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@ Hard photon removes helicity suppression (m;/mg)?

@ For large Eﬁo), simplest decay that probes the inverse moment of the
B meson light-cone distribution ampIitude
= Jy° dw 2e:l)
0 w
@ Ap important input in QCD factorlzatlon approach to exclusive B

decays, currently not well known
[See e.g., Beneke, Braun, Ji, Wei, arXiv:1804.04962/JHEP 2018;

Beneke, Buchalla, Neubert, Sachrajda, arXiv:hep-ph/9905312/PRL 1999]
_ 0
o Belle: B(B+ — (T1y) < 3.0 x 1076 (E\Y > 1 GeV)
[arXiv:1810.12976/PRD 2018]
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Hadronic Tensor and Form Factors

Jem

Jﬁm = Zq €qq7u9, J;veak = (1l —7s)b

T = —i / dx &P (0] T (JEm(x) S (0)) | B~ (B5))
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Hadronic Tensor and Form Factors

Jem
I =g eq@ua, e = (1 —s)b

T = —i / dx &P (0] T (JEm(x) S (0)) | B~ (B5))

. /1A%
= E,uquPjy—VpFV + l[ - g,uV(V . P’y) + V,u(P’y)u] Fa— /(Vlf; )meB
Y
+ (py)u-terms

Fasp = Fa+ fg/E, Ego) = pB * py/MB
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Hadronic Tensor and Form Factors

Jem
T = eq@ug, SR = Iy (1 —s)b

T = —i / dx &P (0] T (JEm(x) S (0)) | B~ (B5))

; RARY
= curppy VP Fy + i[ = gu(v - py) + viu(py)v] Fa — ’(vlfl;j )meB
y
+ (py)u-terms

Fasp = Fa+ fg/E, Ego) = pB * py/MB

Goal: Calculate Fy, Fa sp as a function of Eﬁo) ]
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Euclidean correlation function

( * all times are now Euclidean )

C3,;u/(tem7 ty) = /d3X /d3y efiﬁy-i’eiﬁl-/-w.jzm(tem’)—(*)Jxveak(o)(ﬁ’lr_l(tl_hy»

¢L ~ Qsu
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Euclidean correlation function

( * all times are now Euclidean )

C3,;u/(tema ty) = /d3X /d3y efiﬁy-i’eiﬁH-WJEm(tem’)—(*)Jxveak(o)(ﬁ’lr_l(tl_hy»

¢L ~ Qsu

0
dtemeEv fem C3,;w ( tem, tH)
T

(T = [

T
l,u,>y(T7 tH) = / dtemeEﬂ/tem C3,,ul/(tem7 tH)
0

IuV(Ta tH) = I<(T’ tH) + I>(T7 tH)

Show relation between /,,(T, ty) and Ty,
— compare spectral decompositions of both time orderings of /,, and T,
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Euclidean spectral decomposition of /-

%

weak
JI/ :

3 (0] J5™(0) [n(B-)) (n(B-)] J**(0) |H(BH))
- 2E,5 (E, — Enz.)

Time ordering: tem > 0

> _
T, =-

5/18



Euclidean spectral decomposition of /-

%

weak
JI/ :

3 (0] J5™(0) [n(B-)) (n(B-)] J**(0) |H(BH))
- 2E,5 (E, — Enz.)

Time ordering: tem > 0

> _
T, =-

.
l,u>1/(tH7 T) = / dtem ebotem C/w(tema tH)
0

5/18



Euclidean spectral decomposition of /-

N

weak
JI/ :

3 (0] J5™(0) [n(B-)) (n(B-)] J**(0) |H(BH))
- 2E,5 (E, — Enz.)

Time ordering: tem > 0

> _
T, =-

.
l,u>1/(tH7 T) = / dtem ebotem C/w(tema tH)
0

oEntu SM(P )| ¢,(0) [0)

m,py

(0] J5™(0) [n(B)) (n(B4)| J2=*(0) m(Br)) (E,—E,5.)
" ; 2E: P'Y(E 1 E"vﬁ'y) [1 - c o T]
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Euclidean spectral decomposition of /-

N

weak
JI/ :

3 (0] J5™(0) [n(B-)) (n(B-)] J**(0) |H(BH))
2E,5 (E, — Enz.)

n Py

Time ordering: tem > 0

> _
T, =-

-
12 (ty, T) = | dtem €575 Co(tem, t -
uv( H, T) /0 em v (tem, th) ty — —oo to achieve

Z Eth PH)‘ ¢ (O) |0> ground state saturation
— 2Em 5,
A3 (0] J5™(0) [n(B)) (n(B4)| J2=*(0) m(Br)) 1 BrEag)T
2E, 5 (Ey — Eng.)
n Y Py

5/18



Euclidean spectral decomposition of /-

%

weak
JI/ :

3 (0] J5™(0) [n(B-)) (n(B-)] J**(0) |H(BH))
2E,5 (E, — Enz.)

n Py

Time ordering: tem > 0

> _
T, =-

-
12 (ty, T) = | dtem €575 Co(tem, t -
uv( H, T) /0 em v (tem, th) ty — —oo to achieve

Eth m(py)| ¢ (0) |0) ground state saturation
zm: 2Em 5,
O In(B:) {n(F:) I (0) | m(Bn)) [ — )T]
1-— YT Enpy
X ; np,Y(E np,y) €

T — oo to remove unwanted exponentials

that come with intermediate states
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Final relation

Forp, #0,

Eytem
dtem €775 C3 1 (tem, th)

J/

) ] _2EHefEHtH T
T/U/: ||m ||m _‘—T
Tvectn = (H(pH)| ¢4 10) /T

-~

I;ux( T7tH)
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Calculating 1, (T, tn)

_2E, e Entn T
Tw= lim lim He /

— dtem eErtem C3,,u1/(tema tH)
Tovotn oo (H(Bk)| 6, [0)

-T

IMV( Tth)

Two methods to calculate /,, (T, ty):
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Calculating 1, (T, tn)

. —2EHG_EHtH T
T,LLV = |im dtem eE’ytem C3,HV(tem’ tH)

TﬁootHirnoc H(s 10
(H(PH)| &1 10) /-1

IMV(Tth)
Two methods to calculate /,, (T, ty):
1: 3d (timeslice) sequential propagator

through gi)}L_, — calculate C3 . (tem, tH)
on lattice, fixed ty get all to, for free

time
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Past lattice studies

—2E, e EntnH T
TMV = lim lim ﬁ/ dtem eEwtemC&w/(tematH)
Toctn= =2 (H(pn)| oy [0) /T

-

I/»“’( Tth)

@ [1] we presented results at Lattice 2019 using 3d method

e fitting to a constant looking for plateaus in T and ty
o all calculations were done in the rest frame of the meson

@ [2] use 4d method to perform realistic physical calculation
o set T = Nt /2 and fit to constant in t;; where data has plateaued

[1] [Kane, Lehner, Meinel, Soni, arXiv:1907.00279]

[2] [Desiderio, Frezzotti, Garofalo, Giusti, Hansen, Lubicz, Martinelli, Sachrajda, Sanfilippo, Simula, Tantalo,

PRD 2021, arXiv:2006.05358]

8 /18


https://arxiv.org/pdf/1907.00279.pdf
https://arxiv.org/pdf/1907.00279.pdf

Past lattice studies

—2E, e EntnH T
TMV = lim lim ﬁ/ dtem eEwtemC&ul/(tematH)
Toctn= =2 (H(pn)| oy [0) /T

-~

I/»“’( Tth)

@ [1] we presented results at Lattice 2019 using 3d method

e fitting to a constant looking for plateaus in T and ty
o all calculations were done in the rest frame of the meson

@ [2] use 4d method to perform realistic physical calculation
o set T = Nt /2 and fit to constant in t;; where data has plateaued

[1] [Kane, Lehner, Meinel, Soni, arXiv:1907.00279]

[2] [Desiderio, Frezzotti, Garofalo, Giusti, Hansen, Lubicz, Martinelli, Sachrajda, Sanfilippo, Simula, Tantalo,
PRD 2021, arXiv:2006.05358]

@ We have new data in moving frame of meson where fitting to a
constant is not possible
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3d method te, < 0 time ordering

—0.10 A

—0.15 A

—0.20

—=0.25 A

—0.30

—0.35

—0.40 A

—0.45 A

¥ -—tya=6
t —ta=9
t -ta=12

s ¥ T T T TE

iit******
tyg111d

T T T T
8 10 12 14

Summation range T/a




3d method te, < 0 time ordering

—0.10 A

—0.15 A

—0.20

F<

—0.35
—0.40 A

—0.45 A

Must perform more complicated fits to take lim7_, and limy, — —oo

A75D(tH, T) -0.25

—0.30

- ¥ -ta=6
t —ta=9
- ¥ -ta=12
5
% s ¥ T T T TE
C
3
L §+ F 33 %3
tyggiitd
é AI‘ tli é 1‘0 1‘2 1‘4

Summation range T/a
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Developed fitting methods to take lim7_,» and lim¢, — —oo by:
o fitting only 3d sequential propagator data
o fitting only 4d sequential propagator data
@ performing global fits to both 3d and 4d method data
Compare each of the fitting methods
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Simulation parameters

So far we have considered:
K~ — D, Dt — yltv, D — vty
RBC/UKQCD: 243 x 64, m, ~ 340 MeV, a ~ 0.11 fm (K—,D*,D7)

RBC/UKQCD: 323 x 64, m, ~ 340 MeV, a ~ 0.11fm (K™)

Z> random wall sources at weak current location

Up/down /strange valence quarks: same domain-wall action as sea
quarks

Neglect disconnected diagrams
Charm valence quarks: Mobius domain-wall with “stout” smearing

“Mostly nonperturbative” renormalization

All-mode averaging with 16 sloppy and 1 exact samples per config

see [Kane, Lehner, Meinel, Soni, arXiv:1907.00279] for more details
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RBC/UKQCD Ensembles: 323 x 64, m, ~ 340 (MeV), a ~ 0.11(fm)
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RBC/UKQCD Ensembles: 323 x 64, m, ~ 340 (MeV), a ~ 0.11(fm)

3d method:

—tk/a ‘ Pk ‘ 2Trp7 ‘#conﬁgs
{6,9,12} 0,1) | (0,0,1) 20
0,2)

OON
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RBC/UKQCD Ensembles: 323 x 64, m, ~ 340 (MeV), a ~ 0.11(fm)

3d method:

—tk/a ‘ Pk ‘ 2Trp7 ‘#conflgs
{6,9,12} 0,1) | (0,0,1) 20
0,2)

OON

4d method:

T/a ‘ ﬁpK ‘ pr7 ‘ # configs
{6,9,12} | (0,0,1) | (0,0,1) 20
(0,0,2)
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Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state
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13 /18



Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state

Fit form factors F\ and Fj sp directly instead of /,,

Time ordering te; < 0:

—~ =
F<(tu, T)=F~+ B (14 B¢ AE(T+ty) )e—(Ey—EH+E<)T +CF et

F, exc ©

B fit parameters

13 /18



Fit form: 3d method

Include terms to fit

(1) unwanted exponential from first intermediate state
(2) first excited state

Fit form factors F\ and Fj sp directly instead of /,,

Time ordering te; < 0:

—~ =
F<(tu, T)=F~+ B (14 B¢ AE(T+ty) )e—(Ey—EH+E<)T +CF et

F, exc ©

B fit parameters

13 /18



Fit form: 3d method

Include terms to fit
(1) unwanted exponential from first intermediate state
(2) first excited state

Fit form factors F\ and Fj sp directly instead of /,,

Time ordering te; < 0:

—~ =
F<(tu, T)=F~+ B (14 B¢ AE(T+ty) )e—(Ey—EH+E<)T +CF et

F, exc ©
B fit parameters

Only have three values of ty, fitting multiple exponentials not possible

13 /18



Fit form: 3d method

Include terms to fit
(1) unwanted exponential from first intermediate state
(2) first excited state

Fit form factors F\ and Fj sp directly instead of /,,

Time ordering te; < 0:

—~ =
F<(tu, T)=F~+ B (14 B¢ AE(T+ty) )e—(Ey—EH+E<)T +CF et

F, exc ©
B fit parameters

Only have three values of ty, fitting multiple exponentials not possible
— Determine AE from the pseudoscalar two-point correlation function
— use result as Gaussian prior in form factor fits

13 /18



Fit form: 3d method

Include terms to fit
(1) unwanted exponential from first intermediate state
(2) first excited state

Fit form factors F\ and Fj sp directly instead of /,,

Time ordering te; < 0:

—~ =
F<(tw, T) = F+BE (1+ B, eME(THn) ) o~ (By=EwtENT | = oAEth

F, exc ©
B fit parameters

Only have three values of ty, fitting multiple exponentials not possible
— Determine AE from the pseudoscalar two-point correlation function
— use result as Gaussian prior in form factor fits

Look at preliminary data and fit results for K= — v~
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K~ — 0" : 3d method px = 2£(0,0,1) p, = 2£(0,0,1)

Time ordering te, < 0:

Fisoltn T) = Fiiso + Bi, (L4 By, , L X 0)e(E-EcHEDT 1 ot
0107 ¥ —tda=6
I —tx/la=9
el o= ¥ -ta=12
-0.20 =
F< t T £ s ¥ ¥ 3% $ 3 3
A,SD( Hy T) o9 % s
3
~0.30 A II§:{IIIII
03] i1ttt
~0.40
~0.45

2 4 6 8 0 12
Summation range T /a
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K~ — 0" : 3d method px = 2£(0,0,1) p, = 2£(0,0,1)

Time ordering te, < 0:

_ AE(T —(Ey—Ek+EX)T AE
F/‘T,SD(tH7 T)_ F;5D+BEA‘SD(1+BEA_5D¢eXCe ( +tH))e (Ey—Ext+ER) +C”§A.$De "
—010{ * i i Fiso
~0.15 = : : ¥ -tda=6
i i i T —tda=9
x| : £ tda=12
1 1
i
< 2 » ¥ T £ 3§ % %
Fasp(th, T) oz A S
i 3 i
~0.30 ! 3 3 ﬁl § £ ¥ ¥ ¢ 3
1
i R R
i i
~0.40 H H
1 1
1 1
i i
—0.45 1 1 1
1 1
T ll T T 1 T T T
2 4 6 8 10 12 14

Summation range T /a
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Fit form: 4d method

Use fit ranges where data has plateaued in ty, i.e. ty — —o0

Include terms to fit
(1) unwanted exponential from first intermediate state
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K~ — 70" : 4d method px = 2£(0,0,1) p, = 2£(0,0,1)

Sum of both time orderings tem < 0+ tem > 0:
FA(tH7 T) Fa+ B< ~(Ey =Bt BT + BI—?Ae(Ev—E;)T

¥ Ta=6
¥ T/a=9
¥ Tla=12

1.05 1

Fofie

1004 T T

o 2 g
f

= et 3

3

—2‘0.0 —ll7,5 —1‘5.0 —1‘2.5 —1‘0,0 —;.5 —5‘,0 —2‘.5 0:0
Source sink separation tx/a
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K~ — 70" : 4d method px = 2£(0,0,1) p, = 2£(0,0,1)

Sum of both time orderings tem < 0+ tem > 0:

Fa(ty, T) = Fa+ BEAe‘(EW‘E”Ef)T + B,?Ae(Ev—Ei)T

Fa
T/a=6
T/a=9
T/a=12

AT
i

1.05 1

Fo-fie

1.0090 T,T

0.95 A

FA(tH, T) ] i—

—1I7,5 —1‘5.0 —1‘2.5 —1‘0,0 —;.5 —5‘,0 —2‘.5 0.0
Source sink separation tx/a
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K~ — v¢"y: Independent 3d and 4d analysis results

0.6 t 4d 1.00 i ad
i 3d - i 3d
0.5 0.75
Fv ol Fasp
0.4
Negg = 20 asl  Ner =20
o 0.00 E
0.2
-0.25 -
0.1 {I -0.50
0.0 -0.75
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
_ op(0) A (0)
xy =2Ey"7 /mk xy =2Ey"7 /mg
0<x, <1
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K~ — ~¢~1;: Combined 3d and 4d analysis results

0.6 t 4d 1.00 i ad
i 3d N i 3d
051 3d+4d 07 3d+4d
Fy o 1 Fasp o
1 Negy =20 vael  Neg =20
0.3
E2 3
0.00
02 I
-0.25 -
0.1 {H -0.50
0.0 -0.75
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
_ op(0) A (0)
xy =2Ey" /mg x, =2Ey"7 /mg
0<x, <1
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K~ — v¢"p: 3d and 4d analysis results

0.6 1 4d 100 1 4d
i 3d e i f 3d
05 i 3d+4d 4 { 3d+4d
"l Fv 1 Fasp
N =20 ol Neg =20
0.3
B
0.00
02 -0.25 ’l
0.19 {E -0.50
0.0 0.2 0.4 0.6 0.8 1.0 . 0.0 0.2 0.4 0.6 0.8 1.0
_ op(0) A (0)
xy =2Ey" /mg x, =2Ey"7 /mg
o Combined analysis — remove prior on the parameter E~
@ Still need two-point function to constrain excited state energy gap AE
@ Combined fits have error similar or larger to 3d fits alone
e Similar findings for the D — v/, decay process
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Future plans

—2E, e Entn T
T, = lim lim ﬁ/ dtem eEvtemCZ’»,m/(tematH)
Tectn= =0 (H(Pr)| ¢y 10) /-7

ll“/( Tth)

o Calculate I5,(T, ty) and I, (T, t) separately using the 4d method

@ Twisted boundary conditions to get to small photon energies Eﬂgo)

@ Realistic physical calculation for K and D), B(s) mesons
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Backup slides
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—2EgeFets [T
Tow = lim  lim fiﬂ/ dtem €5 C3 1 (tem, ti)
Toectem = (B(Ps)| 6 [0) /-7

luw (T, tH)
Not always possible to fit to a constant in T and ty

3d sequential propagator: fixed tg get all t.,, for free

@ good control over lim7_, ., for both te,, > 0 and te, <0

@ need two-point function to constrain excited state energy to take lim;,__~
4d sequential propagator: fixed T get all tg for free

@ good control over limg, .

@ cannot resolve separate time orderings for te,, need prior on energy to take

limr_oo

Global fit result:

@ do not need prior on 4d fit parameter

@ error similar or greater in size to only 3d data fits
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D" — ~¢*v and D — ~v¢*v runs

RBC/UKQCD Ensemble: 243 x 64, m, ~ 340 MeV, a ~ 0.11 fm

3d method:
Lattice ‘ —tp,/a ‘pD(S)/(zT”)‘ p%/(%’r)2 ‘#configs
43 x64]{6,9,12} | (000) |{1,23,4}| 25

4d method:

Lattice ‘ T/a ‘ pD(S)/(2L) ‘ p /(T”) ‘ # configs
43 x 64 | {6,9,12} | (0,0,0) (0,0,1) 25
(0,0, 1)
(0,0,2)
(0,0,-1)
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D — ~¢*v,;: Combined 3d and 4d analysis results

-0.024

-0.04

~0.06 1

—0.08 1

-0.10

1 ¥ 4d
i 3d
3 3d+ad 3
I [}
0.0 02 0.4 06 0.8 10
Pt

0.000

-0.025

—0.050

3
2 -0.075
Z

-0.100

-0.125

-0.150

3 4d
{ i 3d
3 3d+4d
i L
[ I
0.0 02 0.4 0.6 0.8 10
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Minkowski spectral decomposition of T,

Time ordering tem < 0:

N 3
1= 001+ Y [ e 16 (o)

0 - ~
Ti= i [ den [ e 00170 [ (6)
1 1

—~ 2E, 555, By + Enpe—p, — EBps — i€
x (0] Jy=%(0) [n(B& — B)) (n(Ps — B)| JS™(0) |B(BB))

(In infinite volume, the sum over n includes an integral over the continuous spectrum of multi-particle states.)
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Euclidean spectral decomposition of /,,

Time ordering tem < 0: (for large negative tg)

0
l;,L<I/(t87 T) — /_T dtem e C3 ;LV(tem7 tB) ( * all times are now Euclidean )

= (B(5)|9b(0) 0) 5, <"

1 (0] 2%(0) In(Ps — By)) (n(Ps — By)| J"(0) |B(P5))

E, + E, Eg 5,

2E,

n n,pe—Ppy

X |:1 — e_(E“’+E"vﬁBF77_EB»ﬁB)T:|

763_6’7 -

Require E, + E, — Ep 5, > 0 to get rid of unwanted exponential

758_67

States |n(Pg — P)) has same flavor quantum numbers as B meson
_ 2 2

— Enpg—p, = EBpg—p, = \/mB + (Pg — P)

For p., #0, [p,| + \/m,2, +(pg —p,)? > \/mZB + pg is automatically
satisfied 6/0




Minkowski spectral decomposition of T,

Time ordering te, > 0:

oo(1—ie) .
T2 = /0 dtar / Px P (0] Jo (b, X)J24(0) | B~ (Bs))

“Y o 1
m 2Em75’y E’y - Emvﬁ’}/

x (0] J™(0) [m(B,)) (m(B)] S/ (0) |B(Pe))

— i€

(In infinite volume, the sum over n includes an integral over the continuous spectrum of multi-particle states.)
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Euclidean spectral decomposition of /,,

Time ordering: te, > 0 (for large negative tg)

T
I/.i/(tB’ T) = / dtem eE’YtC,UJ/(tema tB) ( * all times are now Euclidean )
0
— — (B(5e)] 95(0)[0) e
2Egz 5

PB
x Z 2E (01 J5™(0) In(B4)) {n(B,)| 4 (0) |B(P&))

n,p~y
1 E, — T]
X 1 _ e( Y np—y)
E’Y - E":ﬁ'y |:
Require £, — E, 5 <0

Because the states ’n(p7)> have mass, /m2 + p2 > |p,| is automatically
satisfied
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L

K~ — v~ p: 3d method px =

Time ordering tem < 0: Stability fits

_ _ <
Frsolti T) = Fisp + Bf, (15 7, , o @ FTH)e (BB DT 4 Cp ooy

om0 = Fiso 4o
—~ 015 = ¥ -ta-s
i —tda=9
~ .. x i o1 a2
é o 4 S T ¥ 3 ¥ % I %S 9)
) 3 1 -a4
a o 3 3 7 1 £ 31 %3 <
@ b3 i3 w
Vg 31 46
W
. -4.8
2 4 6 8 10 12 14 YA EANLD BEANLD RANLD KA D N
AT N A A A 2 o o e e e e e
Summation range T/a
g / (Tmina Tmax + tK)/a

Right: result of the FA<75D parameter for different fit ranges. The red data
point/band shows the chosen fit range. Left: result of the fit for that chosen fit

range on top of the data.
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