ds′ + ∑
α

g2
α

m2
α − s

In N.R. scattering, the scattering amplitude is 
completely determined by the potential.

Resonance interpretation

r

<latexit sha1_base64="PaNED8bQbwX/j7m/AtpiNFqtHBI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH37mM/g==</latexit>

Veff (r) = V (r) +
`(`+ 1)

r2

<latexit sha1_base64="1CiqBq/4HopVcC1odmsy+kh5dDI=">AAACEXicbVDLSsNAFJ34rPUVdekmWISWQklKRTdC0Y3LCjYtNLVMpjft0MmDmYlQQn7Bjb/ixoUibt2582+ctFlo64G5HM65lzv3uBGjQprmt7ayura+sVnYKm7v7O7t6weHtghjTqBNQhbyrosFMBpAW1LJoBtxwL7LoONOrjO/8wBc0DC4k9MI+j4eBdSjBEslDfSyPUjA89Iyr1zaqlQdj2OSOMBYOStVq5Im/L6eDvSSWTNnMJaJlZMSytEa6F/OMCSxD4EkDAvRs8xI9hPMJSUM0qITC4gwmeAR9BQNsA+in8wuSo1TpQwNL+TqBdKYqb8nEuwLMfVd1eljORaLXib+5/Vi6V30ExpEsYSAzBd5MTNkaGTxGEPKgUg2VQQTTtVfDTLGKhKpQiyqEKzFk5eJXa9ZjdrZbaPUvMrjKKBjdILKyELnqIluUAu1EUGP6Bm9ojftSXvR3rWPeeuKls8coT/QPn8AeiWcLg==</latexit>

“Physical cut” s > sthr

Can add poles to D(s) that 
produce zeros in t(s) 

“Unphysical cut” s < sLQuasi-bound 
state



�2/Ndof = 258.3/(192� 12) = 1.43

<latexit sha1_base64="+TVlhAOs+lpaawunhPS3lBMxFkc="></latexit>



Thanks



Extra



⇢2|t|2

<latexit sha1_base64="Mlr3/5WwGNRb6TAf/YJpYhIK2MA=">AAAB8nicbVBNTwIxEO3iF+IX6tFLIzHxRHYJRo9ELx4xkY9kWUi3FGjotpt21oQs/AwvHjTGq7/Gm//GAntQ8CWTvLw3k5l5YSy4Adf9dnIbm1vbO/ndwt7+weFR8fikaVSiKWtQJZRuh8QwwSVrAAfB2rFmJAoFa4Xju7nfemLacCUfYRKzICJDyQecErCS39Ej1a1MYdqt9Iolt+wugNeJl5ESylDvFb86fUWTiEmgghjje24MQUo0cCrYrNBJDIsJHZMh8y2VJGImSBcnz/CFVfp4oLQtCXih/p5ISWTMJAptZ0RgZFa9ufif5ycwuAlSLuMEmKTLRYNEYFB4/j/uc80oiIklhGpub8V0RDShYFMq2BC81ZfXSbNS9qrlq4dqqXabxZFHZ+gcXSIPXaMaukd11EAUKfSMXtGbA86L8+58LFtzTjZziv7A+fwBFKKRIQ==</latexit>

Re(at
p
s)

<latexit sha1_base64="cSSMOF4mavQmfQM3jkrc36CPWk8=">AAAB/3icbVA9SwNBEN3zM8avqGBjcxiE2IQ7iWgZtLGMYj4gCWFvM0mW7O2du3NiOK/wr9hYKGLr37Dz37hJrtDEBwOP92aYmeeFgmt0nG9rYXFpeWU1s5Zd39jc2s7t7NZ0ECkGVRaIQDU8qkFwCVXkKKARKqC+J6DuDS/Hfv0elOaBvMVRCG2f9iXvcUbRSJ3cfgvhAeMbSAq0gy19pzDWyXEnl3eKzgT2PHFTkicpKp3cV6sbsMgHiUxQrZuuE2I7pgo5E5BkW5GGkLIh7UPTUEl90O14cn9iHxmla/cCZUqiPVF/T8TU13rke6bTpzjQs95Y/M9rRtg7b8dchhGCZNNFvUjYGNjjMOwuV8BQjAyhTHFzq80GVFGGJrKsCcGdfXme1E6Kbql4el3Kly/SODLkgBySAnHJGSmTK1IhVcLII3kmr+TNerJerHfrY9q6YKUze+QPrM8fj2iWdQ==</latexit>

2
·I
m
(a

tp
s)
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η8ω8 elastic scattering in 3−−

-0.014
-0.012
-0.01
-0.008
-0.006
-0.004
-0.002

0
0.36 0.38 0.40 0.42 0.44 0.46 0.48



Luscher’s quantization condition:                                      

                                                                                              

det [1 + iρ ⋅ t ⋅ (1 + iM)] = 0
Scattering in a finite volume

J. J. Dudek, R. G. Edwards, and C. E. Thomas, Phys. Rev. 
D86, 034031 (2012), arXiv:1203.6041 [hep-ph] 

R. A. Briceno, J. J. Dudek, R. G. Edwards, and D. J. Wilson, 
Phys. Rev. D97, 054513 (2018), arXiv:1708.06667 [hep-lat] 

Im (t(E))�1
ij = ��ij⇢i(E)

<latexit sha1_base64="5M+9trcGesbO3pgmJLZ/LX2BSb0="></latexit>

⇢i(E) =
2ki
E

<latexit sha1_base64="OJaP+ca4j8U9mbBsOqHvYJ8FaJQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkpaIboSgFlxXsA5oQJtNJO3SSCTMToYS48VfcuFDErX/hzr9x2mahrQcuHM65l3vv8WNGpbKsb6Owsrq2vlHcLG1t7+zumfsHHckTgUkbc8ZFz0eSMBqRtqKKkV4sCAp9Rrr++Gbqdx+IkJRH92oSEzdEw4gGFCOlJc88csSIe7TSPLtyAoFwWht7NEubmWeWrao1A1wmdk7KIEfLM7+cAcdJSCKFGZKyb1uxclMkFMWMZCUnkSRGeIyGpK9phEIi3XT2QQZPtTKAARe6IgVn6u+JFIVSTkJfd4ZIjeSiNxX/8/qJCi7dlEZxokiE54uChEHF4TQOOKCCYMUmmiAsqL4V4hHSQSgdWkmHYC++vEw6tapdr57f1cuN6zyOIjgGJ6ACbHABGuAWtEAbYPAInsEreDOejBfj3fiYtxaMfOYQ/IHx+QO/apZ1</latexit>

 is a known matrix Mij(E, L)

Real and symmetric

Elastic scattering for spin-zero particles 
     ⇒ tℓ(E) =

1
ρ(cot δℓ(E) − i)

Coupled channel systems: 

⇒ t−1(E) = K−1(E) − iρ(E)



 

Solutions follow from K-matrix parameterizations of the amplitude : 

                                                  

det [1 + iρ ⋅ t ⋅ (1 + iM)] = 0

t−1 = K−1 − iρ Kij(s) = ∑
α

g(α)
i g(α)

j

m2
α − s

+ ∑
β

sβγij

Coupled-channel

R. A. Briceno, J. J. Dudek, R. G. Edwards, and D. J. Wilson, 
Phys. Rev. D97, 054513 (2018), arXiv:1708.06667 [hep-lat] 

A. J. Woss, C. E. Thomas, J. J. Dudek, R. G. 
Edwards, and D. J. Wilson, Phys. Rev. D100, 
054506 (2019), arXiv:1904.04136 [hep-lat] 



Calculation of the octet is underway: 

 more channels 

 identical particles  

 nearly degenerate thresholds in  

Would like to be able to study the hybrid candidate that lies 
slightly above in  

 likely requires three-particle formalism 

⇒

⇒ η8η8, ω8ω8

⇒ η8ω8, η8ω1

1−−

⇒

Future



Calculation PDG
�⇡⇢
!3

⇠ 62 MeV �tot
!3(1670)

⇠ 168(10) MeV

�KK̄⇤

!3
⇠ 2 MeV

�⌘!
!3

⇠ 1 MeV

�KK̄⇤

�3
⇠ 20 MeV �tot

�3(1850)
⇠ 87(25) MeV

�⌘�
�3

⇠ 3 MeV

�⇡!
⇢3

⇠ 22 MeV �⇡!
⇢3(1690)

⇠ 30(10) MeV

�KK̄⇤

⇢3
⇠ 2 MeV �KK̄⇡

⇢3(1690)
⇠ 7 MeV

<latexit sha1_base64="EUnzNwkTapsLiiK1Q6EKOiw6bsU="></latexit>

Calculation PDG
�⇡⇢
!b

⇠ 25 MeV �⇡⇢
!(1650) ⇠ 84 MeV

�KK̄⇤

!b
⇠ 3 MeV �tot

!(1650) ⇠ 315(35) MeV

�⌘!
!b

⇠ 1 MeV

�⇡!
⇢b

⇠ 9 MeV �⇡!
⇢(1700) ⇠ 0 MeV

�KK̄⇤

⇢b
⇠ 3 MeV �tot

⇢(1700) ⇠ 250(100) MeV

<latexit sha1_base64="O+9PhF2i6ZEAP+ZOWGsuNb60OXQ="></latexit>

Calculation PDG
�⇡⇢
!a

⇠ 384 MeV �⇡⇢
!(1420) ⇠ 240 MeV

�KK̄⇤

!a
⇠ 4 MeV �tot

!(1420) ⇠ 290(120) MeV

�⌘!
!a

⇠ 5 MeV

�KK̄⇤

�a
⇠ 154 MeV �tot

�(1680) ⇠ 150(50) MeV

�⌘!
�a

⇠ 25 MeV

�⇡!
⇢a

⇠ 133 MeV �⇡!
⇢(1450) ⇠ 52-78 MeV

�KK̄⇤

⇢a
⇠ 9 MeV �tot

⇢(1450) ⇠ 400(60) MeV

<latexit sha1_base64="CtfYIOdHExlG+r8p2E490OOr9L4="></latexit>

 ;  

Assume an exact OZI symmetry to get the 
couplings to the octet 

Assume width scales with the angular 
momentum  

 

Octet calculation is underway

ω =
2
3

ω1 +
1
3

ω8 ϕ =
1
3

ω1 −
2
3

ω8

∼ kℓ

g1 =
kphys(Mphys)

k(M)

ℓ

|cη8ω8 |

A crude extrapolation 

A. B. Clegg and A. Donnachie, Z. Phys. C 62, 455 (1994). 



A. Donnachie and A. B. Clegg, Z. 
Phys. C 51, 689 (1991) D. Bisello et al. (DM2), Phys. Lett. B 220, 321 (1989) 



A. Donnachie and A. B. Clegg, Z. Phys. C 51, 689 (1991)
D. Bisello et al., Z. Phys. C 52, 227 (1991) 



Finite volume spectrum   

Single meson operators:  

Meson-meson operators: 

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

∑⃗
x

ei ⃗p ⋅ ⃗x ψ̄D D . . . Dψ

∑
⃗p 1+ ⃗p 2= ⃗P

C( ⃗p 1, ⃗p 2; ⃗P )h†
1 ( ⃗p1)h†

2 ( ⃗p 2)

Lattice QCD

Momentum is quantized ⃗p =
2π
L

⃗n

No interactions 

 E = m2
1 + ( 2π ⃗n 1

L )
2

+ m2
2 + ( 2π ⃗n 2

L )
2

Optimized operator constructed from applying 
the eigenvectors extracted from applying the 

variational method h† = ∑
i

viOi



Diagonalize matrix of correlation functions to produce the finite volume spectrum: 

 

Use the orthonormality of the eigenvectors to distinguish states, and extract energies from the 
principle correlators .

C(t)vα(t) = λα(t)C(t0)vα(t)

λα(t)

Variational Method

⇠ e�E↵(t�t0)

<latexit sha1_base64="Ju0kIvfsPaV74SYV8bGeRt9NOzk=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxDiIWFGInoMiuAxglkgy9DT6SRNumeG7hohDHPw4q948aCIVz/Cm39jZzlo4oOCx3tVVNXzI8E1OM63tbK6tr6xmdnKbu/s7u3bB4d1HcaKshoNRaiaPtFM8IDVgINgzUgxIn3BGv7oeuI3HpjSPAzuYRyxjiSDgPc5JWAkz861NZeYdZPiTTdpExENSVqAInjOaerZeafkTIGXiTsneTRH1bO/2r2QxpIFQAXRuuU6EXQSooBTwdJsO9YsInREBqxlaEAk051k+kSKT4zSw/1QmQoAT9XfEwmRWo+lbzolgaFe9Cbif14rhv5lJ+FBFAML6GxRPxYYQjxJBPe4YhTE2BBCFTe3YjokilAwuWVNCO7iy8ukflZyy6Xzu3K+cjWPI4Ny6BgVkIsuUAXdoiqqIYoe0TN6RW/Wk/VivVsfs9YVaz5zhP7A+vwBg86XYA==</latexit>

h0|Oi|↵i = (V ↵
i )�1

p
2E↵e

E↵t0/2

<latexit sha1_base64="6TFtGUhvL7qFjlnOeGuLi9of8uI="></latexit>



Orbital and angular momentum couple  

Can use K-matrix to handle this (ex.  scattering in  ) 

Done in both non-resonant and resonant systems: 

"Dynamically-coupled partial-waves in  isospin-2 scattering from  

lattice QCD”- A. Woss, C. Thomas, J. Dudek 

“The  resonance in coupled  scattering from lattice QCD”- 
A. Woss, C. Thomas, J. Dudek

ℓ ⊗ S → J

0−+,1−− JP = 1+

ρπ

b1 πω, πϕ

Coupled channel with nonzero spin

` JP

0 1+

1 (0, 1, 2)�

2 (1, 2, 3)+

3 (2, 3, 4)�

...

<latexit sha1_base64="gVEnkJIAgWun3GSYz7jHfYNjbvs="></latexit>

K1+ =

✓
{3S1|3S1} {3S1|3D1}
{3S1|3D1} {3D1|3D1}

◆

<latexit sha1_base64="wBtyG8fV7hAjDYIvf6GhNw0nPx8="></latexit>



Broken rotational symmetry of the lattice causes different 
resonances to be in the same representation. 

Typical scattering calculations are able to isolate a SINGLE 
resonance. 

All other irreps will feature a minimum of TWO resonances 

 states are expected to be nearly degenerate. 3D1,2,3

How do we solve this?

JP = (2, ...)�

<latexit sha1_base64="LjJEjrE72zFOpWKj7D9I8Jckj7s=">AAAB+XicbVBNS8NAEJ3Urxq/oh69BItQQUNSKnoRil7EUwX7AW1aNtttu3SzCbubQgn9J148KOLVf+LNf+O2zUGrDwYe780wMy+IGZXKdb+M3Mrq2vpGftPc2t7Z3bP2D+oySgQmNRyxSDQDJAmjnNQUVYw0Y0FQGDDSCEa3M78xJkLSiD+qSUz8EA047VOMlJa6lmXed9Lq9LpYOnMc57Rz3rUKruPOYf8lXkYKkKHatT7bvQgnIeEKMyRly3Nj5adIKIoZmZrtRJIY4REakJamHIVE+un88ql9opWe3Y+ELq7sufpzIkWhlJMw0J0hUkO57M3E/7xWovpXfkp5nCjC8WJRP2G2iuxZDHaPCoIVm2iCsKD6VhsPkUBY6bBMHYK3/PJfUi85Xtm5eCgXKjdZHHk4gmMoggeXUIE7qEINMIzhCV7g1UiNZ+PNeF+05oxs5hB+wfj4Bv34kU4=</latexit>

JP = (3, ...)�
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0�+
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π, K, η, η′ ρ, K*, ω . ϕ

|1i = 1p
3

�
|ūui+ |d̄di+ |s̄si

�

<latexit sha1_base64="0pM8oG6q4tkp8v8ySQmtHi18l2k="></latexit>

|8i = 1p
6

�
|ūui+ |d̄di � 2|s̄si

�

<latexit sha1_base64="jTc6ywDB4jjUPPAODfu9b4asDWA="></latexit>

Two neutral members basis states I = Iz = Y = 0

|�i ⇠ |s̄si
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Mixing splits into light and strange quarks (OZI)

|⌘i ⇠ |⌘8i

<latexit sha1_base64="iu4mfiFuZiQczioCWfmDIWoTank=">AAACCnicbZC7TsMwFIadcivlFmBkMVRITFWCiuhYwcJYJHqRmlI57mlr1XEi20Gq0s4svAoLAwix8gRsvA1OmwFafsnSr++co+Pz+xFnSjvOt5VbWV1b38hvFra2d3b37P2DhgpjSaFOQx7Klk8UcCagrpnm0IokkMDn0PRH12m9+QBSsVDc6XEEnYAMBOszSrRBXft44oEmniRiwAF7igV4glN0X8lg1y46JWcmvGzczBRRplrX/vJ6IY0DEJpyolTbdSLdSYjUjHKYFrxYQUToiAygbawgAahOMjtlik8N6eF+KM0TGs/o74mEBEqNA990BkQP1WIthf/V2rHuVzoJE1GsQdD5on7MsQ5xmgvuMQlU87ExhEpm/orpkEhCtUmvYEJwF09eNo3zklsuXdyWi9WrLI48OkIn6Ay56BJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TFvzVnZzCH6I+vzB+bSmmY=</latexit>

|⌘0i ⇠ |⌘1i

<latexit sha1_base64="hd+NCApNousM7VMtLIWyvA2rJLY=">AAACC3icbZC7TsMwFIadcivlVmBksVohmKoEFcFYwcJYJHqRmlA57klr1XEi20Gq2u4svAoLAwix8gJsvA1OmwFafsnSr++co+Pz+zFnStv2t5VbWV1b38hvFra2d3b3ivsHTRUlkkKDRjySbZ8o4ExAQzPNoR1LIKHPoeUPr9N66wGkYpG406MYvJD0BQsYJdqgbrE0cUGTE1cS0eeAXcVCPMEpu3cy2C2W7Yo9E142TmbKKFO9W/xyexFNQhCacqJUx7Fj7Y2J1IxymBbcREFM6JD0oWOsICEobzy7ZYqPDenhIJLmCY1n9PfEmIRKjULfdIZED9RiLYX/1TqJDi69MRNxokHQ+aIg4VhHOA0G95gEqvnIGEIlM3/FdEAkodrEVzAhOIsnL5vmWcWpVs5vq+XaVRZHHh2hEjpFDrpANXSD6qiBKHpEz+gVvVlP1ov1bn3MW3NWNnOI/sj6/AFCyZqQ</latexit>

Pseudoscalar have small mixing angle 
from SU(3) states ∼ − 10∘
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SU(3) Flavor

a0, f0(980), σ, κ…b1, h1



SU(3) Flavor

atE



Finite volume spectrum   

Single meson operators:  

Meson-meson operators:  

Will include , , 

⇒ Cij(t) = ∑
α

⟨0 |Oi |α⟩⟨α |Oj |0⟩e−Eαt

∑⃗
x

ei ⃗p ⋅ ⃗x ψ̄D D . . . Dψ

∑
⃗p 1+ ⃗p 2= ⃗P

C( ⃗p 1, ⃗p 2; ⃗P )h†
1 ( ⃗p1)h†

2 ( ⃗p 2)

η8( ⃗p1)ω8( ⃗p2) η1( ⃗p1)ω1( ⃗p2) f1
0( ⃗p1)ω8( ⃗p2)

Lattice QCD ⌘8!8
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Conventional  mesons live in either a singlet ( ) or 
octet ( ) representations. 

Two ways to project to flavor singlet , and trivially 
. 

Charge conjugation in neutral member of the octet 
 for  : 

 

 channels with C=- : 
 

 can’t have identical particles with C=-

q̄q 3̄ ⊗ 3 → 1
3̄ ⊗ 3 → 8

8 ⊗ 8 → 1
1 ⊗ 1 → 1

| I = Iz = Y = 0⟩ 8 ⊗ 8 → 1

Ĉ( |81, C1⟩ ⊗ |82, C2⟩) → C1C2( |81, C1⟩ ⊗ |82, C2⟩)

⇒
η8(0−+)ω8(1−−), f1

0(0++)ω1(1−−), η1(0−+)ω1(1−−)

⇒

Channels in SU(3) Flavor

Pseudoscalar Octet

⌘0
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Three resonances in a single irrep. 

  

Very dense in energy levels. 

  

Appears to be a decoupling within the 
heavier channels   

JP = (1,3,...)−

⇒ ρ{32S1}, ρ{3D1}, ρ{3D3}

f1
0η1, η1ω1





J=2 dynamically coupled in P- and F-waves 

Can handle this with the K-matrix   

J=3 Breit-Wigner parameterization 

t−1 = K−1 + I

Parameterizations, J=2,3
JP

` = 0 1+

` = 1 (0, 1,2)�

` = 2 (1, 2, 3)+

` = 3 (2, 3, 4)�

... ...
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KJ=2 =


(3P2|3P2) (3P2|3F2)
(3P2|3F2) (3F2|3F2)

�

<latexit sha1_base64="At7OQfkhQsUCiFfW5xHP9AMLnoM="></latexit>

ImI = − ρ

I(s) = I(s0)�
s� s0

⇡

Z 1

sthr

⇢(s0)

(s0 � s0)(s0 � s� i✏)
ds0
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Resonance interpretation
 

Write dispersively  

 can add poles to D(s) that feature as zeros in t(s) 

 create nearby poles in t(s) 

 these “CDD” poles have an interpretation that they would be 
stable particles if there were not lighter mesons for which it to 
decay

t(s) =
N(s)
D(s)

1
2πi ∮

D(s′ )
s′ − s

= D(s0) −
s − s0

π ∫
∞

sthr

N(s′ )ρ(s′ )
(s′ − s)(s′ − s0)

ds′ 

⇒

⇒

⇒



 

 

t(s) =
N(s)
D(s)

D(s) = D(s0) −
s − s0

π ∫
∞

sthr

N(s′ )ρ(s′ )
(s′ − s)(s′ − s0)

ds′ + ∑
α

g2
α

m2
α − s

In N.R. scattering, the scattering amplitude is 
completely determined by the potential.

Resonance interpretation

r
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Veff (r) = V (r) +
`(`+ 1)

r2
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“Physical cut” s > sthr

Can add poles to D(s) that 
produce zeros in t(s) 

“Unphysical cut” s < sLQuasi-bound 
state



Vector states are mixtures of the singlet and octet states 

 ;  

Pseudoscalar states have little mixing from SU(3) eigenstates ,  

If we assume excited  have the same quark content as the vector states, we need to know the 
result of the octet couplings to find the partial width of the isoscalar resonances to 
pseudoscalar-vector final states. 

We can still guess what the result of the octet calculation would be by assuming an exact OZI 
symmetry. 

ω =
2
3

ω1 +
1
3

ω8 ϕ =
1
3

ω1 −
2
3

ω8

η ∼ η8 η′ ∼ η1

J−−

Comparing to the ω*J , ϕ*J



We first re-write the couplings in the basis of familiar meson states: 

  

 

 

OZI disallowed decays: 

   

 

Leads to the constraints: 

|η8 ⊗ ω8 → 1⟩ =
1

2 2
(K+K̄*− + K−K̄* − K0K̄*0 − K̄0K*0 + π+ρ− + π−ρ+ − π0ρ0 − η8ω8) : g1

|η8 ⊗ ω8 → 8⟩ =
1
20 (K+K*− + K−K̄* − K0K̄*0 − K̄0K*0) −

1
5 (π+ρ− + π−ρ+ − π0ρ0 − η8ω8) : g8

|η8 ⊗ ω1 → 8⟩ = η8ω1 =
2
3

ηω +
1
3

ηϕ : h8

ϕ* → ρπ ∼
1
3

1

2 2
g1 + (−

2
3 ) (−

1
5 ) g8

ϕ* → ηω ∼
1
3 (−

1

2 2 ) 1
3

g1 + (−
2
3 ) (−

1
5 ) 1

3
g8 + (−

2
3 ) 2

3
h8

g8 = −
5

4
g1; h8 = −

1

2 2
g1

Comparing to the ω*J , ϕ*J



We write the partial widths as  

OZI relations together with a sum over the charged states give us the following partial widths: 

                                                         We attempt to rescale the angular momentum barrier factors: 

                             g1 =
kphys(Mphys)

k(M)

ℓ

|cη8ω8 |

Comparing to the ω*J , ϕ*J
� = g2

⇢

M
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Comparing to the ω*J , ϕ*J
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Prediction Experiment
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Comparing to the ω*J , ϕ*J

�(⇢b ! KK̄⇤) = 3 MeV

<latexit sha1_base64="REwWILOWfVb0iMcQ2CkK47qLbrA="></latexit>

�(⇢b ! ⇡!) = 9 MeV

<latexit sha1_base64="uayu09TaR11q+Wy0SYSbHFuEWYs="></latexit>

�(!b ! ⇡⇢) = 25 MeV

<latexit sha1_base64="6YQS7UZlokSLp5Se4eTgpAqIa3Q="></latexit>

�(!b ! KK̄⇤) = 3 MeV

<latexit sha1_base64="AT5JH0A/8+N35IPPGVt/ldyybG4="></latexit>

�(!b ! ⌘!) = 1 MeV

<latexit sha1_base64="rSzcYQGCqMTigO6y56oZG8GWHy8="></latexit>

�(�b ! ⌘�) = 5 MeV

<latexit sha1_base64="WpJTCKeYXZzRjoO2FJ11RjcuiMU=">AAACGHicbVA9SwNBEN3z2/gVtbRZDII28U4UbQTRQhtBwUQhF8LcZpIs7t4du3NqOPIzbPwrNhaK2Nr5b9zEFH49GHi8N8PMvChV0pLvf3gjo2PjE5NT04WZ2bn5heLiUtUmmRFYEYlKzFUEFpWMsUKSFF6lBkFHCi+j66O+f3mDxsokvqBuinUN7Vi2pAByUqO4GR6D1rAeph3ZiEIj2x0CY5JbHiJBX93Y3wkJ7yjnp1jtNYolv+wPwP+SYEhKbIizRvE9bCYi0xiTUGBtLfBTqudgSAqFvUKYWUxBXEMba47GoNHW88FjPb7mlCZvJcZVTHygfp/IQVvb1ZHr1EAd+9vri/95tYxae/VcxmlGGIuvRa1McUp4PyXelAYFqa4jIIx0t3LRAQOCXJYFF0Lw++W/pLpVDrbLO+fbpYPDYRxTbIWtsnUWsF12wE7YGaswwe7ZI3tmL96D9+S9em9frSPecGaZ/YD3/gmckKAi</latexit>

�(�b ! KK̄⇤) = 13 MeV

<latexit sha1_base64="uyqOs3/+wQnPAwN4SfzNpR2ZRRU="></latexit>

�(!a ! KK̄⇤) = 4 MeV

<latexit sha1_base64="q1uTu9DwgLOYo5SgkF1rph6Tjdw="></latexit>

�(�a ! KK̄⇤) = 154 MeV

<latexit sha1_base64="GbBXRgVTUT2d6QsT9f4DfaCR0jk="></latexit>

�(⇢a ! KK̄⇤) = 9 MeV

<latexit sha1_base64="ZDUoctf0+esSbwMVzM0CwFyU6JQ="></latexit>

�(⇢a ! ⇡!) = 133 MeV

<latexit sha1_base64="yOiSXDEoVc1ujgfCd6wIDhB0Ejg="></latexit>

�(!a ! ⇡⇢) = 384 MeV

<latexit sha1_base64="54xdl9UEH6kJlt8aymYH3daIQcY="></latexit>

�(!a ! ⌘!) = 5 MeV

<latexit sha1_base64="9yGJchmtu4ziYo97pOMwamOJuvE="></latexit>

�(�a ! ⌘!) = 25 MeV

<latexit sha1_base64="+xmRdoy6rRJWa3VeatGq8Yj36Fc="></latexit>

Prediction Experiment

�tot
⇢(1450) ⇠ 400(60) MeV

<latexit sha1_base64="38P6Aon1zzeaS4B4GkZGqe1sNNg="></latexit>

�tot
!(1420) ⇠ 290(120) MeV

<latexit sha1_base64="I/1MByQE6jh/ORVSjffnl9vg8dY="></latexit>

�tot
�(1680) ⇠ 150(50) MeV

<latexit sha1_base64="Ly8zm4EL8nZouMvzNk3MdT2frOw=">AAACGXicbVA9SwNBEN3z2/gVtbRZDEJswp4YtRQttBEUTBRyMextJmbJ7t2xOyeG4/6GjX/FxkIRS638N25iCr8eDDzem2FmXpgoaZGxD29sfGJyanpmtjA3v7C4VFxeqds4NQJqIlaxuQy5BSUjqKFEBZeJAa5DBRdh73DgX9yAsTKOzrGfQFPz60h2pODopFaRBUdca36VYYx5KwuSriz7O3tsMw+s1NSvsnKVbQYIt5jRE6jnrWKJVdgQ9C/xR6RERjhtFd+CdixSDREKxa1t+CzBZsYNSqEgLwSphYSLHr+GhqMR12Cb2fCznG44pU07sXEVIR2q3ycyrq3t69B1ao5d+9sbiP95jRQ7e81MRkmKEImvRZ1UUYzpICbalgYEqr4jXBjpbqWiyw0X6MIsuBD83y//JfWtir9dqZ5tl/YPRnHMkDWyTsrEJ7tknxyTU1IjgtyRB/JEnr1779F78V6/Wse80cwq+QHv/RPKnZ7l</latexit>

�tot
!(1650) ⇠ 315(35) MeV

<latexit sha1_base64="BHNAOJ2AX2O9dweF2jg32I91nJ0="></latexit>

�tot
⇢(1700) ⇠ 250(100) MeV

<latexit sha1_base64="DQEY1rOJ6BxYEQLjiEBUGrdXwDk=">AAACGnicbVDLSgMxFM34tr6qLt0Ei1A3ZUYquhRd6EaoYKvQqSWT3tpgMhmSO2IZ5jvc+CtuXCjiTtz4N6aPha8DF07OuZfce6JECou+/+lNTE5Nz8zOzRcWFpeWV4qraw2rU8OhzrXU5jJiFqSIoY4CJVwmBpiKJFxEN0cD/+IWjBU6Psd+Ai3FrmPRFZyhk9rFIDxmSrGrDDXm7Sw0PV0O9nx/Ow+tUHRn1y8H7hUi3GFGT6GRt4slv+IPQf+SYExKZIxau/gedjRPFcTIJbO2GfgJtjJmUHAJeSFMLSSM37BraDoaMwW2lQ1Py+mWUzq0q42rGOlQ/T6RMWVtX0WuUzHs2d/eQPzPa6bY3W9lIk5ShJiPPuqmkqKmg5xoRxjgKPuOMG6E25XyHjOMo0uz4EIIfp/8lzR2KkG1sntWLR0cjuOYIxtkk5RJQPbIATkhNVInnNyTR/JMXrwH78l79d5GrRPeeGad/ID38QVEB58d</latexit>

Prediction Experiment

�⇡⇢
!(1650) ⇠ 84 MeV

<latexit sha1_base64="+q5CV7FJSoQ6nctyuUhBUbob2IU="></latexit>

�⇡!
⇢(1700) ⇠ 0 MeV

<latexit sha1_base64="PVIF9nB6rP5QN9xIW4SPWijvskg="></latexit>

�⇡!
⇢(1450) ⇠ 52� 78 MeV

<latexit sha1_base64="6pIbM3Zrz3viF1zh+NFZ2iLhxIE="></latexit>

�⇡⇢
!(1420) ⇠ 240 MeV

<latexit sha1_base64="Kb2XBN+yEVVfdBfuGnTlVz8UxAc="></latexit>



Add the  irreps and fit all simultaneously  

Very good constraint  

[011]A1

Ndof = 180

�2/Ndof = 258.3/(192� 12) = 1.43

<latexit sha1_base64="+TVlhAOs+lpaawunhPS3lBMxFkc="></latexit>

KJ=1 =
g2a

m2
a � s

+
g2b

m2
b � s

+ �

<latexit sha1_base64="LP1hg60puSMMrWPxTb7yY+Z5ZWw=">AAACT3icbVHPS8MwGE3nr23+qnr0UhyCII5WFL0Mhl5ELxPcFNZZvmbpDEvakqTCCP0PvejNf8OLB0XMZg+6+SDweO+F78tLmDIqleu+WqW5+YXFpXKluryyurZub2x2ZJIJTNo4YYm4C0ESRmPSVlQxcpcKAjxk5DYcno/920ciJE3iGzVKSY/DIKYRxaCMFNjRVaAvG17e8CMBWA/uDwPtc1APMtKQ57nmU8qBzPf/yYYz2bDIDoBzCOyaW3cncGaJV5AaKtAK7Be/n+CMk1hhBlJ2PTdVPQ1CUcxIXvUzSVLAQxiQrqExcCJ7etJH7uwape9EiTAnVs5E/X1DA5dyxEOTnCw77Y3F/7xupqLTnqZxmikS459BUcYclTjjcp0+FQQrNjIEsKBmVwc/gClLmS+omhK86SfPks5h3TuqH18f1ZpnRR1ltI120B7y0AlqogvUQm2E0RN6Qx/o03q23q2vUhEtWQXZQn9QqnwDll23Mw==</latexit>

KJ=2 =
1

m2
R � s


g2P gP gF

gP gF g2F

�
+


�PP �PF

�PF 0

�

<latexit sha1_base64="e9rQ9YLz0E/rkgXdK08tVXfq6ZI="></latexit>

KJ=3 =
g2F

m2
R � s

<latexit sha1_base64="oyNNTFSFEi7g24HwWTSxUsFo8bo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHcWJJa0U2hKIjopop9QB9hMp20QyeTMDMRSsjKjb/ixoUibv0Gd/6N0zYLbT1w4XDOvdx7jxsyKpVlfRtz8wuLS8uZlezq2vrGprm1XZNBJDCp4oAFouEiSRjlpKqoYqQRCoJ8l5G6O7gY+fUHIiQN+L0ahqTtox6nHsVIackx926c+Lp0nJRankA47jmXnUIS+85dp3AkE8fMWXlrDDhL7JTkQIqKY361ugGOfMIVZkjKpm2Fqh0joShmJMm2IklChAeoR5qacuQT2Y7HbyTwQCtd6AVCF1dwrP6eiJEv5dB3daePVF9OeyPxP68ZKe+sHVMeRopwPFnkRQyqAI4ygV0qCFZsqAnCgupbIe4jnYfSyWV1CPb0y7OkVsjbxfzJbTFXPk/jyIBdsA8OgQ1OQRlcgQqoAgwewTN4BW/Gk/FivBsfk9Y5I53ZAX9gfP4AE96YQA==</latexit>



Only 4 levels with large  overlap. 

Only real difference in fit-1 which features two  parameters. 

Potentially a small coupling  does not change overall width. 

Statistical uncertainties on  energy levels prevent a proper C.C. analysis with this channel.

η1ω1

η1ω1

cη1ω1 ≲ 0.04

f1
0ω1

Coupled-Channel η8ω8 − η1ω1



Mild changes in the amplitude. 

 is small and comparable to 
F-wave coupling. 
at |cη1ω1 | ∼ 0.07(2)

C.C. ,  2−− η8ω8 − η1ω1



Unphysical sheet real axis pole  on many 
parameterizations 

 wanders a bit and remains far from physical scattering 

Additional real axis pole  for simple phase space 
parameterization 

 not surprising this parameterization has poorer analytic 
properties  

 residue is real, a true p-wave bound state has imaginary 
coupling

at s ∼ 0.23

⇒

at s ∼ 0.24

⇒

⇒

Additional singularities



The full scattering amplitude T(s,t) relates all scattering channels s,t,u- through an analytic 
continuation.  

s-channel unitarity constrains the “right hand cut” to form  Riemann sheets 

 built into our parameterizations 

Analyticity requires poles off axis real valued poles be on unphysical sheets. 

 reject parameterizations that have these 

t,u-channel unitarity manifests themselves in the form of a “left hand cut” 

 not described but we know where they are 

 hope is we remain far enough away

2Nchan

⇒

⇒

⇒

⇒

Amplitude analytic structure



Cross Channels

⌘8(p1)

<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

⌘8(p1)

<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

⌘8(p1)

<latexit sha1_base64="7xIcQAQIDTSFOe5o5Me7iC/TmK4=">AAAB8nicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB+wXUs2zbah2WRJZoWy9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YSK4Adf9dtbWNza3tgs7xd29/YPD0tFx26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHtzO/88S04Uo+wCRhQUyGkkecErCS32NAHuuVpO9d9Etlt+rOgVeJl5MyytHsl756A0XTmEmgghjje24CQUY0cCrYtNhLDUsIHZMh8y2VJGYmyOYnT/G5VQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OI6kHGZZICk3SxKEoFBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWiDcFbfnmVtC+rXq16dV8rN27yOAroFJ2hCvLQNWqgO9RELUSRQs/oFb054Lw4787HonXNyWdO0B84nz8Bp5Bt</latexit>

⌘8(p3)

<latexit sha1_base64="1izZYwJiRLON0WiYlarRrT2Oqkg=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXK/ZY9OKxgv2A7VqyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhYngBlz328mtrW9sbuW3Czu7e/sHxcOjllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2Obmd++4lpw5V8gHHCgpgMJI84JWAlv8uAPNbKSe/yvFcsuRV3DrxKvIyUUIZGr/jV7SuaxkwCFcQY33MTCCZEA6eCTQvd1LCE0BEZMN9SSWJmgsn85Ck+s0ofR0rbkoDn6u+JCYmNGceh7YwJDM2yNxP/8/wUolow4TJJgUm6WBSlAoPCs/9xn2tGQYwtIVRzeyumQ6IJBZtSwYbgLb+8SloXFa9aubqvluo3WRx5dIJOURl56BrV0R1qoCaiSKFn9IreHHBenHfnY9Gac7KZY/QHzucPBLGQbw==</latexit>

!8(p2)

<latexit sha1_base64="LDgoyY8JVrPsT7m1Zj10tEfmXcg=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHIkevGIiXwksJJu6UJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777WQ2Nre2d7K7ub39g8Oj/PFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdDv3W2OqNIvkg5nE1Bd4IFnICDZW8ruRoAP8WC3GvfJlL19wS+4CaJ14KSlAinov/9XtRyQRVBrCsdYdz42NP8XKMMLpLNdNNI0xGeEB7VgqsaDany6OnqELq/RRGClb0qCF+ntiioXWExHYToHNUK96c/E/r5OYsOpPmYwTQyVZLgoTjkyE5gmgPlOUGD6xBBPF7K2IDLHCxNiccjYEb/XlddIsl7xK6eq+UqjdpHFk4QzOoQgeXEMN7qAODSDwBM/wCm/O2Hlx3p2PZWvGSWdO4Q+czx+QQJFR</latexit>

!8(p4)

<latexit sha1_base64="g+xBeeCfc6Ak72Uvak8w/Y3Nvkw=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpexKxR6LXjxWsB/QriWbzrah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5QcyZNq777aytb2xubed28rt7+weHhaPjppaJotCgkkvVDogGzgQ0DDMc2rECEgUcWsHodua3xqA0k+LBTGLwIzIQLGSUGCv5XRnBgDxWS3GvctErFN2yOwdeJV5GiihDvVf46vYlTSIQhnKidcdzY+OnRBlGOUzz3URDTOiIDKBjqSARaD+dHz3F51bp41AqW8Lgufp7IiWR1pMosJ0RMUO97M3E/7xOYsKqnzIRJwYEXSwKE46NxLMEcJ8poIZPLCFUMXsrpkOiCDU2p7wNwVt+eZU0L8tepXx1XynWbrI4cugUnaES8tA1qqE7VEcNRNETekav6M0ZOy/Ou/OxaF1zspkT9AfO5w+TSpFT</latexit>

S-Channel

T-Channel

U-Channel



Cuts

0.1 0.2

-0.05

0.05

U-channel

T-channel circular cut

S-channel

R = m2
!8 �m2

⌘8

<latexit sha1_base64="0I0TEZQA0AF0pK3SaqoG9kmahXY=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAhuLEmp2I1QdOOyin1Am4bJ9KYdOpOEmYlQQldu/BU3LhRx6ze482+ctF1o64GBc8+5lzv3+DGjUtn2t7G0vLK6tp7byG9ube/smnv7DRklgkCdRCwSLR9LYDSEuqKKQSsWgLnPoOkPrzO/+QBC0ii8V6MYXI77IQ0owUpLnnl0d8m9tBNx6ONuZdwtnWUlqGnhmQW7aE9gLRJnRgpohppnfnV6EUk4hIowLGXbsWPlplgoShiM851EQozJEPehrWmIOUg3nZwxtk600rOCSOgXKmui/p5IMZdyxH3dybEayHkvE//z2okKKm5KwzhREJLpoiBhloqsLBOrRwUQxUaaYCKo/qtFBlhgonRyeR2CM3/yImmUik65eH5bLlSvZnHk0CE6RqfIQReoim5QDdURQY/oGb2iN+PJeDHejY9p65IxmzlAf2B8/gBJ0Jhg</latexit>

�1 < s  (m!8 �m⌘8)2

<latexit sha1_base64="ZSk5ci0lXdvv3fuBG4eMD2Qt4pM=">AAACEXicbZC9TsMwFIUdfkv5KzCyRFRIZaBKEAgGBgQLY5EoIDWlctyb1qrtBPsGqYr6Ciy8CgsDCLGysfE2OG0HKBzJ0udz75V9T5gIbtDzvpyp6ZnZufnCQnFxaXlltbS2fmXiVDOos1jE+iakBgRXUEeOAm4SDVSGAq7D3llev74HbXisLrGfQFPSjuIRZxSt1SpVdgOuIuwfm0DAXUW2siCW0KG3R4Pd/AKY487tXqtU9qreUO5f8MdQJmPVWqXPoB2zVIJCJqgxDd9LsJlRjZwJGBSD1EBCWY92oGFRUQmmmQ03Grjb1mm7UaztUegO3Z8TGZXG9GVoOyXFrpms5eZ/tUaK0VEz4ypJERQbPRSlwsXYzeNx21wDQ9G3QJnm9q8u61JNGdoQizYEf3Llv3C1V/X3qwcX++WT03EcBbJJtkiF+OSQnJBzUiN1wsgDeSIv5NV5dJ6dN+d91DrljGc2yC85H9/QNZ0A</latexit>

s > (m!8 +m⌘8)2

<latexit sha1_base64="/cNfs0uBqXlY+9JvQVbZX2W9RuU=">AAACBnicbZDLSsNAFIYn9VbrLepShGARKkJJSsWupOjGZQV7gTYNk+lpO3QmCTMToYSu3Pgqblwo4tZncOfbOGm70NYfBr75zznMnN+PGJXKtr+NzMrq2vpGdjO3tb2zu2fuHzRkGAsCdRKyULR8LIHRAOqKKgatSADmPoOmP7pJ680HEJKGwb0aR+ByPAhonxKstOWZx/KqwL2kE3IY4G5lcp5eQKV41i15Zt4u2lNZy+DMIY/mqnnmV6cXkphDoAjDUrYdO1JugoWihMEk14klRJiM8ADaGgPMQbrJdI2JdaqdntUPhT6Bsqbu74kEcynH3NedHKuhXKyl5n+1dqz6FTehQRQrCMjsoX7MLBVaaSZWjwogio01YCKo/qtFhlhgonRyOR2Cs7jyMjRKRadcvLgr56vX8ziy6AidoAJy0CWqoltUQ3VE0CN6Rq/ozXgyXox342PWmjHmM4foj4zPHxqDmEE=</latexit>



Stable particles in cross-channels add additional singularities

Cuts

0.1 0.2

-0.05

0.05

Stable  in U-channelω1

Stable  in T-channelf1
0

Right-most part of additional cuts at 
 compared to threshold of at s = 0.299

at s = 0.3632



Physical sheet pole at  wrong residue. 

 asses this as a “ghost” occurring from improper treatment 
of the LHC

at s = 0.278(26)

⇒

Additional Singularities

Noisy third unphysical sheet pole lies beyond 
region of constraint . 

 artifact not present in all 
parameterizations 

 could be feeling presence of a hybrid  
meson we expect in that region

atE ∼ 0.46

⇒

⇒ 1−−


