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THE PROBLEM

“IT IS OF CONSIDERABLE INTEREST TO IDENTIFY THE
PHYSICAL QUANTITIES, IF ANY, WHICH CAN BE EXTRACTED
DIRECTLY FROM EUCLIDEAN CORRELATION FUNCTIONS,

AVOIDING ANALYTIC CONTINUATION”

[MaI1ANI, TESTA ’90]
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MAIANI-TESTA

Starting point: euclidean correlator (7g, (t1)7q, (t2)J(0)) (g, = —q5)

Conclusion: physical scattering only at g =0 [Maiani, Testa '90]

(m, 0|70 (t2)J(0)[0) 23° Fp(4M2) {1 +ay/ M=+ O(t;3/2)]
at threshold: Fa+scatt.length

at q # 0: unphysical matrix elements

Maiani-Testa: at threshold there is no inverse problem!
analytic control over inverse problem thanks to ¢!
at finite L, t2AE < 1, with AE level spacing




INVERSE PROBLEM

[Maiani, Testa '90]
(7, q1[Tq, (0) e~ =2w)"2 1 (0)]0)
physical scattering at g; =g, =0
exponentials mimick “half” §(E — 2M)

. [Bulava, Hansen '18]
(.17, (0) 3 (H — 2uq, A) J(0)]0)
physical scattering at E = 2wq
ordered double-limit lima o limy — o

[Bruno, Hansen '21]
T, q Tq. (0 @IA{—ZW ,A e_(H—QWq)tzJO 0
11tgy q
physical scattering at pole E = 2wq

physical scattering at fixed A R
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(GENERALIZED MAIANI-TESTA

(1, 0[Fo(0)e~ (H=20)t2 J(0)|0) [Maiani, Testa '90]
230 r mu[1+a Ma 1 Ot 3/2)}

(m, q|%,q9(1f] — 2wgq, A)e_(ﬁ_Qw‘J)tzJ( 0)|0) [Bruno, Hansen "21]
— l—“[ (4w _}—’_Z ()Jnj( )(tQawq,A)

Generalization of Maiani-Testa work
J ™) known kinematic functions
unitarity relations imply gy ~ Im [F5]
2ilm [Fp] = disc[Fo] = 2mi » / Ad®, M, Fnd(2wq — pri)

valid for any energy/open channels




FURTHER EXTENSIONS

Four-point functions for 2 — 2 scattering [Bruno, Hansen '21]
at threshold: (| N(t)N(0)|7) = anxt + ca’ v+ O(t°)
apnx scatt. length, similar expression for 7w — 7w
exploratory study in ¢* [M. Garofalo's talk]
at /5 > 0: from (r|7(t)O(M — 2w,, A)m(0)|7) — ReMy, ImMy

Other interesting observables w/ smooth © [Gambino, Hashimoto '20]
[Fukaya, Hashimoto, Kaneko, Ohki '20]

But what about the simpler two-point functions?
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SPECTRAL RECONSTRUCTION
Gl = [ 2 (I(.2)10) = (T(070) = | doe" p(u?)

1. re-use idea of smooth © function
GO(HE) = (Jo(0) e H=OLO(IT — £, ) J (0))

2. perform large t expansion to localize “right shoulder”

G° (t|5) = Zn rnln (t, £, A) [in prep.]
/s =5m,
— A =0.5m, === A=0.1m,

10" ] 7, pure analytic functions

asymptotic series

10!\_
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THE G® CORRELATOR

1. build G® from original G
i. GEVP w/ several operators — exact reconstruction of G®

ii. numerical reconstruction of G®
Backus-Gilbert-like methods [Hansen, Lupo, Tantalo '19]
Chebyshev polynomials [Bailas, Hashimoto, Ishikawa '20]
2. fit G, t € [tmin, tmax] Using Z,, basis functions

similar numerical complexity of syst. error from excited states

Pratical simulations finite L
AL > 1 should lead to O(e~2) FV corrections
eg. A=05my; mL=6 — e 2L ~50%
eg. A=10m,; m,L=6 — e L ~02%
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but finite statistics too, and we should worry about that more...
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TOYy MODEL - |

1.2 0 4
— 10 —— tm.=1.0
1.0 " p1(v/5 = 6my) —— tm, =15
— 107"y A=05m, —— tm; =20
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—— tm, =20

—— tm, = 4.0

129 —— tm, =80

Analytic control over G® and r,,

Infinite volume p
pr~nrl=0,2
pomrml=1

70 = pa(/5 = 6.0m,,) DEGLI STUDI
=
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Toy MODEL - 11

w] e, GO(t, € = 5my)
. A = 0.5m,
Synthetic correlated data for GO(t, &) .. e
— rel. error 1 — 20% "...
+
60 Hithyy
w0q ! } HHH* '
w| | | it
o4 (g /rgect = 1) [%] 1 : ‘ ; ; ‘
1 | 0 1 2 3 4
- 04 06 08 10 12 14 "
20 . ) ] . ] . fits with 7'0_2-0 + 7’1:[1
. “excited state” analysis
o prediction of 7o w/ 20% stat.

err.
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x? analysis agrees w/ exact prediction 2l N>
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Toy MODEL - III

Plot: each point fit to G® at that energy, w/ fixed tmin, A = 0.5m,
stat. error only, syst. errors expected of same size

0.8 1
0.6 1
(=
X041
0.2 1
0.0 T T T T T T T
2 3 4 5 6 7 8 9 10 E DEGLI S’I'Ul?_!
\/g/m‘lr é \\\\ =
In practical cases errors grow for larger /s 3 7A E
P & ger Vs BICOCCA

Toy model unrealistic but defines goal for stat. accuracy
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CONCLUSIONS

Connection of Maiani-Testa result to inverse problem  [Bruno, Hansen '21]

1.5
2.0
= 15 1.0 |
§ 1.0 f
= 0.5 ' S
0.5 j
0.0 0.0
0 1 2 3 4 5 6 0 2 4 6 8 10
w/M; w/M;
smeared ©® — left shoulder
exponentials e~! — right shoulder
Extension of Maiani-Testa result [Bruno, Hansen '21]
0,1,2 — 2 processes away from threshold = DEGLI STUDI

derivation of 2 — 2 at threshold, relevant for ap,
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OUTLOOK

Extension of ©-idea to two-point function [in prep.]
in 0,1,2 — 2 higher-order terms non physical
in two-point function all r,, physical — analytic study

smooth spectral density, e.g. 7w [ = 0,2
excellent convergence of series, O(< 1%) syst. errors
high stat. accuracy required
multi-level simulations ideal [Cé, Schaefer, Giusti][Giusti’s talk]

resonant spectral functions, encouraging results at 10-20 %

finite volume errors to be addressed
master-field should work even better (if accurate data) [Cé's talk]

Thanks for your attention




Toy MODEL - IV

Spectral reconstruction of p1, w/ fixed tmin, A = 0.5m,
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