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Abstract 

 Lattice QCD calculations of weak decay matrix 
elements for hadrons containing b quarks are criti-
cal to the flavour physics programme. It is therefore 
important to have stringent tests of lattice QCD re-
sults for b physics in other settings to make sure 
systematic errors are under control. Here we pro-
vide such tests in the bottomonium system with the 
ground-state hyperfine splitting and the 𝛶 leptonic 
width, both accurately known from experiment. We 
give the most accurate lattice QCD results to date 
for these quantities and also test the impact on them 
of the b quark’s electric charge [1]. 
 Accurate masses for heavy quarks are important 
for high-precision searches for new physics in Hig-
gs decay. We give here a new determination of the 
ratio of the masses for b and c quarks that is com-
pletely nonperturbative in lattice QCD and includes 
the calculation of QED effects for the first time [2].  
  
Lattice QCD calculation  
  

We use the Highly Improved Staggered Quark (HISQ) 
action on ensembles of gluon field configurations that 
include 2+1+1 flavours of HISQ quarks in the sea, 
generated by the MILC collaboration. The ensembles 
have a range of lattice spacing values from 0.09 fm 
down to 0.03fm and with u/d sea masses varying from 
1/5 that of strange down to their physical value. On 
each ensemble we calculate pseudoscalar and vector 2-
point correlators for HISQ valence quarks with masses 
mh from that of charm up to amh=0.8 or 0.9. On the 
finest lattices we can reach the b quark mass with 
amh=0.65. We calculate correlators including quenched 
QED on a subset of ensembles.  
We determine the masses and amplitudes of the ground 
state mesons (denoted 𝜂h  and  𝜙h)  on each ensemble 
using standard correlator fits. The hyperfine splitting is 
the difference of masses, M𝜙-M𝜂. The vector and pseu-
doscalar decay constants are determined from the am-
plitudes in the standard way; both are normalised accu-
rately using lattice Ward identities [3]. We then per-
form a model-independent fit to these results as a func-
tion of lattice spacing and 𝜙h mass, using cubic 
splines.  This allows us to determine results in the con-
tinuum limit with physical sea quark masses for the 
case where the heavy quark is the b quark, i.e. where 
the 𝜙h has the experimental mass of the 𝛶. We use this 
criterion for tuning the b quark mass both in pure QCD 
and in QCD+QED.  
The ratio of quark masses is scheme and scale inde-
pendent in pure QCD, but not in QCD+QED if the 
quarks have different electric charges. We calculate the 
ratio of b and c masses at 3 GeV in the MSbar scheme 
using a 3 step procedure. The first step is to fit results 
for mh/mc as a function of the 𝜙h mass and lattice spac-
ing in pure QCD. mc here is the tuned c quark mass, 
obtained on each ensemble using the experimental J/𝜓 
meson mass [4]. Evaluating the fit function in the 
physical-continuum limit at the 𝛶 mass then gives the 
pure QCD mb/mc value. The second step is to calculate 
how much this ratio changes if BOTH the b and c 
quarks have charge Q=e/3 so that the ratio is still 

scale-invariant. The third step corrects the final ratio in 
the MSbar scheme at 3 GeV to take the c quark charge 
to 2e/3. This is the largest QED effect and is calculated 
from the results of  [4].  
 


Results - hyperfine splitting 

The figures above show our results [1] for the hyper-
fine splitting as a function of  𝜙h   mass along with our 
fit curve.  Our result at the b, i.e. the mass difference 
between 𝛶 and 𝜂b, is 57.5(2.3) MeV and is compared to 
experimental results in the lower figure. We see good 
agreement, particularly with the most recent result 
from Belle.  QED effects here (and below) are tiny.     

Results - decay constants 
  

  

The figures above show the vector meson decay con-
stant and the ratio of vector to pseudoscalar decay con-
stants as a function of the 𝜙h   mass [1]. Note that the 
ratio is larger than 1 at c and falls to less than 1 at b. 
The lower plot shows the good agreement between our 

result for the 𝛶 decay constant (677(10) MeV) and that 
inferred from the experimental 𝛶 leptonic width. 

Results - mb


The top plot [2] shows the ratio of HISQ masses mh/mc 
as a a function of heavyonium meson mass (either 𝜙h 
or 𝜂h) in pure QCD. Our fit curves (using cubic 
splines) are also shown. The middle plot shows the 
relative change in this curve if both quarks have elec-
tric charge e/3. This is a tiny (< 0.04%) effect. A larger, 
0.13%, QED effect comes from changing the c quark 
electric charge to 2e/3. We do this at scale 3 GeV using 
[4]. We obtain, for the ratio of MSbar masses at 3 GeV 

 
We can convert this into a value for mb, using our mc 
result in QCD+QED of 0.9841(51) GeV [4], giving  

 
from calculations that include QED for the first time. 
The lower plot above compares this to earlier pure 
QCD results (that estimated QED effects).  
Conclusion: Following our earlier high precision 
QCD+QED charmonium calculations using HISQ [4], 
we give here accurate results for 𝛶 and 𝜂b properties. 
Good agreement with experiment is seen, with few % 
uncertainties [1]. A new 0.6%-accurate QCD+QED de-
termination of mb is also given [2].  
[1] D. Hatton et al, HPQCD, 2101.08103. 
[2] D. Hatton et al, HPQCD, 2102.09609. 
[3] D. Hatton et al, HPQCD, 1909.00756.  
[4] D. Hatton et al, HPQCD, 2005.01845.            
Our calculations used Darwin@Cambridge, part of 
the UK STFC’s DiRAC facility. 
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with priors ci = 0.000(5) and dj = 0.0(5). Extrapolating to
the b mass gives:

R(mb/mc, Q = 1
3 ) =

(
1.000372(90) from mP

hh

1.00036(19) from mV
hh.

(33)

The two results agree with each other, but the corrections are
too small to affect our final results significantly.2 Doubling
the fit priors leaves the results unchanged. We use the larger
error in the error budgets for our final result.

Including both R factors, we arrive at new results for the
quark mass ratio at µ = 3 GeV that include (quenched) QED:

mb(3 GeV)

mc(3 GeV)

�����QCD
QED

=

(
4.586(13) from mP

hh

4.586(15) from mV
hh.

(34)

These again agree with each other. The weighted average,
which is our final result, is:

mb(3 GeV)

mc(3 GeV)

�����QCD
QED

= 4.586(12). (35)

The error budgets for these ratios are the same as those in Ta-
ble III, but with an additional uncertainty of 0.03% associated
with the QED correction.3 Mass ratios for other values of the
renormalization scale are readily calculated using QED per-
turbation theory,

mb(µ)

mc(µ)

�����QCD
QED

=
⇣ µ

3 GeV

⌘↵QED/2⇡ mb(3 GeV)

mc(3 GeV)

�����QCD
QED

, (36)

where the additional QED correction is negligible compared
to our errors for typical values of µ. Here and elsewhere we ig-
nore the running of ↵QED and O(↵QED↵s) corrections since
they are also negligible compared with our errors.

V. CONCLUSIONS

In this paper we described a new calculation of the ratio of
the MS masses of the b and c quarks:

mb(3 GeV, nf = 4)

mc(3 GeV, nf = 4)

�����QCD
QED

= 4.586(12), (37)

where nf is the number of quark flavors in the sea. This is the
first calculation of the mass ratio based on simulations that

2 R(mb/mc, Q = 1
3 ) = 1.00059 to leading order in QED perturbation

theory. Our results are close to this value but also include nonperturbative
corrections from QCD.

3 The QED uncertainty is obtained by adding (in quadrature) the 0.013%
uncertainty in Eq. (29), the 0.019% uncertainty in Eq. (33), and 0.017% for
possible corrections due to quenching QED (10% of the QED correction).

FIG. 5. Values for the MS mass of the b quark from lattice QCD sim-
ulations with nf = 2+1+1 flavors of sea quark. Results are shown
from: HPQCD ’21 (this paper), Fermilab/MILC/TUMQCD [15],
Gambino et al [18], ETM [19], HPQCD ’14 (NRQCD) [20], and
HPQCD ’14 (HISQ) [4]. The gray band corresponds to the top re-
sult (HPQCD ’21), the only one from simulations that include QED.

include QED, and it makes no use of weak-coupling perturba-
tion theory. Earlier analyses used phenomenological models
to estimate QED corrections to the mass ratio, but the preci-
sion of the most recent results requires a more accurate treat-
ment, like the one described in this paper. QED increased
the mass ratio by 0.17(3)% relative to our ratio without QED
(Eq. (24)), which is almost equal to the standard deviation of
our final result.4

Our new result is consistent at the 1� level with earlier re-
sults from nf = 4 simulations that did not include QED (and
so are µ independent):

mb

mc
=

(
4.578(8)(10) Fermilab/MILC/TUMQCD [15]
4.528(54) HPQCD [4].

(38)
In both cases the listed uncertainties include estimates of the
QED effects.5 Our new result and HPQCD’s previous results
are nonperturbative; the Fermilab/MILC/TUMQCD result re-
lies upon perturbation theory (and Heavy Quark Effective
Theory), although sensitivity to the perturbative contributions
mostly cancels in the ratio. The Fermilab/MILC/TUMQCD
result comes from simulations of heavy-light mesons (Ds and
Bs) rather than the heavy-heavy mesons used here.

In a recent paper, HPQCD presented a new value for the
c mass that includes (quenched) QED effects as we do here:

mc(3 GeV, nf = 4)
��
QCD
QED

= 0.9841(51) GeV. (39)

4 Note that the “QED correction” to a QCD-only analysis depends in detail
on how parameters are set in the QCD-only simulation. Since QCD without
QED is not the real world, it makes a difference, for example, which hadron
mass is used to tune a quark mass; and the QED correction will differ for
different choices. Our QED correction is relative to the specific QCD-only
theories defined in Section III.

5 The second error in the Fermilab/MILC/TUMQCD result is their estimate
of residual QED uncertainties not included in their main analysis (and
therefore not included in the errors stated in their abstract) [15].
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Combining this result with our mass ratio gives a new result
for the b-quark’s MS mass,

mb(3 GeV, nf = 4)
��
QCD
QED

= 4.513(26) GeV, (40)

which is the first based on simulations that include QED. Us-
ing perturbation theory to run to the b mass gives6

mb(mb)
��
QCD
QED

=

(
4.209(21) GeV nf = 4

4.202(21) GeV nf = 5,
(41)

where we now include an evolution factor from QED:

ZQED
m (µ) =

�
µ/3 GeV

��↵QED/6⇡
. (42)

with µ = mb (which shifts the result by less than 0.02%
and so is negligible). This new result for the b quark is com-
pared with earlier results in Fig. 5. All of these results agree
to within errors.

APPENDIX

The fP
hh(r) function plotted in Fig. 2 can be recreated from

the its values at the knot locations r = mh/mc,

fP
hh(r) =

8
>>>>><

>>>>>:

2.9766(13)
4.3951(34)
5.7058(61)
6.9835(93)
8.216(14)
9.435(22)

at r =

8
>>>>><

>>>>>:

1.0
1.72
2.44
3.16
3.88
4.6

, (43)

together with the correlation matrix for these values:

0

BBBBB@

1.0000 0.5857 0.4282 0.3546 0.2838 0.2113
0.5857 1.0000 0.5531 0.5205 0.4244 0.3565
0.4282 0.5531 1.0000 0.6617 0.4088 0.4113
0.3546 0.5205 0.6617 1.0000 0.5206 0.6074
0.2838 0.4244 0.4088 0.5206 1.0000 0.4216
0.2113 0.3565 0.4113 0.6074 0.4216 1.0000

1

CCCCCA
.

The analogous results from the vector mesons are

fV
hh(r) =

8
>>>>><

>>>>>:

3.09620(20)
4.4836(32)
5.7951(63)
7.054(11)
8.282(16)
9.497(25)

at r =

8
>>>>><

>>>>>:

1.0
1.72
2.44
3.16
3.88
4.6

(44)

with correlation matrix:
0

BBBBB@

1.0000 0.0999 0.0678 0.0480 0.0403 0.0302
0.0999 1.0000 0.8547 0.6582 0.5779 0.4747
0.0678 0.8547 1.0000 0.7891 0.6215 0.5017
0.0480 0.6582 0.7891 1.0000 0.7001 0.5338
0.0403 0.5779 0.6215 0.7001 1.0000 0.6628
0.0302 0.4747 0.5017 0.5338 0.6628 1.0000

1

CCCCCA
.

6 We use ↵MS(5GeV, nf = 4) = 0.2128(25) from [4], together with
5-loop results for the beta function and mass anomalous dimension, and
4-loop results for adding a flavor [21–30].
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