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Semi-leptonic B decay

B
Inclusive: sum over all final states, 
                  can be computed using PT (or OPE)

Exclusive: specific final states (D, D*, …) 

A new method to compute the “sum” in LQCD 
Gambino and SH, arXiv:2005.13730  
from the forward-Compton amplitude.

all possible states contribute

Xc



I.a Experimental situation for B ! Xc ` ⌫̄`I.a Experimental situation for B ! Xc ` ⌫̄`

Charm state Xc B(B+ ! Xc `+ ⌫)
D (2.31 ± 0.09) %

D⇤ (5.63 ± 0.18) %
P

D(⇤) (7.94 ± 0.20) %

D⇤
0 ! D ⇡ (0.41 ± 0.08) %

D⇤
1 ! D⇤ ⇡ (0.45 ± 0.09) %

D1 ! D⇤ ⇡ (0.43 ± 0.03) %

D⇤
2 ! D(⇤) ⇡ (0.41 ± 0.03) %

P
D⇤⇤ ! D⇤⇡ (1.70 ± 0.12) %

D ⇡ (0.66 ± 0.08) %

D⇤ ⇡ (0.87 ± 0.10) %
P

D⇤⇡ (1.53 ± 0.13) %

P
D(⇤) +

P
D⇤⇡ (9.47 ± 0.24) %

P
D(⇤) +

P
D⇤⇤ ! D(⇤)⇡ (9.64 ± 0.23) %

Inclusive Xc (10.92 ± 0.16) %

All values from [HFAG 2010]. For the values of D ⇡ and D⇤ ⇡ an uncertainty weighted average of both isospin

modes was calculated assuming a 100% correlation between both values.

) Gap of (1.28 � 1.45 ± 0.29) % which is not accounted for

(first number uses D⇤⇤, second semi-inclusive D(⇤)⇡ branching fractions )
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(0 .86 ± 0.12)%

(0 .84 ± 0.04)%

broad states

narrow states

All values from [HFAG 2010]. For the values of B ! D ⇡ ` ⌫̄` and B ! D⇤ ⇡ ` ⌫̄` an uncertainty weighted

average of both isospin modes was calculated assuming a 100% correlation between both values.

) ’Gap’ of (1.45 ± 0.29) % emerges which is not accounted for

Uses semi-inclusive D(⇤)⇡ branching fractions; with measured 1P D⇤⇤ ! D(⇤)⇡ ) (1.28 ± 0.29) %

4 / 15

Bernlochner @ ICHEP 2012

Sum of all idendfied states is less 
than ALL. 

Can we understand why using laNce data?  Need an access to both incl and excl.

Composidon of inclusive decays (exp’t):



Inclusive rate
Differendal decay rate:

Structure funcdon:

Xc(ω)B

Decay rate:

known kinemadcal factor



Energy integral

LaNce Compton amplitude:

tsrc t1 t2 tsnk

J†
µ J⌫

BB

Fig. 4 Valence quark propagators and their truncations. The thin line connecting the

source tsrc and sink tsnk time slices represents the spectator strange quark propagator. A

smearing is introduced for the initial B meson interpolating operator at tsrc and tsnk. The

solid thick lines are the initial b and dashed line denotes the final c quark. The currents J†
µ

and J⌫ are inserted at t1 and t2, respectively.

see [24–26] for instance.) So far, in the literature, the moments of hadron energy and invari-

ant mass as well as the lepton energy have been considered; our proposal is to analyze the

inverse moments (12) and (13) at su�ciently small !, instead, to extract |Vcb| or |Vub|. To
actually extract the moments from the experimental data is beyond the scope of this work.

The structure functions Ti have been calculated within the heavy quark expansion

approach. At the tree-level, the explicit form is given in the appendix of [23]. One-loop

or even two-loop calculations have also been carried out [27–29], but they only concern the

di↵erential decay rates (or the imaginary part of the structure functions), and one needs to

perform the contour integral to relate them to the unphysical kinematical region.

4 Lattice calculation strategy

In this section, we describe the method to extract Ti’s from a four-point function calcu-

lated on the lattice. Although we take the B ! D(⇤)`⌫ channel to be specific, the extension

to other related channels is straightforward.

We consider the four-point function of the form

CSJJS
µ⌫ (tsnk, t1, t2, tsrc) =

X

x

D
PS(x, tsnk)J̃

†
µ(q, t1)J̃⌫(q, t2)P

S†(0, tsrc)
E
, (14)

where PS is a smeared pseudo-scalar density operator to create/annihilate the initial B

meson at rest. The inserted currents J̃µ are either vector or axial-vector b ! c current

and assumed to carry the spatial momentum projection
P

x1
eiq·x1J(x1, t1). Thus, the mass

dimension of J̃µ is zero. The quark-line diagram representing (14) is shown in Figure 4.
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K(Ĥ) = k0 + k1e−Ĥ + k2e−2Ĥ + ⋯ + kNe−kNĤ
Approximadon:

=



Chebyshev approx:

(shiked) Chebyshev polynomials

“Best” approximadon can be obtained with 

“best” = maximal deviadon is minimal
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Bailas, Ishikawa, SH, arXiv:2001.11779

each term corresponds to the 
correlator, because x = e-H



Kernel to approximate
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narrow

Smear by “sigmoid” with a width σ 
Need to take a limit of σ→ 0
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Compton amplitude (S-wave)
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S-wave (D and D*) 
• Very well approximated by a single-exp  

= no sign of excited state contrib. 
• No wave funcdon overlap of excited 

states when mb=mc and zero recoil (V0V0)

zero recoil

Pilot laNce computadon [JLQCD setup] 
• On a laNce of 483x96 at 1/a = 3.6 GeV 
• Strange spectator quark 
• physical charm quark mass 
• (unphysically) light b quark ~ 2.7 GeV 
• 100 configs x 4 src



Inclusive decay rate
• Breakdown to individual channels: VV and 

AA; parallel and perp with respect to the 
recoil momentum 

• Compared to exclusive contribudons 
esdmated from B→D(*) form factors 
(dashed line), that are separately 
calculated. 

• VV|| dominated by B→D 
• All others by B→D*

0.0 0.2 0.4 0.6 0.8 1.0 1.2

q2 [GeV2]

0

1

2

3

X̄
[G

eV
2
]

XV V k

XV V ?

XAA?

XAAk

differendal decay rate / |q|

Inclusive rate is dominated by the ground states, 
naturally because of the unphysical b quark mass.



Compton amplitude (P-wave)
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P-wave 
• Opposite parity; can’t be S-wave. 
• Slightly heavier; Amplitude is ~ 50x smaller.

zero recoil

HQET Leibovich, Liged, Stewart, Wise (1998)

0.35 GeV

Isgur-Wise func for P-wave (0+)

~ 0.5



Summary
• Framework to compute inclusive decay rate is now available. The energy integral can be 

reconstructed from Euclidean laNce correlators. 

• Compton amplitudes contain the excited state contribudons. They are suppressed. 

• S-wave: small wave funcdon overlap. 

• P-wave: starts from 1/m or non-zero recoil 

• Decomposidon into different channels. Will be compared with pQCD/OPE. See,  

• Sandro Maechler “Comparison of laNce QCD results for inclusive semi-leptonic decays 
of B meson with OPE”, Thu 6:30am 

• See also the next talk (Jun-Sik Yoo), about an applicadon to inelasdc  sca{ering.ℓN


